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A NOTE ON SYMETRIC MATRICES
by
Nelo D. ALL AN

This is an expository note with the purpose of proving some facts which will be
used in my next paper. These facts are mentioned in [1] and one of them is a spe-
cial case of the well known theorem of [leyer,

1. let Q be the field of all rational numbers, and Z be the ring of integers. We shall
denote by M, (S) thesetofall » matrices with coeficientsinaring §. We
shall say that HeM,(Z) isunimodularif H is aunit ofthis ring, i. e,, the de-
terminant, det H, is#l, H is symmetric if it coincides with its transpose ?y.
For the sake of convenience we shall write H=VL W if written in blocks,

o W

and we set H(m) =Hl ...LH m times. We set

0 1
J(a) = » acZ
1 a

and J)=]. Wesaythat H, H'¢M (Z) are integrally equivalent, shortly
H~H, if there exists  UeM,(Z), unimodular, such that  H’ =‘vHU. We
say that H is even if for all integral » by 1 matrices =x , the values of the
form H(x) = !xHx are always even ; otherwise we say that H isodd. We
shall say that H represents zero if the equation H(x) =0 has anon trivial
integral solution. Over the reals, R, H can be diagonalized to a matrix

E,.L (-Eg),
where ingeneral E, isthe m by m identity matrix ; the difference
p=r-s iscalled the index of H, and for our purpose we can always replace
H by -H andassume , » 0. Wesaythat H is indefinite if o # 0,
and that H is definite otherwise. We shall use essentially the following result .
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THEOREM 1. An indefinite unimodular symmetric matrix with 5 or more varia -
bles always represents zero, If H is definite, unimodular and even, then n= 0

mod 8 ; if H is odd and ngT, then H~E,

Our first objetive is to prove (see [3])

THEOREM 2 : Let H be an unimodular symmetric matrix , with n> 5 and
u>4.1f H is odd then H is equivalent to Iim J.E or J(m)LJ(1) accor -
ding to whether nto ornot; if H is even, tbm H~](m)J.W where W
is even ond definite .

Actually if we apply the theorems 4 and 5 in [3], then theorem 2 can be easily
derived as follows :

THEOREM 3 : Let H be unimodular.and indefinite. If H is odd,then H is
equivalent, to either ](m),LEu or ](m)l.](l) according to whether u7£0 or
u=0.1In the even case ”“J(,,,)l-(qbs)(s) where g is arepresentative of the

only positive even definite class of rank 8.

2. We shall break the proof in several lemmas ; we shall assume that H is unimodu
lar, indefinite and » » 5, in all these lemmas,

LEMMA 1: H~J(@)LH’, and index of H’ is the same as index of H.

PROOF : Let x be asolution of H(x) =0, x# 0, which we may assume
to be primitive , i. e, , to have entriesrelatively prime.Extend x to an unimodular
matrix U where x; =x isits first column and x; isits i-th column; we set
Hy='vHU. If

HI—(b) b =xin’- =H1(xl'ox]')
then H,(x)=h;; = 0. Next we can find ¢,,...,c,e Z suchthat

Cabhyp+eoe+ Cnbru: I;we set x'2= €% +.0.+ cpx, and x}:x’--b”xz.
7=3,...m ,weget Hyxj,x3)=1 and H(xl’,x-')=0,j>2. Now if U,

denotes the unimodular matrix whose i-ith column is xf,i=1,... n and X =%

and if Hy="U;H U+ then Hy=(h;) and h;; =0 or 1 according to whether

i # 2 ornot. Now symmetry implies that biy = by, and if we replace x]-' by
"“j= ";"’2;'"3 ,j>3 we get Hy(x5, x‘]‘-) =0 ; denoting by U, the matrix whose
jthcolumn s x, j=1,...,m3%) =x;, 53 =x,, weget HvJ(@) L H'.
The invariance of the index follows from the fact that the index of J(a) is zero,

g.e.d.
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LEMMA 2: 1. J1E;~vJ(1)LE,

2. J@L](B)~]y or JLI(1)

according to whether a and b are both even or not.

PROOF : Let H =J(1)LE; and let us denote by e the j-th column of

E,. If U hascolumn e;, e,+e;, e3-e;, wegetthat ‘UHU=J(2LE, .

Now from p A

i@ v =J@r2n), U=
0 1

we get J(a)~J(0) or J(1) according to whether a is even or odd. Consequently
it remains only to study the case where a and & are both odd , i.e. ,
J@ L Jb)~J()L (1) ;

here we consider the column of U tobe e, e,, eytey, e3-e; toget

YUHU~ J2) L J()~JL](1) . g.e.d.

LEMMA 3: H=]J()LV~ JLE_ ., if V is positive definife m by m
with m> 4.

PROOF : In any case H represents 1, i.e., thereexists x primitive such
that Q(x) = 1; extending x to an unimodular matrix U we may assume that
H=(b;) ad b;;=1. Now replacing x; by xj=hjx; Weget

H(x]'ixl):o lj)l ;
hence by lemmas 1 and 2
H~E LV'~E 1 J(@LV"'~ EI.L](I).LV“

We can repeat the process as longas m > 4 ; inthe case m=4 we have
H~E;LjLv: ,

V' being 3 by 3, hence V'~E; .
g.e.d.

LEMMA 4: If H=].LV, V odd and definite , then H~]JLE, providedthat
m>4.
PROOF ; Clearly H represents 1, and as is the above lemma
H~E;LH' ~E;L](a) AV'~E_ 1]

g.e.d.
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Before procceding we would like to remark that he hypothesis = > 4 can be
easily removed due to a very simple proof [3] theorem , which states that if
n<5 and H is indefinite,then H represents zero non trivially.

PROOF OF THEOREM 2 :Byapplyinglemmas 1 and 2 several times we arrive
to H~ g L1(9) LV, with H and V having the same index > 4.If v is
indefinite ,thenas » =2s+u we must have s # 0 , hence » > 6 and the
process can be repeated,Hence may assume V to be definite. If V is odd, then
lemmas 3 and 4 implies Vv~ Eu . If v is even and @ even, i.e., H even ,we
are done, If a is odd we have

J@LV~]J(1)LV™JLE

by lemma 3.
g.e.d.

We would like to remark that the even case in theorem 2 is stated as in [3],
which after had proved the odd case , its proof becomes simple. In [3], it is pro -
ved that H odd implies that HﬂEpJ.(-Eq) . The statement of theorem 2 will clearly
follow from E;L(-Ep)~](1) and from lemma 2,

3. Closing this note we shall prove the following :

THEOREM 3 : There exist an unimodular matrix UeM,(Z) such that
11 = = =
vu =V = (”ij) , V_](q)LA modulo 2,

where A = J(1) or E; according to whether n is even or odd.If n is even
(resp. odd) we can choose U such that v n-1=n(resp.v, =n) and Vo V’) J(1)

-1,
modulo 2% where a = ordz(n) . "

PROOF : We shall procced by induction on =, If n=1, V=E;, and if
ng2 Wwe can take,

1 0 2 1
U= , and V =

1 1 1 1

Assume the assertion true.for all  k<n . Letustreat the case where = is odd.
We write E,=E,  LE,~V'LE;, V=(v) = 'yryr , where U’ is chosen
by induction and Vpe2 me2 = 71, V'= J(g) L J(1) mod 2, et us denote by eji the
unit matrices in M, (Z), and let W=E, +e,5 ,+e, ,.1+€,3, pe° We claim
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that v="WHW="'UU,U=(1E;w satisfies the first part our assertions .
Let w; be the j-th column of W, @; = ej1f>n 2, Wny = eyt rtey

W, =€y 5+ €, We have that vii = Hw;, wj) =0 modulo 2 for these values of

(i,j). Hence V=J LB, where B is 3 by3, B=(b;) and

bii="(wn+3-i'wn+3'f) st = Aads e

Clearly
by = HWyp s Wyp) = bn-Z'rz-Z =l

= HWy.p» Wpop) = bn-Z'n-Z*'ber-ZE(”'“*'U,,.I.,,.z =1 modulo 2

byy = H(wy.p s Wpop) = bn—%n-2+bn-1p-1+bnn5I“"n-l'n-l =0 mod 2

b” =Hw,, w,) = bn-%n-Z*'bnn + 2bn-2.n= nel+1=n
13 = HWy,p, wy) = bn-2/1-2 + bn,n-z = n-1
b23 =Hw, , w,.;) = bn-Z,n-2+ an-z,n+bnn+bn-1,n-2

147 12250 mod 2.

]

Therefore B=JLE, mod 2.1f = iseven we take W=E_ e, . _;, then
V="WHW = (v;) , H=V'LE , V'=(v") , With vi=v7i1< i, jn=1,
with exception of L =”’n-1,n-1+1 =n, 0, =0, If jgn-2,v,,,=v,,=1.
Next we ooserve that if we replace the j-zb column of V by its sum with a
multiple a¢ Z of the i-th column, 7 # j, and repeat the same operation with
the respective rows , then this is equivalent to replace v by *(E + ae ;) V(E+ae,-7-).
We now apply those operations to make the entries in the (»-1)-zh row and column
equal to zero, with exception of the two last ones ; this is possible because the
last column of Vv is e,.;%e, and all we do is to use the above operation with
l1=1,v00,n2 ,j=n and a=- Vine1 * In the new matrix the (z--b column
isne, ;+e, adthe n-th is Vine191% " ¢ tVnagpeitena; +e,.;+e, . Next
we repeat the same operation , but with j = n-1 instead ; we get for the n-th

column of the new matrix e, +e, and for the (n-1)-th column

('"”I.n-l) er+ees +('””n.2,n-1)en-2+"¢n-1+ e,
and this yields the splitting modulo 2%,

G.e.d.
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