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Some Distribution-Free Small Samples Methods for
Interval Estimation and Hypothesis Testing in
Linear Shock Models

‘By Klaus WINCKLER')

Introduction

So far interval estimations and statistical tests of structural parameters in
linear shock models based on small samples mainly have been carried out on the
assumption of normally distributed shocks [ANDERSON; ANDERSON, RUBIN;
BASMANN; GRAYBILL]. This leads to the question for the robustness of distribu-
tion-bound methods to misspecifications, i.e. for the stochastic behavior of
estimators and test statistics if the distribution of the shocks is non-normal. In
this connection the possibility of obtaining useful probability statements by means
of correction factors is of particular interest. This topic has been treated in several
studies on more and less restrictive assumptions [ ATIQULLAH; Box; BOX, ANDER-
SEN; Box, WATSON; DAVID, JOHNSON, 1951a,b; PEARSON]. With respect to estima-
tion and test problems in regression analysis, a publication by Box and WATSON
is of special relevance. The authors mainly deal with variance ratios distributed
like F with L,, L, degrees of freedom in the case of normally distributed shocks.
If this assumption is being dropped, these statistics are approximately distributed
like F with g L,, g L, degrees of freedom, the number of observations being not too
small. The correction factor g depends on the degree of non-normality in the
distribution of the shocks as well as on the joint distribution of the regressors; it
can assume any value of the interval (0, 00). The practical applicability of these
correction factors to small samples seems. to be limited, since in these cases their
determination will be connected with considerable difficulties.

From this follows the need for distribution-free small samples methods (at
least for control purposes). The development of such methods is still in its initial
stage. A method based on the computation of median values has been worked
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116 K. WINCKLER

out by Moop. However, it requires a lengthy process of iteration, which will
exclude its use in many cases.

This paper attempts to solve some estimation and test problems connected
with linear economic shock models by special applications of CHEBYSCHEV’s
inequality; a direct application of this inequality generally is not possible since
the variance-covariance matrix of the shocks is unknown. We are mainly con-
cerned with estimators and test functions which have been treated on a distribu-
tion-bound basis.

Section 1.1 deals with interval estimation for the reduced form coefficients;
section 1.2 examines statistical testing of these parameters. In section 1.3 we
consider confidence intervals for reduced form projections of the dependent
variables.

Finally, section 2.1 offers a statistical test for the a-priori-restrictions related
to an overidentified structural equation and section 2.2 describes an interval
estimation method for the parameters (and for linear functions of these para-
meters) of an uniquely identified (i.e. just identified or overidentified) structural
equation.

Throughout the whole paper absence of lagged endogenous variables from
the regressors is assumed. However, after slight modifications (i.e. by introducing
additional instrumental variables) the methods described in sections 2.1 —2.3 are
applicable to systems of stochastic difference equations too.

1.1 A distribution-free interval estimation method for the reduced form
coefficients

For a T-dimensional real stochastic observable variable n = (,;¢t = 1,...,T)
(written as a row vector) and a latent (i.e. nonobservable) T-dimensional real
random variable v = v,;t = 1, ..., T) the relation

n=alq+bZ +v (1.1.1)

is assumed to hold; let 1, be a T-dimensional row vector, the components of
which are identically one. Let the K-dimensional parameter vector b and the
parameter a be unknown; the matrix of constants Z =(z,; k=1,...,K;
t=1,...,T)is known. Let K < T—1.

Assumption 1.1.1:
For all real numbers n, (t = 1,..., T) we have
a) prob(v, < n,;;t=1,...,T) = prd! prob (v, < n,);
b) prob (v, < n,) = prob (v, <n) t,t' =1,...,T.

Assumption 1.1.2: 0 < varv, < o0.

We define ) 1,
M=n—Fnlnlm:
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1 [
X = Z——T—Zlmlm :

=y ——

= TV Lyl -
Assumption 1.1.3: det X X' # 0.
For the LS-estimator f of b we have

B=nX(XX)'. (1.1.2)
Let
V=XXX)'X,
w=1-pX
with oo’ = e(lg)—V)e (1.1.3)
and let g = (q,; k = 1,..., K) be a known vector of constants.

In the case of normally distributed variables v, the variable
q(B—by /T-K—1
Vo) q(xx) ¢
has a t-distribution with T — K — 1 degrees of freedom [ GRAYBILL, pp. 120—121].

We shall now without the assumption of normality determine a lower bound for
) { q(B—by /T-K—1
pro
Jow) qXX)'q
oo qXX) 1q

prob {q(/}—b)’(ﬂ—b)q’ <(1+4d K1 lee’ > 0} =

<1+d|ee >0}=

q(B—=b)(B—b)q(T-K-1) 0w | _
prob (ee)q(X X)) 'q = (1 +d) e¢ |e&' > 0} -
prob q(ﬁ_ﬁg)s(,fq?;);,gz_q,](_l) + (1 +4d 8:1,6 <1+ d|8£’ > O} (1.1.4)

d being an arbitrary real positive number.

By virtue of CHEBYSHEV’s inequality we have for any nonnegative real random
variable { and for any positive real number z

prob {{ < z} > 1—————eXPCtC if 0<expctl<z.
Thus, z
’ XX} 1 7
prob {q(ﬁ—b)’(ﬂ—-b)q' <1+ d)(—c%_—_;—qlee’ > 0} >

T—K-1 qB—=b)(B=b)q | .,
0+ dg(XX) g expct( &g’ Jee’ > 0>_

—expct ( £ V,S lee” > 0)
€e
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We have
expct(q(ﬁ_bzg(,ﬁ_b)q, lee’ > 0)

(1.1.6)
= q(XX’)_lX[expct <—8178’8|88’ > 0):' X'(XX) q
Since
1, I S S
expct(Ezz elee’ > 0) = T T=T) 11"
and 17X’ = 0,, we obtain for (6):
qB-b)(B—b)q" , _ 1 ox— 1
expct( = lee’ >0) = T q(XX) g (1.1.7)
We further obtain
eve | _ K 2
expct( — lee” > 0) = (1.1.8)?)
From (1.1.6)—(1.1.8) it follows for (1.1.5):
4 n—1 .1
prob {q(ﬁ—b)'(ﬁ—b)q' <1 + 422 Tq_(?f)l L lee' > 0}
(1.1.9)

> d 1— K
1+d T-1)°

1.2 Distribution-free testing of the reduced form coefficients

Testing the null hypothesis
HO:bk=bk0 k=1,..-,K1 SK

we use the test statistic

2 ’
) & , _ 1 eg, _ 1
expct(es, lee’ > 0) = = expet <?|ee > 0) = B

66 (. &, (e1%)?
T(T—1)expct ( ——-|ee’ > 0| + T expet | ——|ee’ > 0] = expet ——|ee’ > 0p = 0;
et W ee Y

&y 1 e 1
expct{ ——lee’ >0) = — =Ll o e ——
e (es’ | ) T—1 °"p°t<sa' lee’ > 0) TI=10"

HuV=uX'XX)'X =tt(XX)XX)"'=K; 1nVIin= 15X (XX) ' X1 =0;

sum, ¢ vy = 1y Vi —tr¥V = —K.
t#1
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where ® = (T—bY X )[I - X5 (X, X3) 7' X,];

by = [bio--- bk,0l;
X, =y k=1,...,K;; t=1,...,T);
X, = (g k=K;+1,.:K; t=1,...,T)

In the case of normally distributed variables v, this test statistic has a F distribution
with K, T— K —1 degrees of freedom [ GRAYBILL, pp. 133 —138].

Defining V, = X5(X,X5) ' X, we have

T—-K—-1 /(oo
prob{ <ww,—l>21+d|es’>0; H0}=

K, 0w
(T-K—-1)(eVe —eV,¢) eVe ,
prob{ TS + (1 +d = 1+dleg >0 (1.2.1)
1 (T-K—-1Le(V=V,)¢ eVe ,
< 1+dexpct[ K, et +(1+4 = lee’ >0
On the view of (1.1.8) we have
e(V-",)¢ , _ K, |
expct( — lee’ > 0) =57 (1.2.2)

it follows for (1.2.1):

T-K—1 [ dd L 1 dK
prob{ X, (ww,-—1>21+d|ea > 0; Ho}< 1+d<1+T—1)

The general linear hypothesis (1.2.3)
Hy:b 0, = P,
where Q, has K, columns, analogically can be tested. By defining an K x(K — K, )-
matrix @, such that Q = [Q, Q,] is nonsingular, we may write
=001 Q107X + &= [bVx bH]X +s.

H, can be transformed into

Ho:bMx = by

and the foregoing test is applicable.

1.3 Distribution-free interval estimation for the projection of the dependent
variable in a reduced form equation

For the stochastic variables #;,, and vy, , we assume the relation
Nr+1=a+bzryy +vryy (L.3.1)

to hold, the parameter vector z 1, = (z.r+1; kK = 1,...,K)" being known.
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Assumption 1.3.1:
a) prob(v, <n,; t=1,...,T+ 1) = prdT* ! prob (v, < n,)
b) prob (vy,., <n)=prob(v,<n) t=1,...,T
for all real numbers n and n,.
Let us define )
1 1

X.T+1EZ.T+1—T21(T); 8T+1EVT+1_TVI(T);

. S
v=w;t=1,....,T+1); E=v— T+ 1 Wirsnlrens
1 G - — 1 (e B .
N=‘.ITV1(T), n= T+1V1(T+1),
n— ’ 1
P=(Txz (XX) 'xpey + T+ 1)‘T—(m

’

Using n¥,, = -1 Iir) + Bx 14 as astatistical estimator for 5, ,, the variable

(M1 —NT+0)
ww' P
pp. 122—124]. On a distribution-free basis we shall determine a lower bound for

prob — <14+ d|é€ >0;.

ww' P
eUqny—V)e =88 —(v—Aln)Vv—Alq) - Tp-0>*-8,, (132
we may write

¥
prob{Ms,/l +dlé§’>0}
Joo' P
= prob {(nr+ =¥+ 1)2 <(l +dow'P

_ ('IT+1—'I’;+1)2
= p’°b{ i P

has a t-distribution with T— K —1 degrees of freedom [ GRAYBILL

]

In view of the identity

A Ay

£€ > 0}

+ 1+ o LAl VO flg) + T(u—f)? + &4,

[

1 (ﬂr+1"’l¥+1)2
>1—1+dexpct< 7P

+(1+d (V_ﬁl(T))V(v‘ﬁl(Tl): + T(/l“li)z + é%H'

E&

g€ > 0}

5o 0> (133)

We have

Mr+1—nF+ 1)2 = X741 (B=b) (B=b)x 141 —=2(vr4 1 —W(B—b)X 14,
+ (re1 =) (1.3.4)
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From f—b = e X' (X X)™! = (v— 1) X (X X))~ ! it follows

1
expct | —-
P [88
AZ A A
& 818 AA/ ’ n—1
expct ¥ £€ >0 )—expct | - >0) X741 (XX) ' x 10,
EE t#1’ EE '

+ expet | —= ) Xt (X X)X Uy Ly X'(X X') " x sy
t#1
1 e
=7‘><:.T+1(AXJX) lx,’r+1; (135)
e:xpct{(v”1 Eﬁ, JEk IF £ > 0} = expct | ———|8¢ > O)
88 ver \ 88
1 X' (X X) Yx 14, + expet {(“—68")—’ ee > 0} I X'(XX) 'x7,, =0
1<T+1
(1.3.6)
Further we have
(it LD 1 C=Alg)(v=flg) |,
expct{ 7 >0 = —= - expct R |&¢
- T (137)

2 2
ST -
expct {Lﬁ—‘—'u) £é > 0} = expct< — >
8 ié

—2expct {”—l(lf,ﬂ gé > O} + expct —p o AR
£é £é

A2 A A
= [expct( Y88 > O>—expct<£i€" £€ > 0)} T#l T+1 :
&¢ 2 \ EE

& >0

2
Ly T138)
(v /11(7))V(V—#1(T)) ag _ £
expct|: 7 >0(= T (1.3.9)
From (1.3.4)—(1.3.9) we obtain for (1.3.3):
prob {(nr,; —n¥+1)? < (1 + dww'P|é& > 0}
1 1 T+ 1

> 1—(1—+d)7; -rITxtT+1(XX) 1XT+1 + — (1310)

_K 1 1 d 1— K+1
T T(T+1) T+1 1+d ’
Let n, be a vector of future observations nr,, (h = 1,...,H):
r’A =a1(H)+bZA +V‘
=bXa + éa

where X, =Z, —+Z {11y, Takmg nkq = uly + BX,)q as an estimator
for an arbitrary linear function #, g’ (9q' > 0) of the observations 5y, and
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defining P* = [qX{ (X X')"' X, 4’ + 44" + $(q1{5)*], we have, as can be shown
in analogy to the foregoing derivation:

prob{|(n, —n%)q'| < /(1 + dww P*|ce + ¢ & > 0}

d K+H
e [1— T+H_1]. (1.3.11)

2.1 A distribution-free test of the identifying restrictions for an overidentified
structural equation

For the G x T-matrix H of stochastic observable variables 1, (g9 = 1,...,G;

t =1,...,T) and the latent stochastic matrix Y=(v,; g =1,...,G;t=1,...,T)
the relation

AH+BZ +u'ly =Y (2.1.1)

is assumed to hold, the parameter matrices A = (a,,; 9,9’ = 1,...,G), B = (by;
g=1,...,G;k =1,...,K) and the parameter vector u = (4,;g = 1,...,G) being
unknown. The matrix Z =(z,; k=1,...,K; t=1,...,T) is known. Let
K<T-1.

Assumption 2.1.1:
a) prob{v, < y,; 9=1,...,G; t=1,...,T) = prd,_, prob {v,, < y,; g =
1,...,G) for all real numbers y,,;

b) prob {v,, < ¥,;9 =1,...,G) = prob{v, < y;9=1,....6)t,t' =1,...,T
for all real numbers y,;
c)expct Y = O 1)’);
d)rkexpct YY' = G.
Let
H=H-}Hl1y,
X=Z-3Z151y,
P=Y-4Y1nlg.
Then we have on the view of (2.1.1):
AA +BX =Y (2.1.2)

Assumption 2.1.2:
rkX' =K.

From the assumptions 2.1.1 c—d it follows that rk4 = G*).

%) 0 x 1 denotes a null matrix with G rows and Tcolumns.

%) Let vA4 = Oy x . Premultiplying in (2.1.1) by v, postmultiplying by Y’ and taking mathematical
expectations we obtain vA4 expct HY' + vBX expct Y’ + vu' 1y expet Y’ = v expct Y Y'. Since
vA = 0 and by virtue of assumption 2.1.1¢c expct Y’ = 0, we have v expct Y Y’ = 0. On the strength
of assumption 2.1.1d the matrix expct Y Y’ is positive definite. Thus, we have for v the unique solu-
tion v = 0.
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For the structural parameters contained in the first row of [ 4 B] we introduce
restrictions of the form

[a,.b,]Q = Og,, (2.1.3a)
rk[A B ]Q' =G—-1. (2.1.3b)
For the sake of simplicity let us assume these restrictions putting equal to zero

certain elements of [a, b, ], i.e. Q containing one and zero elements only. In
detail the equalities

a,=0 foral ¢g>G,, (2.14a)
by=0 forall k> K, (2.1.4b)

are supposed to hold.

Assumption 2.1.3: K—K; > G, —1.
On the view of (2.1.4a—b) we may write

aVl2, = -bVX, +0,. (2.1.5)
where
al’=(a,;9=1,...,Gy);
B = (bus k= 1,...,K,);
Hy=(0u;9=1,..,G;t=1,...,T)
Xl = (xkt; k= 1,...,Kl; L= 1,,T)
We put

A—lB = [Dl((;l)(’() :I
D3 6-6.xK)
A—l Y = I:NI(GIXT) :l
NZ([G—GX]KT)
Q ﬁl[I(T,—X'(XX')_lX]I'—I'l,

Q, =H,[I5—-X\ (X, X)) X,]H,,
¥, = X,l(XIX’l)-le'

The roots of the determinantal equation det (2, —AQ) = 0 we shall denote by
Al<i, < <l56<6,))
Testing the null hypothesis

Hy:a,,=0 g=G, +1,...,G;
b1k=0 k=K1+1,,K,
... T—K-1 . .
we use the test statistic ——K—(il—l), for which we have in the case of
- 1

normally distributed variables v,

prob it KL G 1) > 14 d|Heb < 1—Fy_gorox-n( +4)
K—K,
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as T. W. ANDERSON and H. RUBIN have shown [ ANDERSON; ANDERSON, RUBIN],
F -k, 1-k-1/x) denoting the F distribution with K—K,, T—K—1 degrees of
freedom.

We shall derive without this assumption:

T—-K-—1 R 1 dK
prOb{—IT—K—l—(Al—l)Z(l‘*‘d)IDlUl>0,H0}< 1+4d 1+ T—1
2.1.6)
We have
T—-K-1 4 (1) W5 5
prob —Wal' (Q,—Qal" = (1 + d)a"Qal" |6, ;. > 0;H,
B (T—K—1)al)(2, — Q) aQal
= prob ®—K )5, 5, >(1+4d) A |6,.0; >0;H,
_ (T-K—-1)o, (V-V,)v}, 0, Vo, -
= prob TS ATAGA + (1 +4d) A >1+d|v, 07, >0
1 (T-K-1)o,.(V-W)0}, 0, Voy - -
) 1+dexp°t[ S AL A L

(2.1.7)
On the view of (1.1.8) it follows that

prob Ll (@, -0k > (1 -+ D 2k 15, 7, > 03,
1 dK

Since (4, —1)a{’ Qa") < a{(Q2, — Q)a'?’, we obtain

prob{ﬂa,—nm+d|51_5;,>0;H0}< ! <1+ dK)

K—-K, 1+d T-1
(2.1.9)
This test can easily be transformed into a test of hypotheses on linear functions

of the regression parameters contained in a uniquely identifiable (i. e. just identified
or overidentified) structural equation.

2.2 A distribution-free interval estimation method for the coefficients in a
structural equation

We drop assumption 2.1.3 and replace it by

Assumption 2.2.1: K—K,; > G;—1.
Furthermore we introduce the normalizing condition a,; = 1.
Let us define

(1)
H1.5g1+[b1' Xl :| )
0([01—1]"7')
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Ql*

A,A, H X, . (1) p(1) ai’ | _ (1
|:X1H,1 X, X, with [a{" b{"]Q,. B = ay{ H+.Hs at

Q= [Q O<G.xx.»]
0<K1’<G|) O(Kxxl(l)
c = [a) ] = (cp; m=1,...,M).
By virtue of (2.1.8) we have

prob {—T—_—i(_—lc(!),*—g*)c’ <1 +d)ec|, 0y > 0}

K
d K
>,1+d<1“T—1> (2.2.1)

As can easily be shown *), the roots of the equation det (2,.—AQ.) = 0 coincide
with the roots of det (Q, —1Q) = 0.

Let us assume, that rk Q. = M with probability one. Then a matrix @ = (¢, ,';
m,m’ = 1,,.., M) can be found such that

., |40 . _11g O
Q.9 = [O l@I(M—G)] PP = [0 0

where A = diaggG=l (4,). Defining ¢ = 0 ® with § = (0,,;m = 1,...,M) we have
c(Q—Q)c =0D(Q.—Q)) D'

= sum$_, (A, — )02 + AgsumM_z. , 02

> (4, —1)00 + (A,—4,)sum®_, 62, 222
cQ.¢ =sumé_, 02. (2.2.3)
Defining

X‘”‘)Ecm(p.l—(p.ms(x;""; g=1,...M) m=2,....M
with 0™ =0, (2.2.9)
we may write

M g2 m) . m)
sumy’ , 07 ™ 4

M 2 __
sumy, 0; = 7
%) Defining
- e -C] 4 Q 06, xk1)
C=HX\(X, X))}, RE[“’" ] Qs[l i1k
! ' ' ' O(Kx xG1) I(K:) ' O(leGn Xle
we have

det (Q,. —4Q,) = det R(2,. —AQ,) R’ = det (@, —1Q,) = det (2, —AQ) det X, X,

Since on the strength of assumption 1.1.3 the matrix X, X} is nonsingular, we obtain det (2, —1Q)
=0 2det(Q. -42,) = 0.
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M 2 M (m)2
_ sumg_, 0, sum,_, x;

-

X(m X(m) X

M (m))2 (m)2 M p2

_ (sum,’ , 0, xo™)* + x{? sum)L , 62
(m)"_,(m)

YA ¢

M 2
sum,_, 6, sum

(m)2 M 2
1 sumg=29g
(m)” . (

m Xm)

M 2 M 2
g=2 X:,m’ - (Sumg =2 Og X},'"))
A

sum?_, 0, x™)* + x{™? sum™._, 62
> (sumy-, yxya‘)m)' (ﬁ)l Sum,->Y m=2,....M (2.2.5)

A ¢

+

From (2.2.4) it follows
sumyL, 0, = — "0, m=2,..M
and we obtain for (2.2.5):
<, (m)2

sumﬁdﬂgz-?%gﬁgeﬂ m=2,..,M. (2.2.6)

On the strength of (2.7.1), (2.2.2), (2.2.3) and (2.2.6) we have

-K-1 (m2 i
prob{LT(_[ll—l + (Az—xl)—x(f‘"—;,x(T,] <1+d[p, 0, > 0}
> prob {I%ic(ﬂl.—ﬂ.)c’ < (1 + d)cQc|py 0}, > 0}
d K
o <1— T_1> m=2,..,M. @.2.7)

From (2.2.7) we shall now derive confidence intervals for the unknown parameters
c,(m=1,....,M).

Let
T-K-1
Ty = —1-(l +d),
T-K-1
T = K (A2—2y).

Then we have

T-K-1 g2
{——7?——[xf—1+—a2—103?#;my <1+d

(m)2
X m) ., (m m
= {Tn + 13 _x(m_)l’x—(m—) = 0} = {7, 4™ ™ + 7, 2{? < 0}
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= {1 (n @1 01— 2P 1 P + P Pm)
+ 12( 0t —2¢n @11 P1m + 91 <0}
= {crzn(II QLo+ T2 (0%1)_2%.(71 L Pm+ 2011 Prm)

+ T QP+ 1201, <0}

o 0L Ot 0P ) T (0L 0 (040 )(@mP.m)]
" QP+ 0T B (119191 + 1201

_ T (@i @ — 1 P P1m P — P11 Pom) =D M (2.2.8)
(9104 + 1,040) T

Thus,
prob!( ¢, — Tl‘Pfl(,P.m t 7 (lez(Pu 2 Stf [((pflqo,m()z_((Pfl(p.l)(z(pfrzn(P.m)]
T19.19.4 + 1207 (1101904 + 120711)

T (@ m®P 1 =01 @) @1 ®@ 1 = P11 Pom) (= = d K
- 7 0, 0; >0%> | =
(1,010, + Tzfpﬁ)z ‘ Lot 1+d T—-1

m=2,..,M (2.2.9)

In a completely analogous manner confidence intervals for linear combinations
cp’ can be derived, p = (p,,; m = 1,..., M) being any known vector of constants.
Let us define:

'// = Sum.’L]Pm‘P.m = (¢g7 g= 15"'aM)/'
L=(p)o—v =(; 9=1,.,.,M)
with 8y = 0.
We may write in analogy to (2.2.6) and (2.2.7)
X2
sum, 07 > 7}—06’ (2.2.10)
T-K—1 1 S
prob {T[ll —1 4 (,12—/11)—;,—;] <1+d|p, v, > 0} 22.11)
T-K-—1 _ d K
> - - * T Qdk ' * - f ST —
_prob{ X c(Q—Q)c S(1+d)ch|vl.uL>0}> 1+d<1 T—l)

From this we obtain

T—K— 2 2
{%[11—1 + (,12.-/11)%] <1 +d} ={rl + ‘cz;,—;(SO}

={t 1+ 10} <0} = {r,[(cP)V @101 —2(cP) @11 01 ¥ + V' ¥]
+ 1, [(cp)? @3 —2(cP) o ¥y + ¥1] <0}
= {(CP')Z('H @101+ T201)=2(eP )t @ W + o Yy) + T Y+ LYl < 0}
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={<cp'— L OLY + LeuY, >2 < 1 [0 ¥) = (@1 0. )W )]
T @0, + Tz‘P%1 N (110104 + 7-'2‘!’11)2

_ Tﬂz(‘h‘/’fl_9011’//')('1’190.1_(%1%0)}
(T 9101 + 1201,)

Thus,

% 2 2 ’ 2 _ ’ ’
prob<{|( cp'— Tl(P_’l!ﬂ + Tz(Puz'/h < 71[((P.1§,0) ((P.1§9.1l(¢2¢)]
T1Q1P.1 + 1201 (t19' 101 + 1,0711)

LW e =V )Wi0 i —0uY) |- - d K
- = ) >0 > 1—
(T 0101 + 1007 P53 T+d =i
(2.2.10)

Assumption 2.2.2:

.1

lim—XX =W.
a) plim XX =W

T—wx

b)rkW =K.

) plimiNlN’1 =5
T—'wT

Defining

14 W,
W = 11 12
[Wzl Wiz

Sy =Dy (W—[W; W, ] Wiy [Wy W;,])D}, + S,

and denoting the roots of the equation det(S; —AS) = 0 by lg(1=1, < 1, < ---
< 1g), we have on the strength of assumption 2.2.2

plimi, =1,
T—o
plimi, =1,,
T— o
lim = .
pT-*oo P11 Pu.
From this it follows that
4 llll ’
lim—— =¢
pT—»m ?11 4
and
1+d)K "
T ’ l/) +7 lp [11-1—(?_7%1—] (p.ll//'f‘(iz—j.l)qolllljl
pllm l(p.l 2(P11 1 =p11m

' i 1+dK
T-o T19.1¢0.1 + 1201, T-w Lll—l (1 +4d J‘Pf1€9.1+fz<ﬂf1

T P—K—1
= plim 2 »
pr—»mq’n

= cp',
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i.e. if assumption 2.2.2 is fulfilled, 121 vt 00 2‘!’1 is a consistent estimator
. T190.19.1 + 1207,
for ¢p'. In this case we obtain further:

@Y= (@0 )W W]

plim =0;

T (110104 + Tz‘Pu)z

plim r1’“'2((P1(I’fr“Plllpl)((/’x(lh_(ﬁn'#) _
’ 2 -
T-w (t19010.4 + 12044)

0.
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