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LOCALIZATION OF THE COHOMOLOGY OF A FINITE GALOIS GROUP IN A
DEDEKIND DOMAIN

by

Marco F. SUAREZ

Let us take a Dedekind domain A with field of fractions K. L a fmite Ga-
lois extension of K with Galois group G and B the integral closure of A in
L. then B isa G-A-module and the cohomology groups of G in B, denoted
by Hi((j. B) for i any integer, arc A -modules. Throughout this note we will
denote by Q (resp. by P) the sct of non-zero prime ideals ¢ of B (resp. P of
A). iq (resp. l}p);\\ilh q € Q (resp. p eP), standsfor the ¢-adic completion
of L (resp. p-adic completion of K) and Bq (resp. z;p) is the cnrresponding
ring of integers of 'l‘jq (resp. ;(Il) ; alsofor geQ lyingover p in P, Gq

will denote the decomposition group of ¢ in L/K which is known to he Galois

group of the Galois extension Lq/KP . Qur main aim is to prove :

THEOREM : If Q' is a subset of Q containing exactly one divisor ¢ “of

each p FP. then for any i€2

H'G.B)Yle H'(G ,B) (4:Q°).
g 4
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First we will consider some auxiliary resulis.

i i
LEMMA 1: If N denotes de annibilator of H (G,B) in A (i any integer)

and S : L » K is the trace, then for any i€, SB C N’ ; in particular, SB - N() .

Proof: It is ¢lear that the multiplication in B induces a cup product

‘ - j it f v
wiH (G.B) x W(G.B) ~H (G.B) _ (ij in 7).

from the propertics of the cup produet ([1], 4-1-9, 4-2-6 ). it follows that
H® (G .B) is aring and for any v 4, All’ (G.B) isa H’°(G,B)-module ;: morco-
ver , the isomorphism of groups kE:A/SB - H°(G . B) induced by the epimorphism

k: A H()(G .B) (11!.2-2-6) is actually an isomorphism of rings.

Let us take now any @£ A and any O(EH'(G, B) represented by an i-cocy-
cle g, then a.a isrepresented by a.g and kaa=a o ([11,4-3-6): in

“particular, il a€SB weget aw-0, i.e, acN’ .

COROLLARY 1: Suppose that K is a local field, i.e K is complete with
respect to a discrete valuation. Then if L/K is tamely ramified we have HY(GB)
=0 forany icd.

Proof : L/K tamely ramilied implies $B=A ([2], 1-5 Thm 2) so, by L.emma

1, N'=A and therefore H'(G, B)=0 forany ic®.
COROLLARY 2: Forany ic2, H (G g+ Bg)=0 for all but finitely many
qEQ .

Proof: Given any i€2 if 4£Q is such tha Hl(Gq. Eq)#.(), then, by Coro-
llary 1, ':q/ip is not tamely ramificd so it can not be unramiflied cither, and

then g divides ihe‘diffc’r(‘nl EDL/K (137 ch. I, §5); thes q lies jin the
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linite subset of @ consisting of divisors of T’ K
PROPOSITION : If Vi is thering of restricted ddeles of B . B

p
l./, lll.{l. where peP  and v Q lic over P, then

~

=B
llq

(i) VL , Blf and ,‘/’ are G - module

(i) H(G.V,)- 0 jorany i<k

Proof: (i) It is elear from the fact that given any ¢ € G it induces an iso -

morphism
L B | such that ¢ B B
q q (',, q 9 Oq
(ii) ,'/) is aveclor space over K/, ol dimension » [L: K1 let us define

the K/, -lincar map

-~

S > L, »K by
I‘p/Kp P p )

S i )= %87 4o (2.0
I.p, Kp I.(//Kp q
(for g Iying over p). where x= (4\'(’) ¢ l.p and Si /’2 is the local trace .
M ow,, ... w,

: * *
I is a basis for L/K we get a complementary basis w;

ey ll'n

and since for x £ we have SLP/ Rp(l)p (1)) =S, /(%) (see [21, ¢h 2 59),

where D, is the diagonal imbedding of L in Ly then

(1 s,_p/,;p[np(u-,.).Dp(w;)| =8 k(wjw;)=8;; (ij arc intcgers betneen
1 and »)

it follows that the D/)(wl-)'s are linearly independent over Kp, i.e they form a

hasis for l.p,’ Kp - “e define now a map

A % -V
Vl./ Vk I K

53



e () ) - 8 w8 dag ) re x:(x,)FV =P and for cae
by (SVL/VK(\H/, l,,’/ K[/(\/’) where  x (\p) (0 wd for cach
p. .\'/’ (.\'q) 3 I,/) (g lying over p) ;. then by (1) , cach XNEV, can be written as

n
R S 5 ; v' .

! ”
where D is the diagonal imbedding of 1. in Vl . Moreover, il X a, D(uwy) 0
i=1

with a;v VK , then for any 7, a; - 0 ; in other words |

(2) Vv, : VKD(M'I) @®...0 VK D(u'”)

L

finally, since L/K is a finite Galois extension the hasis Wy w, can be

chosen 1o be normal and this, 1ogether with (2) and ([1], 3-7-3). completes  the
prool of (ii)

FEMMA 2: 1f p-P . then forany ir 2, W (G, B, ) - W (G, B ) where
’ /’ qa (In

q, is any fixed element in Q lying over p. In particular. the cobomology

groups H’(Gq_ B”) for all ¢ Iying over p are canonically isomorphic .

Proof : W we take for 6 the coset decomposition ¢ U TGa, (otr)

then B," “B‘I (g Wingover p) - 1l Br,' q:l( 7; B, . hence by Shapiro’s Lemma,

90
applicd 10 { G, G‘IU. B/). B-"ot (see [1]. 3-7-15), the isomorphism follows.
COROLLARY : Forany is2. H'(G.L,)=0.
LEMMA 3 : If Vg - 1l ’;q (¢ Q) then
(i) Forany is&, Hi(G, Vg) = Itb"'.((;q. ‘;q) (g€ Q’) where (' is a subset

of Q containing precisely one divisor g of each prP .
(i) Vgt D(L) - V, .

Proof : (i) Note that the direet sum makes sense because of Corollary 2, and

since V= 11 I;” (¢-Q)- 18, (peP) then (i) follows from Lemma 2 and the faet

p

54



that the cohomology of Finite groups commutes with direet products. (i) follows

from the Approximation Lemma (|31, eh 1 §3) .,

Proof of the Theorem : 1 et us consider the exact sequences ol G-modules

\"
0 »L > V" N Vl,l)(l,) > 0,

o D v
v B Vg s Ve DB) s 0

I we look at the two induced long exact sequences of cohomology groups, and sin-
ce Hi((i.l.) 0 Hi((i. VL) forany /- 2. then Hi((u' “I D(I.)) 0 On the

other band

VB/ D(B) = VB /‘"”B n ’)(’)

= VB +D(L)/D(L) = Vl. D(L) (by Lemma 3 (i) ) ;

therelore

M’((.'.VB DB)) 0 (for ir &) ,

and so Hi((i, B) = Ili((i. VB) * Lemma 3 (i) completes the proof .
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