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Moment (In-)Equalities for Differences
of Order Statistics with Different Sample Sizes

By D. Landers' and L. Rogge2

Summary: Let 0., be the j-th order statistic and qq:, the o-quantile of sample size n. The r-th
moment of 10j1:ny = Ojpingy ! i calculated in terms of hypergeometric distributions. This equality
is applied to obtain moment (in-) equalities for 19a:n; ~Qa:nyl-

1 Introduction and Notation

Let X, n €N, be ii.d. random variables. Denote by 0;., the j-th order statistic of
X, ..., X, and denote for each « € (0, 1) by q,., the a-quantile of X4, ..., X,,. Mo-
ment inequalities for the sum process

have been extensively studied. However, for the process q,.,, n € IN, corresponding
moment inequalities are not available in interesting cases. This paper shall help to fill
this gap.

_ S
The sequence of sample means S,, = 7" has for the mean u = E(X) of the popula-

tion a comparable meaning as the sequence of a-quantiles q,.,, for the a-quantile g, of
the population.
Ifr =2 and || X,ll, = [E(X1")]Y" < o0 an important moment inequality is

1n(Sn = W= 1S, = nully) <e(@)v/n (1)
Since S,,, =S, has the same distribution as S, , _ this implies for all n; <n,

71 (S, = 1) = 12(Sp, = Wl <c(r)Vny —ny . (2)
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166 D. Landers and L. Rogge

If (] X,|") < o, then there holds an inequality corresponding to (1), namely

1n@a:n = qa)ll <c(r, 0)v/n - (1a

For more information see Bickel, Blom, Wellner and van Zwet.
Contrary to the sum process this does not answer the more interesting question
— corresponding to (2) — whether there holds

”nl(QQ:nl _Qa)—n2(qa:n2 =qo)lly <c(r,a)/ny —ny . (2)e

In this paper we consider at first the uniform distribution and treat moments of dif-
ferences of order statistics. We show (Theorem 1) that 10j,:n; —0j;:n,llr can be cal-
culated in terms of factorial moments of two explicitly given hypergeometric distribu-
tions. This leads to an inequality of the form (see Theorem 2)

Il Il < () / — ( )
su do:ny " qa: c\r . 3
0<o}il a:ny aznalir = ny-nyp

Relation (3) directly yields a stronger version of (2), namely

0<SUP<I ”nl(qa:nl —a) _nZ(Qa:nz — o)y Sc(r)Vny—ny .
@

In Theorem 3 we prove (2), if [|Xll, <eo° and X, has a distribution function F which
is continuously differentiable at q,, with F'(g4) > 0.

The moment inequalities for differences of quantiles can be used e.g. to obtain
in a rather direct way tightness criteria and invariance principles for the process
which is formed with 7 - q,., instead of the partial sums S,,.

Fora€Rlet[g]=max {n €EZ:n<a},@)=min {n €Z:a < n}.

For a«€(0,1) the a-quantile of sample size n is defined by qq4., = 0(y-ny:n- De-

k/\n—-k
note by H(W,K,n){k}= —T— the hypergeometric probabilities, where
n )

0<n, K<NENand 0<k<n, forx€Z-{0,1,...,n} define HN, K, n){x} =0.
1

Forp,q>01let B(p,q) = [ tP~1(1 —t)3~'dt. Then
0

_I(p)I'q)

" T(p+q)
F(n)=(n—-1)! for n€EN.

B(p,q) with l"(p)=({ tP~le=?'dt and
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2 The Results
In the theorems and proofs of this section we use the following abbreviations

adD=a@+1)...(@a+r-1) for a€ER and rEN;

k
2 a;=0 for k<j, x"=max(x,0); (g)=1.
i=j

Lemmas which are needed in proofs of Theorems 1—3, are given in Section 3.

Theorem 1: Let U,, n €N, be i.i.d. random variables uniformly distributed on (0, 1).
Letj; <n;i=1,2,withn, <n,. Then we have forallr €EIN

j2-i1

—an L T (g
(ny + 1) (x=i2§n1—1(02 1)~ x) " Hy{x}

E[ |0i1:n1 _sz:nzlr] =

j2
+ T (x-Ga-i))PH, {X})

x=j2—J1

with hypergeometric distributions H; = H(np +r,j, tr—1,n,—ny), H = H(ny +r,j,,
n, —ny). This directly yields

n2—ny

e DD T Z, X G

r!
_ r
E“Oil:nl 0j2:n2| ]<

Proof: Letd =n, —ny and dy =j, —j,. We prove at first

. — r
1:=E[10j1:ny =0j3:n,l Hoj py <0jyiny 1

1 do

= — )
("l+1)'--(n1+r) x=]'2§:n1—1(d0 ‘x) Hl{x}. (l)

Since j, <j, implies Ojyiny SOjy:py We may w.l.g. assume that j; <j,, i.e. dy> 0.
Let f(x, y) be the density of (0j,:n,, 0j,:n,)- Then we have according to Lemma 4:
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1= [ (-x)fx,»)dxdy

{x<y}
_ ("1—i1)§(do—1) d nil(ny —j; + 1) h 11
V=(d0—d~l)+ do—v—1 (jl—l)!v!(nl —']'1"1))! 0

dx.

l :
' [f O —x)*yAomr (1 - yy2~l2ay
X

Put u :=dy—v—1.Lemma S applied to v; := u, vy :=ny —j,, v3 :=v +r, yields

l .
J @ =x)"yH (A= y)'22dy
X

. M
=(1-xyr2-iaertt 3 (Z)x#—k(l =X) B Hrtk+ Ly =jp + 1)

l . .
As [ xN71He=k(] — xyma=ia¥virtltkgy = B(j + u—k,ny —j, +v+r+k +2),weob
0

tain
("1—1'1)A(d0“1) ni'tn, —i, +1 "

F= 5 d : 11(n2 =, ' ) M
v=(do—d—-1)t \H] Gy = DWWy —ji—v)! k=0\k
"Btrtktlny=ja+ DB(jytu—kny—j,tvtrtk+2)

As
Bvtrtk+1,ny—j,+ DB(jitu—k,ny—j,tv+r+k+2)
(=) +r+ )G tu—k—1)!
(ny +r)!
we obtain

(n1—j1)A(dp—-1) d\ &
( ) z (Z)c(k,u), where

I= 2
v=(dg—d—-1)" \K/ k=0

iy —jp t D +r + k)G tp—k—-1)!
e N T T TR L]

k—1

k —
Gyt IT (w+r+1+90).
i=0

_ nl(ny—jp+ 1)1 r-k-1
—(V+1)'”(“")("1‘]'1‘V)!(n2+r)! iI—-Io
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Using the Polya distribution we have

Mr—k—1 k—1
I G+ I wrr+1+i0)
i=0 i=0

s i <
Rl =1.
k=0(k) p=1

I (Gitv+r+1+i)
i=0

Hence

nl(ny —jp + 1)!
(ny=jy—v)l(ny +1r)!

(n1—j1)A(dg—1)
I- ("

= #)(V+1)...(v+r)

v=(dg-d—-1"*
u—1
I (G +v+r+1+i)
i=0

1 (n1—j1) A(dg—1)

= (ny+1)...(ny 1) v=(dg—d-1)* w+l)...(vtr)

jatr=1) [np—ja+ 1) [ny+r|~!
u d—u d
1 (n1—j1) A(dg—1)
w+1)...(v+r)Hny tr,ja+tr—1,d)

Tyt 1)...(nytr) v=(dg—d-1*
{do“V"ly
Letx =dy—1—v, then

1 (do—1)Ad

L= B do=x)"H(ny +r,j2 +r—1,ny —ny){x},
(nyt1)...(ng *7r) x=(i2—n1—1)+( o= x)"Hnz ¥ 1. /2 2 ~ny){x}

proving (1)!
According to (1) it remains to prove

—_nN. r
E[10jy:ny = 0j3:n)] l{0j2:n2<0j1:n1}]

Ip)
= B ”
(ny+1)...(n  tr) X=Ed0 (x—do)"Hy{x}. 25

Let V,,:=1—-U,,n€N. Then V,,n €N, is a sequence of ii.d. random variables
uniformly distributed on (0, 1). Denote the corresponding order statistics by o". Then
Ojien; =1 —o,‘,’i_,-iﬂz,,i fori=1,2and
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s r
E[|0i1="1 Oja:nyl l{oiz:n2<0i1:n1}]
= |4 .V r
_E“onl—iﬁl:"l Ony—ja+iinyl l{orIx/l—j1+l:n1<orI1/2—j2+l:n2}]'
Now apply (1) to V,, instead of U,, and n; —j; + 1 instead of j;, i = 1, 2. Then (1) yields

=% r
E[IO/I:nl 0/2:n2| 1{0i21n2<0i11"1}]

1 d—dy

- =dy=~xYOH
D) G ar) xe, @40 =XV () 3)

with ﬁz =H(ny+r,ny—j, +r,n, —ny). Using that H(N, K,n){x}=HW{N,N - K, n)
{n —x} we obtain (2) from (3).
The inequality follows from aV<rld" if 1<a€R, and using that there exists
20€1{0, 1,...,d} with H{ {x} < Hy{x} forx <zy and H; {x} = H, {x} forx > z,,.
Ifr=1,then H  =H, =H(n, + 1,j,, n, —n;) and the preceding result yields

1 "2—m

2 |x=(—jylH{x}.

nl+1 x=0

E[lojl:nl _0j2:n2|] <

Theorem 2: Let U,,n €N, be i.i.d. random variables uniformly distributed on (0, 1).
Then for each 1 <r € R there exists a constant ¢(r) such that for all n; <n,

. np; —ny 12
(i) sup HQa:nl _Qa:nzur <c(r)
0<a<1 ny-np

(i) 0<SUP<1 Hnl(‘?a:nl —a) —n2(Qa:n2 =)l S V2 ct)Vny —ny.
o

Proof: W.lg. letn; <ny andr €N (II°ll, < I*ll,y)-
(i) According to Theorem 1 we have for each o € (0, 1)

_ r= _ r
”%y:nl ‘Ia:nzllr"E['O(nla):nl 0(n2a>:n2|]

! na—ny 1)
<S— max X |x—dyl"Hf {x}
ny i=1,2 x=0

where dg =(n,a)—<(nya) and H{=H(n, +r,{nya)+r—1,n,—n,), H¥=H(n, +r,
{nya),ny —ny). Let p§* be the mean value of Hf". Then we have according to Lemma 6

(f Ix —d§IHf @x)'" <1dg =pf| + ([ 1x = pf I Hf (@x))'!"

(ny —ny)(ny +r) |12
ny tr

<ldg —pf| +\/760(r)( (€]

_ 1/2
<148 - B+ VITFT) l)co(r)((n2 nnl)m) .
2
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(ny —ny)ny

1/2
- ) we obtain from (1) and (2)
2

As Id‘(",—p‘,?‘|<r+1andl<\/2—(

”‘I(x:nl “qa:n,lly

< (,',1):/, €+ DV +V/TTF D) o) ((if;:‘)i)m
ny—ny \1?
e
where
e(r) = ()20 + DVr+T1 +co(r)). 3
This proves (i).
Since nlzi_lew da:ny = a.e. we obtain from (i) and the Lemma of Fatou

E[|q&:n1 _al"] < (c(r))r n,/z
1

a well-known inequality. Using once more (i) we consequently obtain

”nl(qa:nl —a) —nZ(qa:nz =l
= ”nl(QQz:nl _QQ:nz)_(r’Z _nl)(‘hx:rzz =l

Hy —

o )1/2 +(ny —ny) == <V2 e(r)(ny —ny)'2.
oy 1 Vi,

We remark that relation (3) of the proof of the preceding theorem gives an explicit
value for the constant c(r).

<c(r) (nl(

ny-

Theorem 3: Letr > 1 and X, € L,, n €N, be i.i.d. random variables with distribution
function F. Let « €(0, 1) and assume that F is continuously differentiable in the a-
quantile g, with F'(g,)> 0. Then there exists a constant ¢ = ¢(F, r, &) such that for
all ny < (5]

nz—”1)1/2

i oy —Qanolly<sc
@ lqa:n; —Ga:n,lly < (”1”2

(if) “’ll([hx:nl ~qa)~ n2(‘1a:n2 =gl <cvny—n;.
Proof: (i) W.l.g. we may assume that X,, = F~'U, where U,,n € N, are i.i.d. random

variables, uniformly distributed on (0, 1), and F~! is the left inverse of F. Let U, ., be
the a-quantile of Uy, ..., U,. Then

Qa:n=F~1(Ua:n)' (l)
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Since (F~ 1) (F(x)) = o) and F is continuously differentiable in g, with
x

F'(go) > 0, there exists € > 0 such that

sup  (F() =7y <o ©)
ly—al<e

sup  FH(p) =y <o 3)
ly—al<e

Put 4 :={|Uy.p, —al <€, =1, 2}. Then it suffices to prove that

- /2
_ r J[na—ng\”
Aflqa:nl qa:nzl dPSc( i, 4)
ny—ny \"?
| smns — @ e |rdP<C"( , i=1,2 5
{an:n{~al>€} Qa:ny ~da:n, i 1y Q)

for all n; <n,.
By (1), (2) and the mean value theorem we obtain that on 4

IQQ:nl _Q(x:nzl = thl(Ua:nl)_F_l(Ua:nz)l <')’1|Uoz:n1 - Ua:nzl'
Hence (4) follows from Theorem 2. It remains to prove (5). By (1) and (3) we obtain,
considering the cases | Uy.p, — @l <€ and >e,

iQ(x:nl_QQ:n2|r1{IUaml—-al>e}

<1 2ain, "+ QY2 (10 -a1>e} 1 2Maingl {1040, - ai>e) (6)

and

|QQ:n1 _Qa:nzlrl{an:nZ—al>e}
<(|2qc(:ruz|r + (272)r)1{IUa:,,2—a| >e} t lzqa:nllrl{an:nl‘aDe}- (7

1 1 n,—ny\"?
Since — < — < 22 (—2—-—— for all n; <n,, (5) is shown according to (6) and
n, nj nina

(7), if we prove

1

P{lUy:p;—al > €} <Scip (8)
i

n.

and

1
fIQa:n,-|r1{an;,,i—a|>e}dP<Ci,z;?- )]
i
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Relation (8) follows from Lemma 7. Let p,,.,, be the density of U,.,. Then

f|CIa:n|r1{|Ua:n—oz|>e}dP=fIF“I(Ua:n)rl{IUa:n—a|>e}dP

=fIF_I(I)|r1{|t—al>e}pa:n(t)dt
S max  po.a(O)E(X4").

[t—al>e€

Hence (9) follows from Lemma 7.
(ii) follows from (i) as in Theorem 2.

Consider the following D[0, 1]-valued process

a:n \/a—(l_—a) ’11/2 Q(X:Int] qa),

In this process the sequence of sample quantiles q,., plays the same role as the se-

t €10, 1].

Sn
quence of sample means— in the partial sum-process
n

1 [nt] S[n]
Yn@=7 12 ( [mt]

—-E(X,)), t€][0,1].

For the uniform distribution the moment inequality of Theorem 2 (ii) directly implies
fort, <t<t,

E[1Q0:n(®) = Qa:n@)I*1Qqin(ts) = Qa:n®) 1 <clty— 112

Since additionally the finite dimensional distributions of Q,., converge to those of
the Wiener-process, Theorem 15.6 of Billingsley (1968) implies that Q,,.,, converges in
distribution to the Wiener process W.

We remark that this invariance principle can also be obtained by the Bahadur
representation of sample quantiles (see Bahadur 1966; Csorgo-Revesz 1978).

The weak convergence of Q., to W can be transferred to all distributions with
distribution function F which are differentiable in the a-quantile g, such that
F'(q4) > 0: This follows using the corresponding invariance principle for the uniform
distribution and the usual transformation q., =F_1(Ua:,,) where U,., are the a-
quantiles of the uniform distribution. Functional central limit theorems for sample
quantiles have been obtained by Sen (1972) even in the case of ®-mixing stationary
processes.

3 Lemmata

In this section we collect the auxiliary results for section 2.

Lemma 4: Let U,,n €N, be i.i.d. random variables uniformly distributed on [0, 1].
Letj;<n;i=1,2 withj, <j, and n; <n,. Putdy :=j, —j, andd :=n, —n,. Denote
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by f: [0, 1] x [0, 1]~ [0, =) the density of (0j,:n,;0j,:n,)- Then for 0 <x <y <1

e, )=

(n1—j1)A(do—1) d (ny=jy + 1) ny!
(dO_V— 1) V!(nl —jl _V)!(jl - 1)'

b3
v=(do—d-1*

*i11(y = x)ydo-r-i(1 -yt

Proof: Let 0<x <y < 1. For n; =n, the result is trivial and well-known. Hence we
may w.l.g. assume n; <n,. Using a little symbolic freedom we write

f(x, y)dxdy = P{0j,.n, € [x,x +dx];0j,.n, €[y, y +dy]}.

If [x,x +dx] and [y, y +dy] contain at most one observation we can partition the set
{0j,:ny € [x,x +dx]; 01, :ny €[y, y tdy]} into the following two events:

(1) Among the observations Uy, ..., U,, there are exactly (j; — 1) values <x, one
value € [x, x +dx], v values € (x + dx, y),onevalue €[y, y +dyl,n, — (G, tv+1)
values >y +dy and among the observations Uy, 4y, ..., Uy, there are exactly
G2 — (G +v)values<y, (ny—ny)—(G,—j, —v—1) values >y +dy.

(2) Among the observations Uy, ..., U,, there are exactly (j; — 1) values <x, one
value € [x, x +dx], v values € (x + dx, y), n; — (j; + v) values >y + dy and among
the observations Uy, +1, ..., Uy, there are exactly (j, —1) = (j; +») values <y,
one value € [y, y +dy], (n; —ny) — (i, — (j; +v)) values >y +dy.

Hence we obtain for the density

(n1—j1—-DAG2—-j1—1) ny!
x, y)dxdy = z - -
feNEY= eyt G Dl =G+ 1+ )
xN=Vgx(y = (x + dx))’dy(1 - &y +dy))"1_(j1+”+l)
(n2 —ny)!
G2=1=jy =) —ny =G —j —v - 1)
yia=1=i1=7(1 — (y + dy)yr2—m—G2-i1=»=1)
X (n1—jAG2—j1—1) ny!

vg-ar"  Gr = D =G )
x1lax(y — (x +dx))’ (1 — (y +dy))"1—01+»)
(ny —ny)!
(G2—1-j1 =)y —ny =Gz —j1 —»))!
yl2=1=I=vgy1 - (y +dy)yr2-m-U2-i-9),




Moment (In-)Equalities for Differences of Order Statistics with Different Sample Sizes 175
This yields

(nl—il)g(do—l) nyld'\x1=1(y —x)’(1 - y)yr2—i2ydo—v-1
v=(dg—d-1)* (1 = Dw!(ny —j; =»)!(do —v— D@ —(dp —v— 1))!
[ny—ji—v+d—(dp—v—1)]

flx, )=

and we obtain the assertion.

Lemma 5: Let vy, vy, v3 € NU{0} then for each x € [0, 1]

1
£ Y1 —y)2(y —x)"3dy

v

1
=(1-x)2*v3*l ¥ (l;cl) x"17K(1=x)*B(vs +k + 1,0, + 1).
k=0

x
, then

Proof: Put t s

1 1
Y1 =y)’2(y —x)"3dy = (1 =x)"2 "3 [ [#(1 —x) +x]"1(1 - 1)"2"3dt
X 0

V1 1
:(l _x)V2+U3+1 Z (l;cl)xvl-—k(l _x)kf t”3+k(1_t)u2dt.
k=0 0

It is well-known (see e.g. Petrov, p. 66) that for each r =1 there exists a constant
co(r) such that |Y —E(Y)Il, <co(r)+/ n for all random variables Y with a binomial
distribution B,, , (0 <p <'1). This constant co(r) is used in the following Lemma.

Lemma 6: Let r > 1 be given. Then for each hypergeometric distribution Q = H(V, K, n)
we have

K r r N~
[1]x=n3rl @) " <vTeotr “52)

Proof: According to Theorem 4 of Hoffding there holds
K | < — r dx
f xX—n — Q(dx)\flx npan,p( )
N

K
where p = I Hence by the remarks above

K r r
(f‘x—n—j\yl Q(dX))l/ <co(Vn. (1
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it "> L e obtain from (1
¥ /2weota1n rom (1)

n(N —n) ) 1/2 Q)
= .

K r r
(f)x—n]—v.—l Q(dx))” <V7Z co(0) (

n 1
It remains to consider the case < 7 Let Q' =H(N, N-K, N —n).

Then Q'{ N=K —n +x} = Q{ x }; hence (2) implies

flx=ni] 0@ | "= [f]y-ar-m = | gt )) .
N N g

_ —(N— 1/2 _ 1/2
VT o) ((N n)(NN (N—n)) ) T elf) ( n(NN n) ) ’
since N_(];//_n)> 1/2

For the sake of completeness we prove the following inequality which is a direct con-
sequence of an exponential inequality for binomial distributions.

Lemma 7: Let a €(0, 1). Denote by U, ., the sample a-quantile of the uniform distri-
bution on (0, 1), and denote by p,., its density. Then for each € > 0 there exists a
constant ¢ = ¢(a, €) such that

,nENN.

2

€
P{|U,., —al>€} < max pa;n(t)<cexp(——n
It—al>e 3

Proof: The first inequality is obvious. For the proof of the second inequality let € and
a be given. Choose ng > 1 such that

—alée, (gnﬁ)-—a‘<e/2 (1

(an) — 1
‘ n—1

and 1 <{am)<n for all n > ngy. We have

n!

: {an)— _ —(an)
Qe =Dyt | A=, )

Pa:n(t) =

an)— 1
The function ¢ = p,, .,,(¢) is increasing (decreasing) for t < ¢, := 7
3 —

Let ty := a £ €. Then it suffices to prove according to (1) if 0 < ¢y < 1 that

(t=t,).

2

€
Pa:n(to) Scexp (—?n) foralln =ny. 3)
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Obviously there holds

{a - n)
pa:n(to)= TBn,to (a-n) “)

€
where By, ;, denotes the binomial distribution. Since |(an) —nt,| >5n by (1) we ob-

|

tain by the exponential inequality of Hoeffding and (4)

k:lk—ntyl>

[SS NG

n n
pa:n(to) < ;O_Bn,to {am) < ;Bn,to

<2n - € < €
< o exp n | <cexp|-n=

for all n > ng. This proves (3) and hence the assertion.
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