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ON THE MAXIMALITY OF  S2(L) IN Sp,(k)
by
Nelo ALLAN

Let % be the quotient field of a Dedekind domain 0, (k # 0) and let G = Sp, (k)
be the Symplectic Group over k. G actson the 2»-dimensional vector space V.
Let L bealatticein Vv, andlet Sp(L) be the stabilizerof L in Sp,k). Our
purpose is to investigate whether or not there exists a subgroup of $p, (k) which contains
Sp(L) as a subgroup of finite index. Although in several points we need only weaker as-
sumptions , to describe our methods we shall assume that all residue class fields of &
are finite, First of all we would like to point out that the 0-module A(Sp(Ll),O) gener-
ated by SpL) in M,k), isanorder, i.e, itis asubringwhich is a finitely gener-
ated O-module and generates M_,(k) over k. Alsois I'>Sp(L) as subgroup of
finite index the 0-module A(I",0) is an order containing A(Sp(L),0). The mapping
o:rg--Je]=¢l, =(_E E") induces as involution in  M,(k) i.e,l an antiauto -
motphism of order 2 and ag [ and Sp(L) are groups, o leaves invariant both
orders A(I',0) and A(Sp(L), 0). On the other hand given a o-invariant order L
in M,(k), itiseasytoseethat L NSp,(k) isa group which contains Sp(L) as
subgroup of finite index if L>A(Sp(L),0), Our problem is then to calculate the o-invar-
iant orders , in particular the maximal ones , containing A(Sp(L),0). We show that
A(Sp(L),0) is contained in precisely one maximal ¢-invariant order N , and
N=A(Sp(L),0) if and only if the elementary divisors (see §3) of L are square free,
Consequently S#(L) is contained in at most one maximal group in Sp_(k), anditis
maximal if and only if the elementary divisors of L are square free, We also give

a rough estimate on the index of Sp(L) in the maximal group.



1 The order A(Sp(L),0).

Let % be the quotient field of a Dedekind domain 0. Let G = Sp,(k) be the

Symplectic Group over %, i.a., G isthegroupofall 22 by 2» matrices
4 0 En .
8EM,, (k) such that ‘gJjg =] where J = n ) , E, beingthe » by =
identity matrix and ‘g being the transpose matrix of g. Let V=k2" bethe
standard 2»-dimensional vector space over k, withbasis {e;,..., e, }. |If
we write each vector x as acolumn matrix , then we have an alternating form defined
by fx,y)="'xjy. Let { @ ,...,a,} beidealsin 0 suchthat a; divides
a;,; forall i=1,...,n-1; we consider the lattice L = Oe;+...+ Oe,+aze, ;
+eeotaye,, . Let Sp) be the group of the Sp,(k) witsof L, i.e, SpL)= { gaM, (k)|
gL =L}. Let L be an orderin M,,(k) ; fixed 1gi,jg2n we shall denote by
Lij the ideal generated by the (7, j)-entryofall gegL. Wesaythat L is a
2
direct summand if as O-module, L = ,Er_l ; Ljje;; where e;; are the matrix units
1,7 =
of M,,(k). Thishappens ifin particular all e;;&L, and in this case we must have
L;; = 0, otherwise by considering powers of Ljjesj s L would not be a finite
o-module. Let gEM,,(k), and letusdefine o(g) =-J’%eJ; o isclearlyan
involution of the algebra M,,(kj, and G is precisely the setof all g&M,,(k)
such that go(g) = E,,. If we write the matrices g€M,,(k) infour » by =
A B tD 'tB . .
blocks, say g = ) , then o(g) =( , Wesaythat L is g-~in-
C D 'tC tA

variant if L = JLy, i.e., ifforall ggL, o(g)€L. Clearlyif L is any order,
then LNy(L)is g-invariant, If L is g-invariant, then Ly = Loy mad

L L

nrij = Lpsjie @4 Lipi=Liy g forall #,j=1,...,n. If L isdirect
summand , then the converse is also true . 1 If A is a subgroup of Sp,(k), then we
shall denote by A(A,0) the o-module generatedby A in M,,(k). From the fact
that A is agroup it follows that A(A,0) is an order and o(g) EA(A,0) Wwhenever
g€AA,0). If M s the order of all 0-endomorphisms of a lattice L, then we shall

set Endo(L)zM(\aM. If a and & are fractional idealsin %, then [a:b]



will denote the ideal (a/&)\NO. If L is o-invariant, then LMNSp,(k) is a group;
if, moreover, L is direct summand, then itis not true in general that L =L’, where
L'=A(LNSp,(k),0).
LEMMA 1: |If e €L, forall i=1,...,2n, then L=L".
PROOF : Clearly L isdirect summand, and L'cL, or L}iCL;j
)GSpn(k). (i.a.; ‘AD =E,, with

for all (4,7).

A 0
We consider elements g = g(A,D) =(0 b
A=E,+ae;, i#j, 4,j=1,...,n, ad a€L;; consequently e;ge;; = ae;

liesin L', hence Lji>L;, of Lj=L; and,since Lj =0, thisistrue

forall 4,7=1,...,n; bythe o-invariance we get the same result forall 7,; =

'E H
n+1,...,2n. Now we consider elements g = g(H) = ( E)eSpn(k) i Ta®as

tH'—‘”, and choose Hza(el']"*'e]'l‘)' L,j=1,000,n, L#j] and aeLin+f=

Ljngis thus €ii8nijnyj = ®ing €L OF Lip i=Ljy, i Similar argument

applied to %g(H), but with aeLnH-i = Eii yields L‘r;+ij = Ln+i;" for all
i1j=1,...,n, i#j. Tocomplete ourproof, it suffices to consider g(H) and

’g(H), H = aey; where a€L;

ingi» and a€L, ., respectively,

g.e.d,

Before calculating the order A(Sp(L),0) we shall observe that Sp(L) = EndU(L)

Sp,,(k) .

LEMMA 2: 1 The order L = A(Sp(L),0) isprecisely End (L) itis direct

summand and

Liz= 1L

ij :[a].,-ai]_—.a..lL = a:lL

nyjnti i tnyj i i inyg

PROOF : First of all we observe that g = g(H) , H=ael-7-, I PR

-1 : . <1 _ L. . _ .
aéal- , liesin Enda(L) because ¢! =g(-H), andif xeL, gx=x+ ax,, ;e
and ax,. €0 . Similar argument applies to ‘g(H) with a€a;. Consequently

-1 el s sle, | . -
Lyij>%» Lingod;, ad aje, ;. ditej, CL; hence e;;eL forall
j=1,...,2n, L isdirect summand and by lemmal, L = Enda(L) . Hence

1.1 This lemma has been mistated in [2] p.7.



L a; and L;

- _ 1 :
dnff = % joej = 9 e Now let abe an ideal ., Then forall x L (ae;j)x ,

(aen+jn+i)xCL if and only if axje;, axn+ien+]-CL, aCc 0 and aa;Ca;, ot

equivalently a = (ai/ a;)No = [ aj:a;]. Consequently L; =1 a;.: a; ]. Finally

_ 1.
as (Ljjejj)Ljn,jeinei) = LijLjnijein adas (Ljp ;)" = Ly we get that

LijL]n+l = Lin+]' and Slmllarly Ln+in+j"‘n+jj = L'l+ij i Therefore Liﬂ+j =

i B .
[a,‘:ﬂi] ai and L‘n+ij_[ai' a]] a]-
q. e, d.

Lije+oLpy,
We shall introduce the matrix notation: L =

Lnlil.Lnn

and set a;; = a;/ aj, we get that

-1 -1 =1
(O a21a¢-an1 a1 al .-ual\

O O ceed,, a; ay ... a;

-1 .1 -1
A(SP(L) ; 0) = (0] O ... 0 a ﬂ2 a

We say that a - invariant order in M, (k) ismaximal if it is not properly contained

in any other - invariant order, |

THEOREM 1 : There exists at most one maximal ¢-invariant order containing

L =A(pwL)0), and L ismaximal if and only if the elementary divisors of L are
square free ,

PROOF: Let M be any o-invariant order containing L . |[f M=(M,-]-), then

MjoL; foral 4i,j=1,...,22. Consequently e;€M, M isdirect summand,

and M;,. .= a;.l = (M,,+i,-)'1 , i=1,...,n. Now M=]'Mj implies that
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t
(7] M])n+in+jen+in+i](aj eﬂ+ff)(Mjkejk) = MjiMjk aj € siih

Hence MjiMjk“jCMn+ikf°" all é,j,k=1,...,n. Inparticularif i=%k we

have
Mip)?a;CMy g = @ O (Mp?ay CO
Now from
MinjCingj) (@jenyjj) = My j85€4
(a;'lein+i)(Mn+ijen+ij) =a; My, e
and from
(Mijei) (a7 6ni) = Mizales i (@jen, i) Mijer) = aiMjey, ;i
we get that

- _ ol .
Mij=Minj% =My ijd foral ij=1,.00,m ()

; . _ 12 . s ;
Letnow j>k and write aj, = bjk tik with bjk .t integral ideals such
that 7, issquare free; if weset M;, =pP/¢, (P,Q =1, P,Q integral
. 2 . - .
ideals, then @2|a; or Qb . e, Mjkcb].i . If j<k, then

2 2 .
M]'kC akj or ak]'IMjk hence bki’k]’l M]'k or M]'kC bkj lk]-. Consequently if

a,; issquare free, then by =0, ay =1 and L;=M; foral i,j=

U ]
1,¢00,n oOr g-invarianceand (1) imply L =M. Wenow define
Njk = b}L of Nj= bkj ;i according to whether 7>k or j<k,

j,k=1,...,ﬂ, Nkk=N11+krl+k=O' and

- = = g1
NEj=Nupingk = 4N pnyi = %% Npygj

We claim that the direct sum N  of Njjeijr Gij=1yeee,2n is an order, As
e;;€N forall i=1,...,2n itsufficesto verifythat N;iN;jCNy for all

ijok=1,..002n. We shall consider first the case i,j,k=1,...,n. We

11



have that i<j<k implies

Wty = ap; = ajai = (biibg)? bty
or there exists an integral ideal “iik such that
whp ki = Liithi s biibhitin = Phiv ikt o by
and consequently
NijNip = 8jitjibkjtej = “ijkNig
and if k<j<i
NijNig = bi} b3k = b3 wpjy = wpiiNgg
Next for i<k<j wehave
NiiNik = tibpi (1 uiki) = Nap (i uihi)

similarly j<k<i implies Nl.’.Nik=N,-k(tkju;-L,-)

the two last remaining situations we get t<i<; and N;iNjk = Njg (tji”;elij) ,

j<i<k and N,]'N]k = Nik(ttk u.]lik) .

Now
- -1 S
NiiNinsk = NijOp Njp C O Nip = Nini
NpyijNjp = ;NijNjp C@iNjp = Ny ik
NovineiNnyjnsk = NjiiNkj CNii = Noyingk
we observe that apiNgi = Nig» forif k<j
ayiNg; = apibiptip = bRtk bptin = bk = Njg

and the other case is similar,

12



Consequently

N I N N = @ ai] -l oy =
Nzn+] Nn+]n+k, a; Nz]Nk; = Qi % Niijj = NjjNjg Cap Njp = Nipp

NovingjNurjk = @NjiNjg CaiNg = Ny g
Finally McNNo(N) whichis g-invariant, hence if M is maximal we have
M=NNo(N). Itisalsoclearthat the matrix g(A,D) where A=E+ §'1ei].

¢ebi 40, '‘pA=E, liesin M-L.

g.e.d. |

2. Estimates on indices ., |

From now on we shall assume that all the residue class fields with respect to the non
archmedian valuations are finite . The following lemma is a corollary of lemma 1 of [1] ,

and we shall use the same notation as in [1].

LEMMA 3 : Let A, and A, be arithmetic groups in G,  such that
A,>A;. Letusassume that there exists ideals g4,b,c of 0 such that
ab A(A,,0) CbA(A[,0)C M, (0), and  cM,(0) CAA0). Then [Ay:A;] isat
most the cardinal of abA(A,,0) modulo a?bc. Moreoverif G s the Symplectic
Group , then if suffices to consider the number m(A,A ;) of classes C in
abA(A,,0) modulo a?bc, suchthatforall g&C , tg]g = 0 modulo a%b .

PROOF : |f bagl = bag, modulo ba’c, g+ 82€A,, then g'11g2 =1+
€jla)cw , weM,0), andas gjla€A,0) weget gile; €A, hence our
first assertion , If A, cC Sp,(k), thenforall geA,, gl = abg, we have
tgry g’ = 0 modulo 2?62 and, afortiori, ‘g'Jg’ =0 modulo a?b, andthe same
happens to any other element in the class of g modulo a2b .

g.e.d.
We remark that the numoer of classes b A(A,,0) modulo a?bc  is at most A
where A is the number of elements in  0/a2bc .
For future reference , and complement of lemma 1 of [1], we shall prove :
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LEMMA 4 : If L isanorderin M,0), then LMAG, isagroup.|

PROOF : |t is well known that there exists an integral ideal 4 in 0 such
that L >aM,0). Let L* beamaximal o-order containing L. By lemma
lof [1] L*NG s agroup commensurableto G, and Gg(a); from
L*NGOLNGDG,(a), wegetthat gelNG implies g"€ Gy(a) for some
m, i, gleg™lGy@clNG. Hence ourassertion.

g.e.d. |

3. |Application to maximality . |

Let L bealatticein Vaxk?®, and Sp(L) be its stabilizerin Sp, (k).
By [5] p. BS , we can replace L , if necessary , by another lattice L’ in such
way that the maximality or not of Sp(L) is preserved, and L’ is the lattice
considered in section 1, for conveniently chosen ideals {a;,...,4q,}; moreover
{1, @10 00048y} areinvariantsof L called the elementary divisors of L.
Vie have

THEOREM 2: Sp(L) is contained in at nost one maximal arithmetic group A

in  Sp,(k), withindex at most m(A,Sp(L)). In particular Sp(L) is maximal,

as an arithmetic group , in  Sp,(k), if and only if the elementary divisors of L

are square free , 1

PROOF : If A s any arithmetic group containing Sp(L), then

A(A,0) D A(Sp(L),0). By theorem 1 we have that A(A,0) C NN a(N)
i, AdQNNG(N)) NSp,(k) = Ay . |f the elementary divisors of L are square

free , then by theorem 1 L = NNno(N), hence Sp(L)=Ay ismaximalin Sp,(k).
If not, the element g(A,D) in theorem 1liesin Ay but notin Sp). The

estimate on [AN:Sp(L)] is a consequence of lemma3 with e=4,; and b=g4;.

q' E. d-'
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Closing this note we would like to remark that the group A)  is maximal containing

Sp(L)  as subgroup of finite index in the case where 0/a, s finite ,
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