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A TRIANGLE INEQUALITY FOR ANGLES IN A HILBERT SPACE
by

D. K. RAO

Let x,y,z be unit vectors in a Hilbert space, and define the angle, f"xy by
cos Bxy =Re(x,y), 0< ny < 77. The object this note is to give a proof of the

following inequality
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This result was mentioned without proof in [ 1] and is important in incqualities

for operator cosines introduced in [2].
In order to prove (1) we need the following lemma :

LEMMA. Let x,y,z be unit vectors in a Hilbert space, and (x,y) =a; tib, ,
(y,z) = ay +ib,, (x,2z) = ag *iby. Then

(2) cos sz > cos (ny +H. ).
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Proof. By Schwarz inequality we have ]ajl + Ibil <1, j=123. On

the other hand, (2) is equivalent to

(l-alz)’ (l—a22)5‘> a,ay -a;z .
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This result is obvious if 4, ay -az < 0. Otherwise we need to prove that

2

la—az—a2+} da, > 0
| 2 3 @,8243 = Y

(It is interesting to note that the above expresion does not contain 4, , by or

2

b3.) f‘Lor this let f(p.q,7) = I-pz -q°- r2 + 2pqr, so that

9/ of . 9f

In the cube E={‘p| < 1, |q| <1, |r] < 1}, we have ]pqr'_f ]pq ,ete,

and hence

. 2 2 2
20p24 g2 +r 2300 ) > (lp |-l )+ Clql-1+ 1+ (lpl=]r |)?> 0.

Therefore

The above inequalities show that for any rectangle V contained in E, faltains
its minimum value on the surface of V. In particular, this is true for the cube

E . Now consider the Grammian

(x,x) (x,y) (x,2)
(y,x) (y,y) (y,2) >0,
(z,x) (z,y) (z,2)

or equivalently,
2__2 2 2 2
l-a?-a)*-aj +2ayaya3> b% +b, thy“ *2by(byaz-byay)-2a, byb; .

If we take (a;,45,43) on the surface of E and assume, for example, that |¢I | =1,

then bI =0 and we have

I-alz-a22-133+2a1a2a3_>_ b22+b32—241 bybs 2_612'4’522-2' bzl ij | =(| bz"l by | )2
>0,
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that is to say the desired inequality.
Q.E.D.
Proof of inequality (1) . If Bxy # eyz > 7, there is nothing to prove. If ny +
gyz <7, it follows from (2) and the fact that cosine is a non-increasing function

on [0, 77) that inequality (1) holds.
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