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The Characteristic Subgroups
of the Baer-Specker Group

Riidiger Gobel

§ 1. Introduction

It is well known, that the only characteristic subgroups of a free abelian
group A are the subgroups n- 4 for all integers n>0. We will show that this is
true for a larger class of groups, namely for all K-direct sums @«Z of infinite
cyclic groups Z, where K is an ideal of an arbitrary power set. In particular it
is true for arbitrary cartesian powers Z'.

§ 2. Definitions and Notations

We will follow the notations of Fuchs [I]. In the following let I be an
arbitrary set and (a,>~Z for each icl Let I be well ordered beginning with
the natural numbers. Then let Z'=[T,,{a;> be its cartesian power (=direct
product, cf. Fuchs [I; p. 39]).

If beZ', we denote by b,=n(b)-a,=n,-a, its component icl; c.f. Fuchs [I;
p. 39, 94].

If beZ', let o(b)={i€l, b;+0} be its support.

IfK is an ideal of the Boolean algebra B(I) of all subsets of I, then the K-direct
sum of the {a;) is defined by

@k <a> =Pk Z={beZ', s(b)eK};
cf. Fuchs [I; p.42]. Then we have Z'=@yZ if K=B(I) and ZN=Baer-Specker
group,®x Z =12Zy, = N-cartesian power of Z if K={S<1, |S| <N}, ZY,=Z" =direct
power of Z; c.f. Fuchs [I; p. 37].

If TSZ', let (T,I)={|n,(b)|+0, beT,icl}. Aut(4)=group of all auto-
morphisms of the group A.

§ 3. Construction of Automorphisms

(A) If mis a 1 — 1-map from 1 into M, there is a corresponding isomorphism n*
from ZY, into Z¥ with the following properties:
(a) If beZ', then b™ e ZM is defined by components:

"), = 0 if meM~n(I)
" b)) ay  if m=n(i)en(D)

(b) n* is an isomorphism of Z' onto ZM if and only if m is a map from I onto M.
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(B) If S<1, there are automorphisms = p(S), yeAut(Z},) with the following
properties:

(@) af=—a, for all i€S,

al=a; for all ieI\S.
(®) (a,+a)y=a,
al=a; for all 1%iel (if [I|>1).

Proof of (A) and (B). The map n* defined by (A) (a) sends Z}, into ZY since
|a(b)| =|a(b™)| for all beZ". (B) follows by application of Fuchs [I: p. 78, Lemma
15.3].

The following remark will be used several times.

(C) IfK is an ideal of the Boolean algebra B(I) of all subsets of 1 and if 1= UK,
then X'eK if XK and X' differs from X only by a finite number of elements.

Since I=|JK, all finite subsets of I are in K. In particular F=X'~\(XnX")
is finite and therefore FeK. Since X'=Fu(X nX’) and (X nX")eK, we have
X'eK.

Lemma. Let K be an ideal of the Boolean algebra B(I) such that I={ K If
0+be A=@xZ there is an a.c Aut(4) and a keN with

(@) (6°),,=0 for all mel with m>k.

(b) (%), =n-a, where n=min<b,I).

Proof. (I) First we prove the lemma for K=B(I) and apply an argument due
to Fuchs [I; p. 94]. Since 0+be A=2Z", we have #+ <b,I) <N and n=min b, I}
exists. There is an j=j,el with b;=+n-a; or b;=—n-a; We determine the
integers n,(b)=n- n,(c,;)+n,(c,) such that 0=ny(c,)<n for all ieL Then c,,c,eA
can be defined by components:

(ci=nic)-a; for all iel and k=1,2.

Moreover A={c,)@Aj, where A; consists of all xe 4 with x; =0. Furthermore
c,€A;, and b=n-c,+c,. Repeating this argument at most n-times, there is a
subset J={j;,....Jx} of k(=n) elements of I and a set c,, ..., ;€ A such that

(i) A={c,) DD B> DA, where A, consists of all xed with
x;=0 for all jeJ.

(ii) b=Y%_, n;-c; with n,=n=min(b, I).
Let 7 be the map from (IN{1,...,k})u{c,, ..., g} onto I defined by
x if xeIN{l,...,k}
n(x)-—{m if x=c,,.
By remark (A) (b) the map = induces an n*=aecAut(4) which sends c,, onto a,

and therefore b onto b*=(}*_, n;- ¢ =Y n;-a;

(I) Let A=PxZ, 0+beA and B=0(b). If xe 4, let xp be defined by (xp);=Xx;
for all ieB and (x5),=0 if ieI~B. Let K'={X \B, X €K} and let x,. be defined
by (xg)i=x; if iea(x)B and (xg);=0 otherwise. We have x=xpz+xg and
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therefore we obtain A=Ay @ Ay such that Ag={feA,s(f)eB} and

A ={feA,s(f)eK}.

Since SeK for all S<B and since K’ is an ideal of B(I\ B), we have A;~Z? and
Ag ~@x Z. Now be Ay since 4(b)=B. By case (I) there is an feAut(4;) which
maps b onto

(iii) bP=Y%"*  n,- a;, where jy, ..., Ji are the first k elements of BS1.

i=1

We put y=B@ Iy, ie. if z=x+y and xe Ay, ye Ay, then 27=xF+y. Then y is
an isomorphism of 4 into Z". Since x"€ A5~ Z® we have s(x") < BeK and therefore
s(x)eK. In addition 4(y)<4(z)eK, hence 4(y)eK and z’eA follows. We have
shown

(iv) yeAut(4), b*=b".

We consider now the permutation ¢ of I defined by a=(1,j,)- -+ - (k, j;). By
remark (A)(b) there is a corresponding isomorphism ¢*=4 from A into Z' such
that

(v) 6 maps a;, onto g, for i=1,...,k.
If xe A, then s(x)eK and therefore o(x®)=4(x)°eK by remark (C). Therefore

d€Aut(A4), and we can build the automorphism o=y - é of A. The lemma follows
then by application of (iii), (iv) and (v).

§ 4. Proof of the Theorem

Theorem. Let K be an ideal of the Boolean algebra B(I) of all subsets of an
arbitrary set 1. The following conditions for a subgroup Tof A=PZ are equivalent :

(1) Tis a characteristic subgroup of A.

(2) Tis fully invariant in A.

(3) Thereis an integer n=n(T)=0 such that T=n- A. If T=0, then n=0; and

if T+0, n=min{T, I).

Proof. (3)—(2)—(1) is trivial.

(1)»(3): W.lg. letI=( JK.If T=0, we put n=0 and if T40 then @+ <, I)<N
and therefore n=min{T, I) exists. Furthermore there exist be T and jel such
that b;=n-a; or b;= —n- a; By the lemma there is an

(i) aeAut(4) such that c=b*=3Y*_, n;-a; and n=n,.

The theorem is true for free abelian groups (of finite rank). Therefore we
assume |I|=coand k+ 1€l exists. We choose the permutation o=(1,k+1) of L.
By (A) there is an isomorphism é =o* from A into Z' such that

k
A=Y n-a+n-a.,,,
"H 2

(i) a‘1‘=ah+1’ a1 =a

al=a; elsewhere.
20 Math. Z,, Bd. 140
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By (C) it is 6 Aut(A4) and by (B)(a) there is an automorphism ye Aut(A4) such
that X
c’=n-a;— Y. n;-a

i- 2
(i) - al=a,
al=—a; if 1+i<k and al=a, if i>k
By (B)(b) there is an feAut(A4) such that

(@, +a,,V=a

a?=a, forall 1+iel

(iv)

Since Tis a characteristic subgroup and be T, it is d=(b*"°+b*?YeT. Using
(@), ..., (iv) it follows that

k k B
d=(ba'6+ba.7)ﬂ=( z n,--a,-+n-ak+1+n-a1— Z n,-- a,-) =n‘(al +ak+1)ﬂ=n'alET
Therefore
(v) @{n-a)<T
iel
Let be O+gen- A. Then we have g=n-f for some 0+feA. By the lemma
there is an automorphism Y eAut(4) such that f¥=Y"_, n(f)-q; for a finite r.

i=1"%

Thusn -f¥e T by(v). Since Yy ~ e Aut(4), we have g=n - f=(n-f*¥)*" '€ T. Therefore
(vi) n-AcT

We consider te T'such that t¢n- A. There is an i€l such that n;(t)£0 mod n.
Then n(t)=n-s+r such that s,reZ and 0<r<n. We build w=t—s-n-a;, We
have we T by (v), and we obtain the contradiction n>r=min {w, I> 2min{T, I} =n.
Therefore T<n - A, and from (vi) we obtain T=n- A.

This note was written during my visit to Queen Mary College, University of London. I would like

to thank in particular Prof. Dr. Karl W.Gruenberg and Prof. Dr. Otto H.Kegel for their hospitality
and stimulating discussions on this paper.
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