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Some Waiting Time Problems

Von L. RADE, Gothenburg?)

1. Introduction

The classical waiting time problem is the following. Independent
repetitions of an experiment with two outcomes 4 and B are performed
until 4 occurs for the »th time. If this happens at trial number T, we call T
the waiting time and if the probability for 4 is P(4) = $ = 1 — ¢, we have

P(T = %) 2(::;),”,_,, x=7r, r4+1,...
that is the waiting time 7" has a Pascal distribution. We call this problem
the simple binomial waiting time problem.

Another wellknown waiting time problem is the following, which we
call the simple hypergeometric waiting time problem. A set containing »
elements, of which s, 1 << s < #, are of a special kind, is sampled without
replacement until an element of the special kind is found for the rth time,
1 <7<s. If this happens for element number T taken from the set,
T is the waiting time in this case. This problem and some other waiting
problems are treated for instance in WiLks [1]. If in the last example the
set is sampled with replacement, T has a Pascal distribution with p = s/n.

We will here first treat the simple hypergeometric waiting time problem
in a partly new way deriving a generating function for the probability
distribution of 7. We will then introduce and solve a new type of waiting
time problems originating from the sampling of a set of # elements but
with the complication that the elements of the special kind only can be
identified by comparing them with the elements of another set. We will
call these problems double waiting time problems. They can serve as
mathematical models for some psychological tests.

1) LENNART RADE, Chalmers Technical University, Gothenburg, Sweden.
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2. The Simple Hypergeometric Waiting Time Problem

In this case the waiting time T has the sample space 2, = {r,r + 1,. ..,
n + r — s}. The event {T = &} means that among the first (¢ — 1) elements
there are (r — 1) elements taken from the set of the special kind and that
one of the (s —# 4 1) remaining elements of the special kind is then
taken from the remaining (» — & + 1) elements.

We thus have

P(T:k)-_—pﬁ(’i(l),@(”t):s);:z:z,

k=r,v+1,...,n+7r—s
E—1
Writing the binomial coefficients in term of factorials we easily find that

(n—k)(k—l)
P(T:k):pk.—:—s:—’(’ﬁ—_—, E=rr4+1,....847r—s (1)
s

We will here use the probability generating function ¢(t) = p,¢*.
k
The expectation ¢ and variance ¢2 is then given by
u=—g'(1), o*=9¢"(1)+¢'(1) —¢'(1)? (2)
We denote the probability generating function

n+r—s

@s,n(t) = kgf put=k,

where p, is given by (1). We can extend the summation to 2 = nas p, = 0
for k=n+4+7r—s+1,...,n. We thus have

(s—n!(r—1)! (’:)%,(t) = (3)
é,(n—k) mw—k—1)...m—k—s+r+1)(k—1) ... (F—r4 1)t

We now introduce the function

2 Ll —1
Pt u) =D p-wsp-1 =¥ =¥
k=r u—1
~ By differentiation of ¥/(¢, ») with respect to ¢ and « we find that the
right hand member of (3) can be written

fs—n—r [D‘(s—r) Du('—l) {T(t, ,u)}]“= 1
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where D, = 0/0t and D, = 0/0u are partial differentiation operators.
We thus have

ts—n—r

(s —7)! (7—1)!(’:)

If we now differentiate ¢, , with respect to ¢ we find after some rearrange-
ments that

@s,n(t) = (D&~ D= V{W(E, u)}]u=1

Bl = =T E =0+ 6 —n = )

If we here put ¢ = 1 and observe that ¢, (1) = 1, we get from (2)

e ="240 (9

By differentiation once more we get

b = = EDE=I G s —n—r —1)0lal)

From this we get according to (1) after some calculations

(mn+1)(n—s)(s—7r+1) (5)
(s+1)(s+2)

This variance is given in WiLks [1] under a more complicated form.
When deriving the mean and variance we have supposed that s < #. The
results arrived at however obviously hold for s = .

We can now summarize in the following theorem.

Var [T) = =

Theorem 1. In the simple hypergeometric waiting time problem, the
waiting time T has the probability generating function ¢, ,, where

nt+r—s
Ponlt) = 2 P(T=k)t*=
k=7
ps—n—r a(s—-r) a(i—l) ur —n—r+1gr—1
- at“" au"l u—t =1

(s—r.)!(r—l)!(’;)

the expectation

r(n 4+ 1)

E[T]= s+ 1
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and the variance

n+1)(n—s) (s—r+1)

7(
Var [T] = S+ +2)

3. Double Waiting Time Problems

By a double waiting time problem we mean a problem with the following
structure. A set of %, elements contains s;, 1 <s; < #,, elements of a
special kind, which can be identified only by comparing them to the elements
in another set. In this other set there are #, elements but only s,,
1 <s, <#ny, of these elements are such that they will identify the s,
elements of the special kind in the first set.

The elements in the first set can be thought of as keys and the elements
in the other set as locks. The elements of the special kind in the first set
are then s; keys only fitting s, locks in the set of locks.

We now suppose that a man tries to find a key fitting one of the locks
in such a way that he takes a key at random and tries it with successive
locks selected at random and without replacement from the set of locks.
If a chosen key does not fit any one of the locks, he takes a new key and
repeats the same procedure. The waiting time T is the number of that
trial, when for the first time he has a key fitting a lock. We suppose that
the number s, is not known to the man. Thus he always has to compare
a chosen key, which is not of the special kind with all the locks. If s, were
known to the man, he could always take a new key, if (n, — s, + 1) trials
with one key have been unsuccessful.

If the keys are taken at random with replacement we call the problem
the double binomial waiting time problem and if the keys are taken at
random without replacement we call the problem the double hypergeometric
waiting time problem.

Some psychological testing procedures are of this structure, for instance
testing procedures for testing men’s mechanical ability. The model cor-
responds to the null hypothesis that a person has no ability at all and
chooses keys and locks at random.

4. The Double Binomial Waiting Time Problem

The sample space Q.. of the waiting time T is in this case 2,, where

Qr={1,2,....0—s; + U {n+1,0,+2,...,20,—s5,+ 1} U ... =
=G{xeN|l+(k—l)n2<x<l+kn2——sz}.
k=1

Here N is the set of natural numbers.
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We now regard theevent {T = p + (k. — 1) m,}, 1 <p<my—s, + 1,
which means that key number % taken from the first set is the first chosen
key of the special kind and that lock number # is the first chosen lock
fitting this key. We thus have

[:=1)
P(T = (k—1)my+ ) = pg=1 121
e
(32)
The generating function ¢, for this probability distribution is now
given by

Ms

or(t) = "‘;iﬂ P(T=(k—1)ny+ p)t—k-0m—-p —

<] Mg —S3+1 (nB—P)
= D pg-rtt-k-um > _82_—_—_1_t_P
k=1

p=1 g
Sg
Lol

=tm 2 P ¢ ()7 Gem(t) = @on(t) 7 pp(t7)

k=1

k

]

Here is ¢,(¢) = #/(! —¢q), ¢ = 1 — p, the generating function for the
waiting time in the binomial simple waiting time problem with » = 1.
Further we denote here and in the following by ¢, , the generating function
for the waiting time in the simple hypergeometric waiting time problem
with parameters s, » and » = 1. ¢, , is given in theorem 1 above.

We can now get the expectation and variance of the waiting time by
differentiation of the generating function. We observe that the generating
function for a sum of independent stochastic variables is the product of
the generating functions for the variables and that if the stochastic variable &
has the generating function ¢, then #* ¢(#") is the generating function for
n(& — 1). We obviously have that the waiting time in this example can
be written T = T, + 54(T, — 1), where T, and T, are the waiting times
in the simple binomial and hypergeometric waiting time problem respec-
tively.

That the waiting time in this case has this structure can be seen directly
in the following way. If T, is the waiting time for a key of the special
kind, #y(7T; — 1) trials have to be made with the wrong keys and then T
comparisons have to be made with the first key of the special kind.
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We now have

M+ 1

E[T] = E[T3] + m(E[Ty] —1) = 275 + 4
2 1 —
Var[T] = Var[T,] + ng Var[T,] = s?s:tz—:_l)z ((:‘: T 25)2) + #ng

We have thus proved the following theorem.

Theorem 2. In the double binomial waiting time problem the waiting
time 7 has the generating function ¢, , () ™ ¢,(¢"), the expectation

n2+l+in2

E[T]=32+1 P

and the variance

_ S+ 1) (ny—sy) | g =
Var([T] = 2(32 T (s:—|- 3) + b Mg

5. The Double Hypergeometric Waiting Time Problem

In this case the sample space of the waiting time T is

ny—s;+1

Qr= U {xeN|1+E—1Dn, <2 <1+ knyg—sy)
k=1

In the same way as in the binomial case we derive the relation
T =T, + ny(T, — 1), where T, and T, are independent waiting times
for the simple hypergeometric waiting time problems with parameters s,, %,
and s,, n, respectively. We thus immediately get the following theorem.

Theorem 3. In the double hypergeometric waiting time problem the
waiting time T has the generating function ¢, , "¢, , (¢), the expectation

7y + 1
sg+1

"—$

E[T]= 281+1

+n
and the variance

_ So(ng + 1) (ny —s,) 28:(n; 4+ 1) (n;, —sy)
Vel = (s 12 T it D26 T D
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