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A new geometric inequality

Let we(0, ) be defined by the equation

cotw = cotay + cot o, + cot o3 (1)
where a,, a,, a3, are positive numbers satisfying

G+ toaz=m. 2)
If a;, a; and a3 are interpreted as the three angles of a triangle (T), then w is called
the Brocard angle of (T') and there exists a number of identities relating @ and «;, oy
and o3 [4]. This note is concerned with the problem of finding inequalities between w
and o;, a, and o3. Since the appearance of [1], this problem has received much

attention. At present the following inequalities are known [1-3].

I
2wé-3—(o<,+fx2+a3)=%. 3)

This is the oldest known inequality and follows from the inequality cot? w = 3 which
is readily obtained from (1). The next inequality is

2w = baldzag (4)

which was proved in [1]. It is sharper than (3).
In [2] it was shown that

= (0, — w) (13— ) (63— ), (5)

an inequality that implies (4).
Using the method of Lagrange multipliers, Mascioni [5] proved the inequality

20=30Q 1/a)™". (6)

This inequality is sharper than (4), since the harmonic mean of three numbers is less
than or equal to their geometric mean. A different proof of (6) appears in [3]. Since
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(5) implies that w is less than or equal to the geometric mean of o, — w, o, — w and
o3 — w, it is natural to ask how w is related to their harmonic mean. In the present
note we prove
Theorem 1. If w is defined by (1) and (2) then

wz3{) /(- w)}™". @)
Equality holds if and only if oy = a3 = 03 = /3.

1
Proof: Let f(x) = cotx — — where 0 < x < 7.
X

sinx

1 3
Then f'(x)=-— +— and f”(x)=2csc3x{cosx—(—x—)]. Since sinx < x
x

sin?x
. sinx)\3 )
for 0<x<n we have f'(x)<0. In [5], it was shown that (_x_) > cosx in (0, 7).

Then f”(x) <0 in (0, 7). It follows that f is a concave decreasing function in (0, 7). In
particular, if x|, xa, ..., X¢ are six numbers in (0, 7), then

f(_’ﬂff;_”ti) ;%{f(xl) +f(x) + ... + f(xe)} .

If this inequality is used with the six numbers o) — w, o, — @, 03— W, w, w, w, all of
which lie in (0, 7) we obtain

3
> {cot (o~ w) — +cotw—:lu- = 6 {cot (n/6) — (6/7)}
i=1

a,'_w

é6[cotw—i] , ®)
w

where the last inequality follows because w = n/6 and cotx—1/x is decreasing in
(0, m).
From (8) we obtain

3

3
> {cot(t;— w) — cotw} +3/w =Y, )
i=1 i=1] &i— W

®

The proof of (7) will be complete if we show that the sum on the left-hand side of (9)
is positive. This is the difficult part of the proof. It depends, in part, on the following
identities satisfied by w. Their derivation is quite easy.

(i) cota, cota,+ cotay cotas+ cotazcota; =1

3 3
(i) I (cotw—cota;) = ]] csca;;
i=i

i=1
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3
(iii) Y, esc?o;=csc?w; (10)
i=1
3 3
(iv) 2 escto;+4cotw [ cscay=csctw.
i=1 i=1
We now consider the sum on the left-hand side of (9). We have
cota; cotw+1 —cot?w +2cot w coto; + 1
cot(t;—w) —cotw=———cotw =
cotw — coto; cotw — cota;
csc?a
=—(cotw —cota)) + ———.
cot w — cota;
Thus
3 3 2
cschay
{cot (t;— w) —cotw} =—2cotw+ ), ————— 11
,.; (2= @) } ,;. cot w — cot a; (5
From (10; (i)) we have
cota cotay = 1 — cotaz (cotay + cotay) =1 — cot s (cot w — cot a3)
=csc?o; — cotazcotw .
Thus
(cot w —cot ;) (cot w — cot ay)
= cot? w — cot w (cota; + cotay) + csc?ai; — cot oz cot w = csc?al; . (12)

A similar formula holds for csc?a; and csc?a,. Returning to the second sum in (11)
and using ((10); (ii)) and (12) we obtain

3 3
csc? o 1 1
2 P E— ccl>toz =— chc“a,-=—3———z oscla; . (13)
: " TJ (cotw—cotay) "~ IT csco; !
i=1

3

i

If we use (13) in (11) and then use ((10); (iv)) we obtain
3 1 3
Z {cot (a; — w) — cot w} = l > escta;—2cotw ] cscocil

- i=1 i=1
il;IICSC(X,' (14)

3 .
i=1 i=1 i=1
Hcscoc. 2]] esca,
i=1

3 3 3
1
— 2 csc“oc,+7 > csc“a,-—%csc“w} S [3 > oscta;—csctw
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