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SECONDARY INVARIANTS FOR LINKS
by

M. A. GUTIERREZ

Dedicated to Professor H. Yerly

1. Let mS! bethe space consisting of m disjoint (oriented) copies of
the circle. An oriented m-link is a (polygonal) embedding 1 : mS! .53,

Let X=S%.-Im(l) and 7 be its fundamental group.

Associated with a projection of the link [, there is a presentation

(cf. [3;ch.1]) of the group 7 called the Wirtinger presentation :

m=<x |r.,1<i<m;Il<j<A.>
173 13

j i
where x_ is represented by a loop going once around an arc of the ith compo -
ij _
nent [ in the positive directionand r =u x u <1 o yu =x€,e=411.
i

i i il i pg

Now consider a set of elements s __defined by s =v x, v".]x"l‘
ij ij iy il i i+l
where v =u u .e.u_. Then the following is a presentation of 7 :

ij i ijel il



; . _ -1 - . :
Finally write x;j—xijx” and xi—xil(z—l,...,m;]=1,...,/\i). The

group 7 can be presented by

(1) T=<E seens® 5% |%] =

’ ) » X, =] >
1 m i i,}'+1 [vij xi] [vi)\.xl]

12

where i=1,...,m and j=1I,...,A -1 . The statements above are proved in

[4;52].

Let F(m) be the free group in the letters xl,.. .»x and i: F(m)an
m

the map given by Ryb> %y -

.

Ubserve that to obtain presentation (1), we have made the following choices:

a) a projection of the link [ ;

b) a choice of x.I for (=1,..., m.
i

Gnee these choices have been made, the group

(2) =S geeenx px |x’  Flo 42 1>
1 g+l i
is determined. There is a canonical epimorphism B:7* » 7.

2. In [5] some numerical invariants p are defined.

LEMMA (1). If all the numbers [T are zero, the map i induces

isomorphisms i F/Fn 3 ﬂ/rrn for all finite n.
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Here F stands for F(m) and given a group G,G, isthe n
of the lower central series of G. The purpose of this note is to define and
describe certain new (secondary) invariants for links that can be constructed when
the (primary) invariants 7% vanish. These new invariants will turn out to be the

obstructions for [ to be a boundary link (cf. [7]).

In preparing this manuscript: the author was helped by K. Murasugi ; we would

like to take this opportunity to thank him.

COROLLA_RY (2). Themap i induces an embeading FCan/ T where

TS nom

LEMMA (3). The group n* verifies
i) H1 (n*)=2™;
ii) H2(17 *)=(0, infact m* has a presentation (namely (2)) with defect m;

iii) 7* has weight m, that is, n* is normally generated by m elements.

Proof : * Siatement i) is obvious and iii) follows from the fact that if we add

the relations x =1 to presentation (2), the remaining relations yield x£j= 1.
R

Assertion ii) follows from [2; p. 106] .
COROLLARY (4). The map i induces
i: F/Fn % n*/n*
n
i:FCn*/n* .
‘ I3)

The proof follows from Theorem 3.4 of [8] and Lemma (3). Further :
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COROLLARY (5). The map 3 induces isomorphisms

a*/ a* <a/n  for 2<n< e
. n n ==

This follows from Lemma (1), Corollary (4) and Theorem 3.4 of [8].

Gbserve that the sequence F/F, forms, with the obvious mappings, an
inverse system. Thus we can form the group F=Inv.lim. (F/Fn) a totally
disconnected compact group. Since F_ =1, F is embedded in F. In[1] we
find the following description of F : let P be the ring of formal integral series
in the non-commuting variables o, = xi-l (i=1,..., m) Define the norm of a
non-trivial series to be 1/n where n is the smallest integer for which there is
a term of degree n with non-vanishing coefficient; for the tr.ivial series define

the norm to be zero. P is then a metric ring; let  p: Z[F] > P begiven by

w->w?+ E(anw/axcl..- axcn)oacl..‘. o n
where the coefficients are the partial derivatives of free differential calculus. The
map p is an embedding and the closure (in the given topology) of u(F) is

isomorphic to F. An integral series I+ 2)\01 . cnaCI D acn in P
belongs to the closure of u(F) if and only if, for all pairs (a,b) of sequences

of the numbers I, ..., m (perhaps repeated)
/\a/\b = Zp(c)/\c

where ¢ ranges over all the results of infiltrating a and b and p(c) is

the Moebius number. Corollaries (4) and (5) can be rewritten as

109



COROLLARY (6). There exist finitely many elements b. of F, such
I

that w/nw is the subgroup of F generated by F and the b .
)

If we write presentation (2) as the preabelian presentation (cf. [3; p. 142])
(2" n*=<x1,..l.',‘xm,b1, .. a,br | b}FBj(xﬂ,bV),u:1,...,m;j,v=1,...,-r>

where bi is one of the x’ and B], has the form [v“,xi], then the
7] 7]
elements b mod 7  can be described in terms of its integral series in the
[3)

closure of p(i") as described above :

LEMMA (7). Given n* presented by (2'), the element b _ mod 17:) has
]

a series expansion where the first coefficients are given by
(abj/axi)o =0

(82b,/ 9x. 9x )° = (92B / 9x. ax. )°
] 13 i ] 13 l
1 "2 1 2
(% /ox_ ox 3. P=(97B/3x dx dx )%+
Fotp % s 1% 3

2 0792 o
+Zl(9%B;/ abkaxi; (9 Bk/axilaxiz) ]

1A l

where we use the notation b mod w* =14+2(9"b / dx. TRCES J°a ...@, °
i @ iy L B

The proof of this lemma is a straightforward computation,

3. The coefficients above defined depend of course on choices a) and b)
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as defined in 1; a different choice will reflect certain numerical changes in the
coefficients. By [6] ,the presentation (2°) can be changed by a different choice
of projection in the following way :

al) add a generator b and arelation b6=b (some j);
] b x

k a
a2) add two generators b,b' and relations b'=b_ and b=(b) 3
] ]

a3) change a generator from b to b for some w.
] ]
Operations al) to a3) correspond to operations QI to Q3 of [6;p.7].

A change of the choice of ws simply conjugates the generators.
i

In practice, for computational purposes,we can approximate b mod 4%
]

by bj mod 7, fora large n. This allows us to define v(i ,...,is,r) as

1

the (il,...,i ) coefficient of brc F(r,s=1,2,3...). In order to extract
s

invariants from the above coefficients we have to consider the sets {v(i_,.. .,is)l

1

modulo the indeterminacy introduced by operations al), a2) and a3).

PROPOSITION (8). The sets
Sti,j) =1{vii,jrk)y ke N} (v(i,j,k) =0  forlarge k)
Sti,jok) = {v(i,jyksp) mod (v(i,jop)=v(jk,p))|peN}
S(iyjs ks p)=tv(isjs ks prg) mod  Lv(isjn)v(ksps@)=rlisjy Jv(kypsn) +
+vlisprygvljpksn)) +v(jskypyg)=viisjs ks q)}

are invariants o['tﬁe link 1 defined when the Milnor invarwants [ are all zero.
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4. In preparing this section the author was helped by Mr. R. Peiia of

Yeshiva University, who kindly wrote a computer program for Example 1.

Example 1. In[7]itis proven that homology boundary links have zero
Milnor invariants; for the example found in [7; p.71] the first secondary invariants

are
S(I,])= i]l.lt '4'9 '7’ '8}
S52,2)=4{1,4,5,8,9, 12, 13, 16, 17 }

5(1’2) = {17'1 ’ ‘3: '6’ '10’ '13’ '15, -16 }

S(2,1) =11, 3,6,9, 12 }.

Example 2. Let | be a boundary link. In that case there is a map
n/na .+ F  sending meridians to generators and the remaining generators in pre -
)
sentation (2') to elements of the form I or [x%, x | (€= +1).  This assertion
. ] L

follows from considering a special projection of the Seifert surfaces viewed as

disks with twisted bands attached. The secondary invariants will then be :
S(l']) C lol 1"'1 }

Sliyjo k) =10,1 mod 2}

l,...,i4 and {0} for all

other. S(il, veesi )={0mod 1} for r> 5. This assertion follows from
r

S(il....,-i4)={1mod2} for one arrangement ¢
studying the series expansion of the elements of the form [ x5, % 1
‘ )

For links of multiplicity 2 (and probably for all multiplicities), it is useful to

study the composite of themap p: Z[F] » P andthe map P »P/C where
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C is the ideal generated by the Oti . Infact, C isa closed ideal and the
composite is a monomorphism (cf. [3; p.315]). In that case the inverse of

1+ai is I-Oti and the image of F is made out of polynomials.

For multiplicity 2 if [ satisfies

S(1,2) = 5(2,1)=1{0, + 1}, 5(2,1,2) = 5(1,2,1) C{0,1 mod 2} S(il,..., i4) «

{0,1 mod 2} and all other S(il, ol ir) =10}, then it is a straightfor ward

computation to verify that in P/C and for arbitrary p, it is possible to

arrange the projection of the link to have v(1,2,p)=1,v(2,1,p) = -I. Therefore,

@) -1=v(L,2,p)v(2,1,p)=v(1,2,p) +v(2,1,2,p) + v(2,1,2,1, p) + v(2,1,1,2,p)+
v(l,2,2,1,p)+v(1,2,1,2,p).

If v(1,2,1,p)=-1 and v(2,1,2,1,p) $0 then, in order to verify (3) , it
is necessary that v(2,1,2,p)=-1, v(1,2,1,2,p) =0, sincein P/C,
v(2,1,1,2,p) and v(1,2,2,1,p) are zero.

Since the higher invariants are zero, we conclude b = [x2'1 , xl] . ‘Similarly
p

for all other possible combinations.

THEOREM (9). A 2-link is boundary if and only if its Milnor invamiants

vanish and its secondary invariants are given by the formulas of Example 2.

5. Naturally, it is valid to conjecture that Theorem (9) is valid for m-links

"in general. The proof probably involves a more delicate analysis of the Shuffle

relations of [1] .

It is known [4] ,that the [i are invariants of cobordism; the secondary
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invariants are not. We wonder if it is possible by cobordism to reduce the secon-
dary invariants of a link with zero Milnor invariants to one with the invariants

given in Example 2. This would lead the following :

CONJECTURE. If a link has zero Milnor invariants then it is cobordant
to a boundary link .

In higher dimensions (cf. [2]), links always have zero Milnor invariants.
Further every higher dimensional boundary link is split-cobordant (this is proba-
bly false in tlhe classical case). Is it possible to cobord a given link to a

boundary link ? Thisleads to our second

CONJECTURE. Every higher dimensional link splits up to cobordism.
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