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Minimum Norm Quadratic Estimators of Variance Components

By Y.P. Chaubey, Halifax')

Abstract: In this note we consider the classes of quadratic estimators of Lamotte [1973] for esti-
mating the variance components and derive the forms of the minimum norm quadratic estimators
in the classes of quadratics not considered by C.R. Rao [1971a, 1972].

1. Introduction

Lamotte [1973] considered estimation of the variance components by considering
five classes of quadratic estimators. He minimized mean square errors of these estima-
tors to find “best” quadratic estimator in each class when the observations are assumed
to be normally distributed. C.R.Rao [1971b] considered a more general case where the
observations are assumed to have symmetric distribution but he restricted himself
mainly to the classes of unbiased estimators. He also developed a new principle for
estimating the variance components in a series of papers [C.R. Rao, 1970, 1971a, 1972]
which he called the principle of MINQUE (Minimum Norm Quadratic Unbiased Esti-
mation). He [1971b] showed that the method of MINQUE is equivalent to the method
of MIVQUE (Minimum Variance Quadratic Unbiased Estimation) when the assumption
of normality of the observations holds. In that paper he also considered an estimator
which he called MIMSQE (Minimum Mean Square Error Quadratic Estimator) which
belongs to one of the classes of estimators considered by Lamotte. For this estimator
no minimum norm property, however, is mentioned. The purpose of this note is to
give the form of minimum norm quadratic estimators (MINQE) for the classes of qua-
dratics not considered by C.R. Rao.

In section 2.1 we describe the variance components model and different classes of
quadratics considered by Lamotte [1973]. Section 2.2 gives the principle of MINQUE
and similar argument is used to derive MINQE in other classes of quadratics not cover-
ed by MINQUE. In section 3 extension of these estimators is indicated to other models.

2. Minimum Norm Quadratic Estimators of Variance Components

2.1. Variance Components Model and Classes of Quadratic Estimators

The usual variance components model is given by

Y=XB+Usky + Usks +...+ Upky 2.1)
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where Y is an n-vector of observations, X is an (n X p) known matrix of rank p, 8 is a
p-vector of unknown parameters, U; is (n X n;) known matrix and §; are hypothetical
variables with the following variance-covariance structure,

EE¢)=0, DE)= 01'2 I, and cov(§, §,,)=0 fori#i'. 2.2)
1
The above model may be compactly written as
Y =XB+ Ut (2.3)

where, U= (U;: » + :Uy) and §' = (£} : - - :£;). The mean vector and the dispersion
matrix of Y are, thus, given by

E(Y)=Xand D(Y) = ig a2V, (2.4)

is the dispersion matrix of Y where ¥; = U, U;. The constants o3, . . . , 0} are called

k
variance components. We are interested in estimating a linear function Z p; al? of the
i=1

variance components where p,, . . . , p; are given constants. A quadratic estimator
Y'AY is proposed as an estimator of Z}p'.ai2 where 4, assumed to be symmetric without
il

loss of generality, is to be determined in the following classes of quadratics considered
by Lamotte [1973],
Co: {Y'AY: A unrestricted)
Cy: {Y'AY: X'AX = 0}
C,: {Y'AY: AX =0} 2.5)
C3: {Y'AY: X'AX =0,0rAV;=p,, i=1,...,k}
Cs: {Y'AY:AX =0, AV, =p,, i=1,...,k}.

The meanings of the above classes become clear if we consider E(Y'4Y). We have
E(Y'AY) =tr(AV)+ ' X'AXB
= Zo? trAV; + B X'AXB, (2.6)

where ¥V = D(Y). The class C; is such that the expected value of the quadratics is in-
dependent of . The class C, is class of all the quadratics which are invariant to trans-
lation of B-parameter where translation invariance is defined as follows. A quadratic
Y'AY is called translation invariant if and only if

(Y —Xb) A(Y —Xb)=Y'AY 2.7)
for all p-vector b, which is equivalent to

AX =0. (2.8)
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The conditions
XAX=0,trAV,=p,, i=1,...,k (2.9)
in class C; define the class of unbiased estimators; the class C, is the class of all qua-

dratics which are translation invariant and unbiased.

2.2 Minimum Norm Estimators

The method of MINQUE of C.R. Rao [1971a, 1972] concerns the classes C5 and
C, of quadratics. In formulating this principle C.R. Rao, argues that if the hypothe-
tical variables £, , . . . , £, were known, a ‘natural’ unbiased estimator of z p,.ai2 is

1

Pi ., '

where

p
A=diag |2y ... 2% ),
ng n nk nk

Since the proposed estimator is Y'AY, it is desirable to choose 4 such that the
difference (Y'AY — £'Af) is as small as possible. Furthermore, to incorporate the
apriori knowledge about of, . . ., 0} in the form of weights w}, . .., w} reflecting the
relative magnitudes of the variance components, C.R. Rao transforms the model
(2.1) as

Y=XB+Ufn +...+U}n, =XB+U*n (2.11)
where
Ur=(Ut:---10p), U =w'U,m =wk
andn' =y s+ ). Defining A = diag wil, ..., w;’]nk), We can express
1
the difference Y'AY — £'A¢ in terms of the transformed variable n as follows,

Y'AY — At =q'AYV2 (U'AU— D) AV 2 q+0'AV2 U'AXB

+BX'AUN 2+ BX'AXB=n":B)D (' : B') (2.12)
where
1/2y1
AI/Z(U'AU__A)AI/Z A / UAX
D= (2.13)

X'AUA2 X'AX

Minimizing any norm of the above matrix, the quadratic form (n' : YD (' : ) in
unknown 7 and g is minimized in some sense. C.R. Rao considered the minimization
of the Euclidean norm of D where A is restricted to classes C;3 and C4 and called the



258 Y.P. Chaubey

resulting estimators MINQUE (Minimum Norm Quadratic Unbiased Estimator). The
details of these are not presented here. The interested reader is referred to the papers
of C.R. Rao.

We will now consider the minimum norm quadratic estimators (MINQE) in the
classes Cy, C; and C, by determining A4 in each of these classes such that the square
of the Euclidean distance, namely, trD? is minimized. Since

trD? = rAV*AV* + 20rAXX'AV* + rAXX'AXX' — 2erAU*AY 2 AN 20
+ tr(AA)? (2.14)
=tA(V* + XXV A (V* + XX') = 200AU*AV2ANV 2 U™ + tr(AA)?
where A, A, U* and V* = U*U* = Zw; 2 V; are given, minimizing of trD? is equiva-
1
lent to minimizing
g=trA(V* + XXV A (V* + XX') = 200AU*AY 2 AN 2 g™
= trARAR — 21rAS (2.15)
where R = V* + XX’ and § = U*AL/2 AN 22U,

For deriving the solutions 49, 4, and 4, in Cy, Cy and C, for A we need some
results in matrix algebra which are quoted below:
(i) If A is symmetric, the general solution to X'4X = 0 is given by A = Z — P*ZP*
[C.R. Rao, 1971a] where P* = X(X'X)"' X'
(ii) if A is symmetric, the general solution to AX = O is given by 4 = Q*ZQ* where
Q* =I—P*[CR. Rao, 1971a].

i) X ggBD —~M+M —dlagM if B issymmetric

=M if B is assymmetric
where M = DBC + CBD and diag M is the diagonal matrix with the same diago-
nal as M.
(iv) % =C +C'—diagC if Bis symmetric
=C' if B is assymetric.

Results (iii) and (iv) are taken from C.R. Rao [1973, pp.72]. Using (iii) and (iv) to
minimize g with respect to 4 we obtain dg/04 = 0 which gives

2RAR — diagRAR = 25 — diag S. (2.16)

Equating the diagonal and offdiagonal elements of both sides of matrices in (2.16)
results in equations equivalent to

RAR =S§. (2.17)
Thus, the solution for 4 in Cj is

Ao =R7'SR-' =(W* + XX 'UA 2 AN 2uM (r* + XXt (2.18)
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It can be seen that

p.
U*AlleA1/2U*,=z ;ILW--4V- (219)
i on

i 1 1
hence the expression for 4, simplifies to

p.
Ao =2 n—lwi'4 V*+ XX V(7 + XX (2.20)
.

1

The MINQE of Z p; oi2 in class C, is thus
1

Y'A0Y=Epl.l—Y'(V*+XX')“I/i(V*+XX’)“Y (2.21)
I pwt
11
and that of 01.2 is
~ 1 - e
ey ™= — YV + XXV, (vt + XX Y. (2.22)
11

To find A4 in class C; which minimizes g we first prove the following lemma.

Lemma2.1:fK=I+2XX',T=I+XX'anddisann X n symmetric matrix, then
trAKA — 2trAS is minimized subject to X'AX = 0 for

A=T'(S—P*SP*)T! (2.23)
where P* = X(X'X)"' X'.
Proof: By (i), the general solution for X’AX = 0is A = Z — P*ZP*  hence

trAKA — 2trAS = trATAT — 2trAS
= trZTZT — trZTP*ZP*T — 2tr(ZS — P*ZP™S) (2.24)

since P*? = P* and P*T = TP*.
As before we minimized (2.15), by minimizing (2.23) with respect to Z, we get

TZT — TP*ZP*T = S — P*SP*. (2.25)

The above equation is equivalent to

TAT =S —P*SP* (2.26)
and hence,
A=TY(S—P*SP*T'. 2.27)

Corollary: The minimum of trd (V* + 2XX") AV* — 2trAS subject to X'AX = 0 is
obtained for

A=W*+XX)Y (S—PSPY(V*+XX')'. (2.28)
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where
P=XX'V*x)"'x'v*1,

Proof: The result follows from the above lemma by considering tr(BK *B) — 2trBS ™*-
where B = V*1/24p*1/2 k* =+ 2p*12xx'y*1/2 g% = p*-112gy*112 g4
T* =1+ v*12xx'y*1/2 The general symmetrical solution for X'AX =
X'v*12py*12x = 0is given by B=Z — V*1/12py*112zy*-12py*1/2

Thus, equation (2.28) gives the solution of 4 in C; by minimizing (2.15) subject to .
X'AX =0, ie.

Ay =(V* + XXy L U*AY2AN20* — PUAY2 ANV 2U%PYy (V* + XX') !
—x ! s (V*+ XXy (V= PVPY)(V* + XX')*. (2.29)
w

in

i

Hence, the MINQE of = p,0? in C, is given by
1

YA, Y=2 p; nlw4 Y'(v* + XX')“(V,. —PI/iP’) v*+xxH)ty (2.30)
i i

and that of ai2 is

~ = 1 ! * N=-1 _ ] * =1
sz(l)‘nw,f‘Y(V +XX') 'V, —PVPY(V+XX')'Y. (2.31)

For finding 4 in class C, we not that a general symmetrical solution for
A =y*li2gp*1i/2 satisfying AX = 0 is obtained by solving BV*12x =0 forB.
Using (ii) we get a general solution for B as

B= V*-l/2QV*-1/ZZV*-1/2QV*1/2
- V*I/ZQ’V*-I/ZZV*-1/2QV*1/2

where

Q=I1—P.
Hence, the general solution for 4 is

A=y*li2gy*112 = g'y*1i2zp*1120g = g'z*Q (2.32)
where Z* = V*1/2zy*1/2 Thys, minimizing q in class C, is the same as minimizing

trAV*AV* —21AS
=uwZ*QV*Q'Z*QVv*Q' — 2r2*0sQ’. (2.33)

Differentiating (2.33) with respect to Z* using the results (iii) and (iv) and equating
the result to zero we get equations equivalent to

ov*Q'z*ev*Q = 0sQ'. (2.34)
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We note that (Q")> = Q" and QV™* = V*Q' since QV* =1 — X (X'V* "1 X)"' X'V*- 1) p*
=V*—XXV*'X)' X and Q' = V*—X(X'V*'X) ' X'. Hence, (2.34) be-
comes

V*Q'Z*QV* =QSQ'
ie.
V*4,V* =QsQ'
A, =V*rlosQv*!
=Q'V*1sv*-1g (2.35)

= Q'V*1U*A2aA 2y¥y*-1g
=z #Q'V*“ v.y*ig. (2.36)*
1w

Thus the MINQE of 2 pial.2 in class C, becomes
i

Y'A2Y=Zn1 P A Al (2.37)
S

lwl

where e = QY are weighted least square residuals. The MINQE of ¢/ in the class C,
is given by
- e'V*‘lViV*‘le
Oi2) = nw? (2.38)

The special case of MINQE in the heteroscedastic linear model was considered by
P.S.R.S. Rao/Chaubey [1976] which turns out to be the ‘average of squared residuals’.
As another remark, we note that the MINQE’s in the classes Cy, C; and C, are all
non-negative which is not necessarily true in the classes C3 and C,.

3. Extensions

The Principle of MINQUE of C.R. Rao is extended to the multivariate case and to the
estimation of distinct elements of variance-covariance matrix by P.S.R.S. Rao/Chaubey
[1976] and Chaubey [1977). Such extensions are straight forward once the covariance
matrix of the observations is represented in the form as in (2.4). Hence, the estimators
discussed here are also applicable in such situations.
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