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ON THE EXISTENCE OF COMPONENTS OF THE
NOETHER-LEFSCHETZ LOCUS WITH GIVEN CODIMENSION

Ciro Ciliberto* and Angelo Felice Lopez**

It is known that the codimension ¢ of a component of the Noether-Lefschetz
locus NL(d) satisfies d—3 < ¢ < (“3'). We prove that for d > 47 and for every
integer ¢ € [3d z, (dgl)] there exists a component of NL(d) with codimension c.

This is done with families of surfaces of degree d in IP? containing a curve lying
on a cubic or on a quartic surface or a curve with general moduli. Moreover

we produce an explicit example, for every d > 4, of components of maximum
codimension (d;l), thus giving a new proof of the fact that these components

are dense in the locus of smooth surfaces (density theorem).

1. Introduction and statement of the main results

Let IP? be the projective space of dimension 3 over the complex numbers.
For d > 4 we denote by PN = PUP)1 the projective space whose points
correspond to surfaces of degree d in IP® and by S(d) C IPN the open subset
consisting of points corresponding to smooth surfaces.

By the Noether-Lefschetz theorem, there is a countable set of proper irre-
ducible closed subvarieties of S(d) such that for every point s outside the union
of these subvarieties, the corresponding surface S has PicS = Z generated
by Os(1). The union of the mentioned subvarieties, i.e., the locus of surfaces
with Picard group different from Z, is called the Noether-Lefschetz locus and
denoted N L(d).

This paper concerns the study of the geometry of components of the
Noether-Lefschetz locus started by M. Green, C. Voisin, C. Ciliberto, J. Harris
and R. Miranda.

Let W be an irreducible component of NL(d) and denote by c its codi-
mension in S(d). Then one has the inequalities

d -3 < c < py(d)

* Research partially supported by Italian CNR and MPI
** Research partially supported by NSF Grant DMS-8907854
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where py(d) = (%) is the geometric genus of any smooth surface of degree d
in IP? (see [CGGH],[Gr1]). If ¢ < 2d — 7 for d > 5, then either ¢ = 2d — 7 (and
W is the component of surfaces containing a plane conic) or c =d —3 (and W
is the component of surfaces containing a line) (see [Gr2],[V1]). On the other
hand, there are infinitely many components with ¢ = p,y(d) and their union is
dense, in both the Zariski and the natural topology, in S(d) (see [CHM]). We
consider here the following question: Which integers ¢ € [d—3, py(d)] actually
occur as codimensions of a component?

It is the purpose of this paper to give a partial answer to the above ques-
tion. We will prove the following theorem.

Theorem 1.1.For any d > 8 there ezists a component of the Noether-
Lefschetz locus N L(d) of codimension c for every integer ¢ such that

17 .19 9

min{gdz—zd+?, §d%} < e < py(d).

Note that this result leaves the question open for lower codimensions,
namely ¢ < %d% for d > 47, in which case it is heuristically reasonable to
expect gaps in the range of possible codimensions: To have small codimension
means to have curves of small degree and hence few components of the Hilbert
scheme.

By C. Voisin’s result [V1], there is indeed a gap between d — 3 and 2d — 7
for d > 6. The next expected gap is between 2d — 7 and 3d — 12 for d > 7
(3d — 12 is the codimension of the locus of surfaces containing a plane cubic).

For any real number z, denote by [z] the smallest integer k > z, and by
[z] the largest integer k < z. Now define ¢o(d) = min{k € [d — 3,p4(d)| N Z :
Vc € [k,py(d)] N Z there exists a component of codimension c¢}. By Theorem
1.1 and [V1] we have

2d -7 < eo(d) < [gd%] for d > 47.

One weaker version of the question of finding the integers that can occur as
codimensions would be to give co(d) explicitly as a function of d. We have not
attempted to address this question.

In this circle of ideas, it may also be worthwhile to recall the following con-
jecture: For d > 5 there are finitely many components of codimension strictly
smaller than py(d).

This is known to be true for d = 5 (see [V1]) and for d = 6,7 for reduced
components (see [V2]). As for the proof of Theorem 1.1, the idea is to introduce
some sufficient conditions for a component of the Hilbert scheme to give rise
to a component of the Noether-Lefschez locus. Let us recall that a coherent
sheaf F on IP™ is said to be m-regular if H!(P", F(m—i)) = 0 Vi > 0. By
Castelnuovo-Mumford’s lemma ([Mu], p. 99) if F is m-regular, then the map
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H(IP™, F(k—-1)) ® H°(IP",0p~(1)) — H°(IP™, F(k)) is surjective for k > m
and H'(IP",F(k)) = 0 whenever i > 0,k+i > m. In particular F is (m+1)-
regular. We will use this notion in the following basic lemma.

Lemma 1.2. Let W be a component of HilbIP® and consider the incidence
correspondence
{(5C):CccSyc PN xw
T/ \2
PY W

Let W(d) = Imm;, and let C be a curve representing the generic point of W.
Suppose that C is smooth irreducible, that the ideal sheaf Jc of C is (d — 1)-
reqular and H'(Jo(d — 4)) = 0. Then W(d) is a component of the Noether-
Lefschetz locus and

codimg(g) W (d) = h°(Oc(d — 4)) — dim W + 4 deg C.

Once we have this, a simple study of well-known components of Hilb/P?,
namely components of curves of general moduli (§2), of curves lying on a smooth
cubic surface (§3) and on a smooth quartic surface (§4), together with the
analysis of their codimensions, leads to the result.

Finally we use Lemma 1.2 to give an explicit construction of components
of maximum codimension and therefore a new proof of the density theorem
below.

Theorem 1.3 (Density Theorem). The set of components of mazimum
codimension py(d) is dense in S(d) in the natural topology.

The proofs of these three statements (Theorem 1.1, Lemma 1.2, Theorem
1.3) will be collected in §5.

2. Components given by curves with general moduli

Let n,g be integers such that n > 3, 0 < ¢ < 4"—3_1—2. By Brill-Noether
theory ([EH]) it is known that there is a component W, g C Hy 3 dominating
M, and such that if C is a general curve in W, ;4 and N is the normal bundle
of C in IP?, then H'(N¢) = 0 ([Gi]) and C is maximal rank ([BE]). Let d > 8
such that n(d — 4) — (d;l) + 1 < g; then

1) H'(Jo(d—4)) = H'(Oc(d-5)) =0,

ie, Jc is (d — 3)-regular: In fact, 2¢ — 2 < 2(4n - 12) — 2 < n(d — 5),
hence H'(Oc(d-5)) = 0 and (*;') = h%(Ops(d—4)) > n(d-4)—g+1 =
h%(Oc(d — 4)), therefore H'(Jo(d — 4)) = 0 by maximal rank.

By Lemma 1.2, W, 4 gives rise to a component W, 4(d) of NL(d) such
that ¢;(n, g) = codimg(g)Whn ¢(d) = h°(Oc(d — 4)) = n(d —4) — g + 1.
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Proposition 2.1. With the above inequalities c1(n, g) takes all the integral
values in the interval [3d2 — 1d + 12 p (d)].

Proof: We have d > 8, n > 3 and max{0,n(d —4) — (4;!) +1} < g < 42712
hence the two domains A; = {(n,9):3<n < §(d* —2d+3),0 < g < 42712}
and By = {(n,g): }(d® — 2d +3) < n < LOLHII6 g gy (471) 1<
g <212} Set f=1(d>—2d+3)and y = %ﬁ. Clearly c¢1(n,g)
takes all the values in the set X4, U Xp,, where

Xa= U [n(d—4)—4n;12+1,n(d—4)+1] NZ
3<n<p
and

X = | [n(d—4)-4”—;-3+1,p,(d)]nz.
B<n<ly

Let a;(n) = n(d—4) — 22522 4+ 1 and b;(n) = n(d—4)+ 1. Since they are both
increasing functions of n, and

ai(n+1) < b(n) & n> %d—l,

we have

(2) Xa, 2 [ar([3d-11), (8] N Z.

Write d = 4k + ¢, 0 < e < 3; then [%d—l]:%d—l+i—e§%d—i,so

3 3 1y 3, 17 19
3) a’([Zd"ll) Sal(Zd_Z)”z;d —7it 3
Now write instead d = 6k + ¢, 0 < € < 5; then
B ife =3,5 5
(8] = B-% ife=4 Zﬂ—g,
B —£=2e43 ife—0,1,2
hence
5 d—-1 5
@) ns) 2o -9 =("3") - sa-9).

Putting together (2), (3) and (4) we get

3

17 19
O |Eg% - = i
(5) Xa, 4d 4d+

= 3 k)

po(d) - 2(d -9 N Z.
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Moreover, by the above computation we have [#] = § + u, where

0 ife=3,5
L fe=4 2
W % fe=0,25 3

hence
ai([A]) = a1(B +u) < ar(B + g) = %(3# —22d” + 53d — 22)
= py(d) — g(al2 —5d+1).

Therefore

X, = a1 ([A1),po(d)] N Z 2 [py(d) ~ (& — 5+ 1),p,(d)] N Z.

This, together with (5), proves the proposition. B

3. Components given by curves lying on a smooth cubic surface

Let S be a smooth cubic surface in IP3. As is well known, S is isomor-
phic to the blowing-up of IP? at six points, Pi,...,Ps, in general position,
and, if 7 : S — IP? is the blowing-up morphism, £ € PicS is the class of
m™Op2(1) and e; € PicS i = 1,...,6, is the class of the exceptional divisor
©7Y(P;), then Pic S = Z" generated by £, —e,, ..., —es ([H1]). We will denote

6
by (a,bi,...,bs) the class of al — Y bje; € PicS for a,by,...,bg € Z. For

i=1
every n > 13, let us define the function

F(n) = E—5—9\/1271 — 134 +2n — -?—g

First we want to show the following.

Proposition 3.1. For every pair of integers n,g such that n > 13 and
F(n) < g < gn(n — 3) + 1, there ezists a smooth irreducible curve C C S of
degree n, genus g and such that H'(Jc(3)) = 0.

In the proof of the above proposition, and also later on, we will use the
ensuing lemma of Kleppe.

Lemma 3.2.Let C be an effective divisor on S of type (a,by,...,bg) with
by >by>--->bg and a> by + by + bs. Then
6
H'(Jo(£)) # 0 <=> L€ (bs,2a— »_b; — 1)

1=2
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with the following two ezceptions:
1. if C 13 of type (A, 1)1 = (A +3t, A +t,t,t,8,1,¢) for A > 2, then

H'(Jo(£) #0 <= L€ [bs,2a — Y b —1)=[t,2X +t —1)

=2

and
2. if C 13 of type (\,t)2 = (3t,1,¢,1,,t,t — X) for A > 2, then

H'(Jc(£) £0 <= L€ (b6,2a—ib,- —1=0-\t+r-1]

=2

Proof of Lemma 3.2: See [K], Prop. 3.1.3. B

Proof of Proposition $8.1: By Lemma 3.2 to find curves C C S satisfying
H'(Jc(3)) = 0, it is enough to find divisors of type (a,b1,...,bs) on S such
that

(6) {aZbl+bz+b3
bi>bp > - 2bs >3 (b4 if type (A, t)1).
These two conditions guarantee that the general divisor of type (a,bs,...,bs)
is smooth irreducible ([H1], V,4.12 and Ex. 4.8).
Now the proof of Proposition 3.1 is just a simple modification of Gruson
and Peskine’s proof of existence of smooth irreducible curves on a smooth cubic
surface. We will use the same notation here as in [H2], §1.

Setr=a—b1,a,-=%r—b,-,z'=2,...,6. Since

6
n=3a—Zb,~
=1

6
gzé(ae_zbg_n)ﬂ,
=1

we have
1, 3 <
a=—2—(n+§r~;a,-)
b;:%r—a;, i=2,...,6,
with
1 3
(7 @ =57 (mod 1), :=2,...,6 and n+§r—Za.~EO (mod 2).

=2
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The inequalities (6) translate into

(6)

ozl <az <+ <ag<ir-3
—aytoaz+--+ag<n-—3r

and

© g=Far) =33 o

=2

where Fy(r) = 3((r—1)n— 2r?) + 1. With this notation setup, it is easy to see

that the same proof of Lemma 1.1 of [H2] goes through to show that Vn,r, g

such that n > 13, %@ <r< %n and Fyp(r — 1) < g < Fy(r), there

exist a; € 22,1 =2,...,6 satisfying (6)' and (7), such that g is given by (8).
Let us remark a numerical consequence:

if one of the above divisors, i.e., given by n,r, as,. .., as,

9
© is of type (A,t); of Lemma 3.2, then bs > 4.

To see (9) we just have to observe that if (a,by,...,b6) = (A+3t,A+1,1,¢,1,1,1)
for some A\ > 2, then r = 2t > %@27.2,hencer28andb5 =t >4
Hence (9) shows that even if among the divisors we found there are some of
type (), )1, we still have H'(J¢(3)) = 0 (by Lemma 3.2).

To finish the proof of Proposition 3.1, let

17+ /12n — 134 1
7‘0=[ + 3" 13] and r1=§\/12n—134+7.

Then, by the above modification of Lemma. 1.1 of [H2], we get that any integer
g such that F(ro —1) < g < Fu(2n) = in(n—3) + 1 is attained as in (8),
ie., as the genus of a smooth irreducible curve of degree n; since r; > ro, any
integer g such that

"9 Ao T34+ 2n — oo

1
= —_— = & = —
F(n) 6 15 Fo(r1)<g < 6n(n 3)+1

1s also attained. B

Corollary 3.3. For everyn > 13 and g such that F(n) < g < tn(n—3)+1
there ezists a component K, g C Hy g3 of dimension n+ g + 18 such that its
generic curve 18 as in Proposition §.1.

Proof: This is an easy consequence of the fact that H'(J¢(3)) = 0. One can
use for example [K], Corol. 3.1.10. B

Our next goal is to construct, as usual with the help of Lemma 1.2, com-
ponents of the Noether-Lefschetz locus, whose generic surface contains a curve
lying on a cubic surface.
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Lemma 3.4. Let n > 13, g such that F(n) < g < in(n—3) +1,

1 2
d> §n+3+§\/n2—3n+6—6g

and C a curve as in Proposition 3.1. Then
(10) H'(Jc(€) =0  VE>d—4,

and

S and d = %n+3.

HY(Oc(d—4)) =0 unless C is a complete intersection of
(11)
H'(Oc(d—3)) =0 for every C.

Proof: To show (10) we use Lemma 3.2. Therefore, with the exception of type
6
(A, )2, we need to show that d —4 > 2a — Y b; — 1, i.e., with the notation of

=2
the proof of Proposition 3.1, that

6
d22a—2b;+3=n—a+b1+3=n—r+3.
i=2

By the proof of Proposition 3.1 we have g<Fy(r), so r>2n—2,/n2-3n+6—6g,

hence

1 2
n—r+3§§n+§\/n2—3n+6—6g+3§d,

by hypothesis. Now if C is of type (A, t)2, we need to show that d —4 >t + .
Heren=3t+ A, g = %(3t2—)\2+2/\t—3t—)\+2) and n? —3n+6 —6g = 4)?,
hence i g 5

d2 S(3t+X)+3+ VAN =t 4+ A +3 214X +4

since A > 2. As for (11) we notice that

n(d—4) 2n(%n—1+§\/n2——3n+6—6g) >99 -2,

with both equalities holding if and only if g = gn(n—3)+ 1andd=jn+3. 8

Corollary 3.5. Let n,g,d be three integers such that n > 13, F(n) <
g < %n(n-B) +1andd> %n+3 + -§-\/n2 —3n+6 —6g. Then there exists a
component Kn 4(d) of the Noether-Lefschetz locus NL(d) such that

c3(n,g) = codimg(gyKn ¢(d) = n(d—1) — 2¢g — 17
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ezcept if g = in(n—3)+1,d = in+3, in which case c3(n, g) = n(d—1)—2¢—16.

Proof: By Corollary 3.3 and Lemma 3.4 we know that there is a component
K,y of the Hilbert scheme whose generic curve C satisfies the hypotheses of
Lemma 1.2. In fact (10) and (11) imply that H!(Jc(d—2)) = H?*(Jc(d-3)) = 0,
i.e., that J¢ is (d—1)-regular. By Lemma 1.2 we have

codimg(q)Kn,¢(d) = n(d—4) — g+ 1 — dim Kp ¢ + 4n + h'(Oc(d—4))
= n(d—1) — 29 — 17 + h}(Oc(d—4)).

By (11) of Lemma 3.4 we have that H'(O¢(d—4)) = 0 unless C is a complete
intersection of S and a surface of degree 3 and d = 3+3. In the latter case
we = O¢(2-1) = Oc(d—4), hence h}(Oc(d—4)) =1. 0

We now come to the study of the integral values attained by the function
cs(n,g). To somewhat simplify the result and the proof, we will assume some
suitable limitations on the variables n and d. Set

281 — 3F(23) 1
al = e o= —
1587 NGT
and let n, g, d be integers such that
d is even
n > 23

(12) max{26,n} < d < a;n?

F(n)< g < in(n-3)+1.

Proposition 3.6.For n,g,d satisfying (12), we have % n2—3n+6—6g+
in+3 < d and the function c3(n,g) = n(d—1) — 2g — 17, representing the
codimension of the components of Corollary 3.5, takes at least all the integral

values in the interval [ad%+2d—-°’72d—47°‘d%—63—1,d2——2d—16—2F(d——1)).

Proof: First observe that for n > 23, we have

1 1 2
dZnZ§n+3+§\/n2—3n+6—6F(n)2§n+3+§\/n2—3n+6—6g,

therefore we are in the range of Corollary 3.5. Since c3(n,g) =n+1 (mod 2),
we see that c3(n, g) takes all the values in the set X = A3 U B3 where

A= U [pd-1) - 3n(n=3) ~ 10,n(d-1) - 2F(n) - 17) N (222)
n odd
23<n<d<a;n?
and

I

B, U [ee-1)- %n(n—3) —19,n(d—1) — 2F(n) — 17) N (Z\22Z).

n €Ven
24<n<d<a1n?
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Let us set ;
az(n) = n(d-1) - gn(n—S) —19 and

bs(n) = n(d—1) — 2F(n) — 17.

From d > n follows that a3(n) > 0 and b5(n) > 0, hence that they are increasing
functions. Moreover it is easily seen that

(13) ax(iL2) £ bhy{n) == 42 é(rﬂ +1n+10 - 6F(n))

and

. . n?+n+10-6F(n)
(14) a; = "153 o :

Suppose first that n is odd and set n = 2m + 1 with max {11, “di_l} <

m < 452, By (14) we have 3(n? + n +10 — 6F(n)) > a;n® > d, hence
a3(2(m +1) + 1) = azg(n + 2) < bg(n) = b3(2m + 1)
by (13) and therefore

A; = U [as(2m + 1), b3(2m + 1)) N (22Z)

max {11,2‘%:1}5m5‘—;2

contains the set [03(2[“2—"1] +1),b3(d—1)) N (2Z). But

adi—1 ad?

141 < as(2(25—

a3(2[ + 1) + 1) = as(ad% + 2) =

3 02 4a 1 61
ad? +2d—?d—?d2 —"5‘

therefore

(15) Az D [as(ad? + 2),b3(d—1)) N (22).

Now let n = 2m be even, with max{12, #} <m < 4. As above, by (14)
and (13) we have a3(2(m + 1)) = az(n + 2) < b3(n) = b3(2m), hence
Bs = U [as(2m), b3(2m)) N (Z\22Z)

max {12,“"2 }Sms%
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contains the set [a3(2|—9'—§i] ), b3(d)) N (Z\2Z).
Since a3 (2[#—]) <a3 (2(# +1)) = as(ad? + 2), we deduce

(16) Bs D [as(ad? + 2),b3(d)) N (Z\2Z).
Finally, since b3(d—1) < b3(d), combining (15) and (16) we get

X 2 [as(ad? + 2),b5(d—1))N Z. B

4. Components given by curves lying on a smooth quartic surface

Let n and ¢ be integers such that
1
(17) n > 17 and 4n—-32§g<§n2.

Following Mori ([Mo]), we will show the existence of smooth irreducible curves
on a smooth quartic surface in IP® having some extra properties.

Proposition 4.1. Let £ be an integer such that £ > i—(n + 34/n% — 8g)
or £ =4. Then for every n,g satisfying (17), there ezists a smooth irreducible
curve C of degree n, genus g, lying on a smooth quartic surface in IP® and such

that H'(Jo(€)) = 0.

Proof: Set 19 = [?:——— ':Lsg] = max{t > 1: g—in +2i® > 0,n—4i > 1} and
n' =n—4ig,g' = g—ion+2:3. Clearly we haven’ >0, ¢' >0, ¢’ < g(n')? and
(n',g") # (5,3): In fact if n' = 5,4’ = 3, then ig = 252,8g — n? + 1 =0, hence
g = [1‘4_—1] = "T-l which is a contradiction. Therefore by [Mo], Theorem 1,
there exists a smooth irreducible curve C' of degree n’, genus g’ on a nonsingular
quartic surface X C IP®. Let H be the hyperplane section of X and let C be
a generic element of the linear system |C' + ipH| on X. It is easy to show
that |C' +igH| is very ample (for example using a theorem of Saint-Donat; see
[Mo], Theorem 5) because ig > 4 (since ¢ > 4n — 32). Therefore C is smooth
irreducible and deg C = n' +4ip = n, genusof C =¢' + 22+ 1+4on' — 1 =g.
For every integer ¢ we have

(18)

H'(36(€) = H(Ox(¢H—C)) = HY(Ox((¢~io)H~C")) = H'(Jor(t~io)).

Since iy > 4, (18) shows that H!(Jc(4)) = 0. On the other hand if £ >
T+ 2y/n? — 8¢, then £ — 4y > deg C' — 2: In fact

n_£§3(f*2~8g) <3([?_— \’22_89] +1)

=310+ 3

s0 £ —ig >n—4ig —2=degC' — 2. Hence H!(Jc(£)) = 0 follows by (18) and
Castelnuovo’s completeness theorem. B
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Corollary 4.2. For every n,g satisfying (17), there ezists a component
Qn,g C Hpg3 of dimension g + 33 and such that its generic curve is as in

Proposition 4.1.

Proof: Again follows easily from H'(Jc(4)) = 0 and, for example, [K], Remark
3.1.12. m

To construct components of the Noether-Lefschetz locus whose generic
surface contains a curve lying on a smooth quartic surface, we will use Lemma
1.2 again.

Lemma 4.3. Let n,g,d be three integers such that n > 17,4n—-32 < g <
3n? and d > %n +4+ 34/n? — 8¢ and let C be o curve as in Proposition 4.1.
Then

(19) H'(Jc(®) =0 Ve>d—4,

(20) HY(O¢(d—4)) = 0.

Proof: Since d—4 > in+ 3/n? — 8y, (19) follows from Proposition 4.1. More-
over, n(d—4) > %n? + %n\/nz — 8¢ > 29 — 2 since g < ;—nz, therefore we get
(20). n

Corollary 4.4. For every n,g,d as in Lemma 4.3, there exists a compo-

nent Qn ¢(d) € NL(d) such that

c4(n,g) = codimg(g)Qn,¢(d) = nd — 2g — 32.

Proof: By Lemma 4.3 and Corollary 4.2 we know that there is a component
Qn,g of the Hilbert scheme such that its generic curve C has the ideal sheaf
(d—2)-regular. So Lemma 1.2 gives

codimg(g)Qn,g(d) = n(d—4) —g+1—-dimQn ¢ +4n =nd — 29 — 32. B

As in the case of cubics, we will put some restriction on the variables n
and d to study the values of ¢4(n,g). Namely, we will assume

17<n<d+38

d is odd and > 15
(21)
4n —32< g < jn’

Proposition 4.5. For n,g,d integers satisfying (21), we have d > in +
4+ %V n? — 8¢ and the function cs(n,g) = nd — 2g — 32, representing the
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codimension of the components of Corollary 4.4, takes all the integral values in
the interval

[(2d—16)v/2d—16 + 14d — 80,d*> — d — 24].

Proof: Since g > 4n — 32 we have

1 3 1
Zn+4+ Z\/nz—SgS Zn+4+§\/(n—16)2=n—8§d,

therefore we are in the range of Corollary 4.4. Now c4(n,g) = n (mod 2),
hence c4(n, g) takes all the values in the set X = A4 U B4 where

1
Ay = U (nd - an —32,n(d—8) + 32| N (Z\2Z)
172 nSd 48
and 1
_ 2
B, = ) U (nd - 7% —32,n(d-8) + 32] N (22Z).
18<n<d+7

Set as(n) = nd — in? — 32 and by(n) = n(d—8) + 32. Then they are both
increasing functions and satisfy

(22) as(n +2) < by(n) <= n > 14 + 2v/2d—16.
Ifnisodd,set n=2m+ 1, with8<m < 52”—7. By (22) we have
aq(2(m+1) + 1) < by(2m+1)

if and only if m > 23 4 1/2d—16, hence

Ay D (a4(2[12—3 +VEETI6] +1),bu(d48)| 0 (20222).
Since
a4(2[%+\/m +1) < a4(2(12—3 +v2d—16+1) +1) = a4(16 4 2v/2d—16)
and by(d+8) = d? — 32 we get
(23) Ayq D [aq(16 + 2v/2d—16),d* — 32| N (Z\2Z).

If n is even, set n = 2m, with 9 < m < d—',:,"—7. Again by (22) we get
a4(2(m+1)) < by(2m) if and only if m > 7 + 1/2d—16, hence
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By 2 (aa(2[7+ V2d—16]), bs(d+7)] N (22Z).
Now a4(2[7 + v/2d—16]) < a4(2(8 + v/2d—16)) = a4(16 + 24/2d—16) and
by(d+7) = d? — d — 24; therefore
(24) By D [a4(16 4 2v/2d—16),d> — d — 24] N (22Z).

Putting together (23) and (24) we get X D [a4(16+2+/2d—16),d’ —d—24|NZ.
]

5. The proofs of the theorems

Proof of Theorem 1.1: For 8 < d < 46 we have %d‘z l7d+ IT < %d% SO we
are done by Proposition 2.1. Suppose d odd > 47. Then

9

(2d — 16)v/2d — 16 + 14d — 80 < : 9

17
35 - At Sd-d-2,

dd < 242
— 4 3

hence Propositions 2.1 and 4.5 show that there is a component of the Noether-
Lefschetz locus N L(d) of any codimension ¢ such that

9
€ [Ed% , pg(d)] c [(Zd —16)v2d — 16 + 14d — 80, d? — d — 24|U
3, 17, 19
o3 - e+ Tm@).
If d is even > 48 we have

2
4
ad? +2d—a—d——a—d”—? < gd% < 2d —1—7d+? < d*—2d—16—2F(d-1),

hence Propositions 2.1 and 3.6 show that any c in the interval

[gd%,pg(d)] [ad? +2d - ?d— %d' - 931 ¢ - 2d — 16 — 2F(d-1))u
O[3 - Fat 2 p(@)

occurs. i

Proof of Lemma 1.2: To see that W(d) is a component of NL(d), we observe
first that by Castelnuovo-Mumford’s lemma, the projective ideal of C in IP? is
generated in degree less than d. If S is the generic surface of degree d containing
C, then Corollary I1.3.8 of [L] shows that PicS = Z? generated by Og(1) and
Os(C). Let V be a component of NL(d) containing W(d) and S’ be a surface
representing its generic point. We can assume that there is a line bundle £’ on
S’ that specializes to £ = Og(C) when S’ specializes (in V') to S. We will be
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done if we show that L' is effective and h°(L') = h%(L) (so that L' corresponds
to a deformation of C').

By semicontinuity we have h%(L') < h%(L), h%(L') < h?(L), and R} (L") <
R(L) = h1(0s(C)) = h}(ws(—C)) = h'(Ic(d—4)) = 0, hence h'(L') = 0.

Therefore
RO(L") = X(L") + RY(L") - h2(£') =X(L) — R*(L") > X(L) — hk%(L) = h°(L).

So h°(L') = h%(L) and L' is thus effective.
Now from the incidence correspondence,
I={8C):CcSycP¥xw
1l'1/ \7r2
Imm =WWd)CcP¥Y W

since S is the generic element of W(d), we get
d+3
codimg(qyW(d) = ( *3' ) ~1— dimImm

- (d;:*) —1—dimI + (h°(0s(C)) - 1)

_ (df’) —1—dimI + h'(Oc(d—4))

- (d;S) —1—(dmW + h°(Io(d)) — 1) + h*(Oc(d—4))

= h%(Ops(d)) — dim W — k°(Io(d)) + h* (Oc(d—4))

Since J¢ is (d—1)-regular, then H!(Jc(d)) = H!(Oc¢(d)) = 0 by Castelnuovo-
Mumford’s lemma. Therefore the above computation gives
codim W(d) = h°(Oc¢(d)) + h'(Oc(d—4)) — dim W
= (degC)d—g(C) + 1 + h'(Oc(d—4)) — dim W
= (d—4)deg C — g(C) + 1 + R} (Oc(d—4)) — dim W + 4deg C
= h%(Oc(d—4)) — dim W + 4degC. B
As we claimed in the introduction, we proceed now to use Lemma 1.2 in
order to explicitly construct a component of NL(d) of maximum codimension
for every d > 4. Let C C IP? be the projectively normal curve whose ideal is

generated by the maximal minors of a (d—2) x (d—1) matrix M, with entries
linear forms, i.e., the ideal sheaf of C is defined by the minimal resolution

0 = Opal{1-d)=2 0 o (3 )= — I — 0.
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Then it is well known that H!(N¢) = 0 where N¢ is the normal bundle of C
in IP? (see for example [Ga]) and hence that C belongs to a unique component
W, of Hilb/P? of dimension 4deg C. By the above resolution, we see that J¢
is (d—1)-regular and, of course, H!(Jc(d—4)) = 0.

Let W(d) be the component of NL(d) coming from W; as in Lemma 1.2.
Note that the general surface in W;(d) has equation | 16’ | =0,:=1,...,d-2,j=
1,...,d—1 where the L;;’s are linear forms and the Q; ’s are quadratic forms.

Claim: codimg(g)W1(d) = py(d).
Proof: Since H'(N¢) = 0, then dim W; = 4deg C, hence Lemma 1.2 gives

Pg(d) — codim Wy (d) = (43") — h%(Oc(d—4))
= h%(Ops(d—4)) — h*(Oc(d—4))
= h%(Jc(d—4)) =0. B

As M. Green pointed out, the existence of just one component of maximum
codimension is enough to prove the density of NL(d) in S(d) in the natural
topology (see [CHM], §5). Therefore our Claim implies Theorem 1.3.
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