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1. INTRODUCTION

Many problems in analysis reduce to solving operator equations of the form
(1) ACz— Az — Nz = f,

where f is a giv:an element in a Hilbert space H, A € R, A is linear, C and
N are nonlinear mappings. Motivated by applications to strongly nonlinear
elliptic problems, we shall study Eq. (1) in the following setting.

(i) There is a pair {V,V*} of Banach spaces in duality with V' C HcVv®,
i.e., there is a nondegenerate continuous bilinear form <,>on V x V*. (V*
need not be the dual of V in the usual sense.) Suppose that V is reflexive
and compactly embedded in H, | < z,y > | < ||z||v||y|lv- on V xV* and the
duality <,> is compatible with the inner product (,),ie, <z,y>=(z,¥)
for (z,y) €V x H. .

(ii) Let {U,U*} be another pair of Banach spaces in duality compatible
with (,) such that U is separable, U C V and V* C U* and the injections are
continuous and dense.
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(iii) A:V — V* is a continuous “variational extension” of a closed linear
mapping A;:D(A,) C H — H such that U c D(A;) C V and < Az,y >=
(A1z,y) for z € D(A,) and y € V. Moreover, let C, N:D(N) C V — U*
be such that N — C is of type (M) relative to (U,V) with U ¢ D(N) and
(N = C)(U) c H (see Definition 1 below).

Under some additional conditions, we shall prove that Eq. (1) is solvable
for each A € R and each f € H. If a is the quasinorm of C (ie., a =
lim supy .y o [|Cz||/}|||) and A, is the first eigenvalue of A, then the problem
is not coercive when |Aja > A,.

The above idea of using two pairs of Banach spaces with compatible
dualities for studying (locally) coercive operator equations (with f of small
norm) is due to Kato [10]. Earlier, Hess [9] has also studied operator equations
in a less general setting under a global coercivity condition. One importance
of studying operator equations in such a setting lies in the fact that certain
differential equations, which have been successfully handled earlier only by
the method of Nash-Moser type (cf. Moser [15] and Rabinowitz [16]),reduce
®to them, and the problem of “loss of derivatives” is not present [10]. Another
importance of this setting is demonstrated in the paper by an application to a
class of (noncoercive) semilinear elliptic equations with strong nonlinearities
(cf. also Hess [9]). Earlier, coercive quasilinear elliptic equations with strong
nonlinearities have been studied by many authors using either truncation
techniques and/or approximation results of Hedberg’s type and generalized
degree theories (e.g. [5,7,8,9,12,17]).

The second abstract problem we treat is the solvability of

(2) Kz~ ALz + Mz = f, (ze D(M), feH),

where L:H — H is linear symmetric and compact and K, M:D(M) c H — H
are nonlinear with K + M of type (M) relative to (U, H). It is an extension of
the problem studied by Kesavan [11] when M:H—H is completely continuous
(i.e. Mz — Mz if 2, — z (weakly)) and K is the identity.

3. SOLVABILITY OF EQ. (1) WITH |Aa < ),

Our basic assumptions on A; and A are:

(8) Ay is symmetric and for some positive c ¢ o(A;), the specirum of Ay, B, =

A, +cl 18 positive, i.c., (Bez,z) >0 for 0 # z € D(A,) and B;' : H — H is
- 7136 -



compact.
(4) There are constantscy >0 andcz > 0 such that
<Az, z>> ¢, ||z ||} —c2||z||? for allz € V.

Let A\; < Az < ..., \x = 00, be the sequence of eigenvalues of A; and
{ex}$° be the corresponding system of orthonormal eigenvectors complete in
U and H. Set H, = lin.sp.{e},....en} and let P,:H — H, be the orthogonal
projection onto H,, for each n. Since {ux = Ak + ¢} and {ex} are the eigen-
values and eigenvectors of B., we have by the variational characterization of

{ne}:
(5) (Bez,z) 2 pa || z |? and (Be(I-Py)z, (I-Pi)x) 2 pesa || (I-Pe)z |,

Vz € D(Al)
Now we define the class of permissible nonlinearities.

Definstion 1. (cf. [9]) Let U ¢ D(N) c V and N : D(N) — U*. Then
N is said to be of type (M) relative to (U,V) if (i) N is continuous from
each finite-dimensional subspace of U into the weak topology of U* and
(ii) whenever {z,} C U,zy — z in V, Nz, — y in U* with y € V* and
limsup < Nz, Zq ><< y,z >,then 2 € D(N) and Nz=y. fyin (i) is
given in advance, we say that ‘N is of type (M) at y relative to (U, V).

Recall that N : D(N) — U* is quasibounded if, whenever {z,} C U is
bounded in V and < Nz,,zn >< conet. || z, ||v, then {Nz,} is bounded in
U*. We say that C has a linear growth if there are positive constants a, b and
p such that

® . ICzll < allzl| +b for all ||z]| 2 p, z€U.

Our first result is:

THEOREM 1 (cf. [14]). Let |\|a < Ay, (3),(4), and (6) hold, (N — XC)(U) €
H, (Nz,z) > 0 for z € U, N be quasibounded and N — AC be of type (M)
relative to (U,V) and A :V — V* be linear and continuous. Then Eq (1) is
solvable n V for each f € H.
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Proof. Let f € H be fixed and choose an r > p such that || f || H¥ <
r(A1 —Ma). Then, for each z € dB(0,r) N H,,n > 1, we have

(AP.Cz — A1z — PNz — P,f,z) = (\Cz — A1z — Nz — f,z)

< (e = A1) 12 12 +(1 £ 1| +9®) || z < 0.

Hence, the homotopy Hy(t,z) = t(AP,Cz—A12— P,Nz—P,f)—(1-t)z # 0
on [0,1] x 8B(0,r) N H,, and therefore the Brouwer degree deg (AP,.C—-A; -
P,N-P,f,BNH,,0) # 0 for each n > 1. Thus, there is an z,, € B(0,r)NH,
such that AP,Cz, — A1z, — PNz, = P,f, n > 1. Moreover, (4) implies
that

e1 || zn |} —e2 || 2a [I°< (4120, 20)

Sa| Xl za I +() £ 1| +21B) || 2n |,
and consequently, {z,} is bounded in V. Next,

< Nz,,z2, >= (sz .'l:,,) = (Pnszzn) = ('\Puczn — A1z, — P f, xn)

Sa|Xllza I +(| £ 1| +|MB) || 20 || = < Az, 20 >
Sa| Ml zn | +(1 S| +A1B) [| za | + | A llll 2n I} < const. || zn [lv,
and therefore, {Nz,} is bounded in U* by the quasiboundedness of N. Thus,

' we may assume that z, — z in V, Az, — Az and (N - A\C)z, — y in U*.
Moreover, for each u € Hy,, < (N — AC)zp,u >= —(A1Z4 + Pof,u). Then,
for each u € Up>1Hy, u € Hy for some k and for each n > k,

<(N-A0)zp,u>=-< Azpn+ flu>— — < Az+ fiu>.

Since UH,, = U, it follows that < (N — AC)zp,u >— — < Az + f,u > for
each u € U, and therefore y = —Az — f. Moreover,

< AZp, Ty — T D2< AT, 2 —2> —c3 || Zn -z |?
imples that < Az,z >< liminf < Az,,z, > and consequently,

limsup < (N — AC)zpn, 2, >= limsup|(—f,zn)— < AZp, 2z >]
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<-<Az+f,z>.

Hence, z € D(N) and A\Cz — Az - Nz = f by property (M).a

Remark 1. When A = 0 (< A1), Theorem 1 is a global analogue of the result
of T. Kato [10] for mappings of the form T = A+ N (compare also with Hess

)

3. THE CASE |M\a 2> ),
This is a noncoercive case and a major additional difficulty is to show that
the set

S\(f) ={z € Hn | \PaCz — A1z — Po(N1 + N3)z = Pof, n=1,2,.. .}

is bounded in H, where now N = N; + N3 : D(N)cV —=U*

PROPOSITION 1. Let () and (6) hold, N be such that N:(U) C H, i=12,
N, be of type (M) at O relative to (U,H) and

(7) (Niz,z) 20 for z€U, i=1,2, and z=01if Nyz=0.

(8) If (N1Zn,Zqa) — 0 for some {2n} C U bounded in H, then Nizn — 0
in U*.

(9) There is a & > 1 such that Ni(tz) = tNy(z) forall z€ U, t 20.

(10) There are positive constants ay, b,, and &, < § such that

|| Naz || ay || z [|® +by for all z€U with ||z | large.
Then Sx(f) is bounded in H for each A withPa > A, ond each f € H.

Proof. Let |A|la > A; be fixed and suppose that Sx(f) is not bounded in H
for some f € H. Let z,, € Sx(f) be such that || Zny || oo a8 k = oo, and

— Tn
set u, = Tz Then

1
(11) (N1un, s tun,) = "——‘571‘[‘3 | wn, I?
| zns |

—(Bc"'ln""ll) - "zﬂt "—l((Nz - '\c)zﬂt -1 "'M)] —0as k— o0
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and Nju,, — 0 in U* by (8). Since we may assume that u,, — u in H, the
(M)-property of N, implies that u € D(N,) and N;u = 0. Hence, u = 0 by
(0.

Next, let o € (0,1) and € > 0 small be fixed, @ = a + ¢ and m > 1 be
such that Am4; — [A|@ > a and || (I - P,,)f ||< a. Then, for each ny > m
large and fixed, (6) and (7) imply that

(IMa +e)(ll Pmzny 2 + || (I = Pr)zny [[2) 2 (APn,C + €)2ny s Zny)

= (Beznys Zns) + (Pay (N1 + N2)2py s Zn,) + (Pay £ 2n, )

2 (BePmzn,, Pman,) + (Be(I = Pr)2n, , (I — Pr)an,) + (Pmf, Pmza,)

(£ = Pm)f, (I = Pr)zn,) 2 g1 || Py |2 +pmes || (T = Prn)2n, |I?
=N Pf Wl Py | = Il (I = Pra)S ||| (T = Prm) 2, I,

or after rearranging,
(Amets = [A@) | (2 = Prm)zn, |I* = || (Z = Pr)f I (I = P2, ||
< (1M@ = A1) [| Pmzny, 12 + || £ ||| Prmn, || -

Since || (I = Pm)f ||< @, we get, after dividing by || za, ||?,
(Amets = |A@) | (T = Prm)tn, |I* —a || 2, [|=}]| (I = P )tin, |

< (M@ = A1) || Prtiny 11 + | 2oy (172 £ [} Pratmg I,
or

(12) (Amt1 = [A@) || (1 = Prm)tin, |I* ~a | (I = Prn)uin, ||

< (1A = A1) || Pmtiny (12 + || 7 1ll| Prtem, |l -

On the other hand, we may assume that Ppnu,, — vo€ H,, as k — oo
and (I — Pp ) up, — —vo € HX. Hence, vo =0 and || (I - Pr)tg, ||—1
as k — oo since
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1=| un, "2’_'" Prtn, "z +1 (- Pp)un, "2 .

Finally, passing to the limit in (12) we obtain Apm41 — |A|@ < a, which
contradicts our choices of @ and m. Hence, S)(f) is bounded in H for all A
with [Ae > Ay and f€ H. 3

Our basic result in this case is:

THEOREM 2 (cf. [14]). Let |Ma > Ay, (8)-(4) hold, N = Ny + Ny be such
that N;(U) C H, i=1,2, Ny be of type (M) at 0 relative to (U, H), u =0 if
(Nyu,u) = 0 and (6)—(10) hold. Suppose that N : D — U* s quasibounded,
N =)\C is of type (M) relative to (U,V) and A: V — V* i3 continuous. Then
Eq. (1) is solvable in V for each f € H.

Proof. Let f € H be fixed. We will show first that each finite dimensional
equation in S, (f) is solvable. For each n > 1, we claim that there is a constant
cn > 0 such that

(13) (Nyz,2) 2 ¢n || 2 ||**® for each z € Hy.

If not, then there is a sequence {zx} C H, for some n such that
(N1zk,2x) < -,1; | z& ||+ for each k,

and, setting ux = "g:-“, we get

(14) 0 < (Nyuk,ux) < % —0as k— oo.

We may assume that u; — u in H, and, passing to the limit in (14), we get
(Nyu,u) = 0. Hence, u = 0 in contradiction to || u ||= 1, and therefore (13)
holds for each n and some ¢, > 0.

Next, we choose r, > p such that llﬂl'ili‘.l! < A1 —|Ma+cari~! and note
Y -
that for each z € 8B(0,r,) N Hy,

(ACz— Ayz— Nyz— Naz— £,2) < (Ma—d —cark™ + LIy 2
L)
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Hence, as before, there is an z, € Hy, such that A\Cz, — A1z, — Po(N; +
N;)z,, = P, [ for each n > 1. Moreover, S)(f) is bounded in H by Proposition
1, and is also bounded in V by (4). Finally, the completion of the theorem
can be carried out as in Theorem 1.4

4. SOLVABILITY OF EQ. (2)
We assume that K : D(M) C H — H has a linear growth and is coercive,
ie.,
(15) There are positive constants a,b,c, and p > 0 such that
(i) IKz| < allz]| +b for all ||z|| > p,
(i) (Kz,z) > c||z|?, for all z € D(M).
Again, the noncoercive case is harder and a result analogous to Proposi-
tion 1 holds.

PROPOSITION 2. Let L : H — H be a linear, symmetric; positive and
compact mapping, Lex = Axex for k > 1 with {ex} C U and complete in H,
and {Hyn,P,} as before. Suppose that M = My + M, : D(M) c H — H 1s
such that M, is quasibounded and of type (M) at 0 relative to (U,H), M,
M;, and K satisfy (7), (9), (10), and (15) on U, respectively. Then, for each
A > cA7! and each f € H, the set S\(f)={z€H, | P,Kz—ALz+P,Mz =
P.f,n=1,2,...} is bounded in H.

Proof. Let A > cAT! be fixed and suppose that Sy(f) is not bounded in H
for some f € H. Let z,, € Sx(f) be duch that || z,, |- co and u,, = "—Ei-:“
Then, (Muq,,,44,) — 0 as in (11), and therefore {M,uy, } is bounded in H
by the quasiboundedness of M;. Thus, we may assume that u,, — u and
Myu,, — y in H with y = 0, since L is injective and

P, Kz,,
| zns 16

Pnh(M2""la - f) -y
| Zns [I°

- P,.,,M,u,,, o

z
L Nk — 1\-1
(II Tns ll‘)

L]
Moreover, Myu = 0 since M, is of type (M) at 0, and consequently u = 0.
Next, let o € (0,1) be fixed and m > 1 be such that || (I — Pp)f ||I< e
and ¢ — AA\pp41 > a. Then, using the variational characterization of the

- 742 -



eigenvalues of L:
(Lz,z) < M || z ||? and (L(I=Pa)z, (I-Pa)z) £ Ant1 || (I—Pn)z II?, z € H,
we obtain, as in the proof of Proposition 1, that for each nx > m

(e = Mumt1) I| (I = Prm)uns * = || (Z = Pm)um, |

< (A1 =¢) | Pmtiny I = | £ 1lll P |l -

Again, || (I — Ppn)n, ||— 1 and || Pmtn, ||— 0 as k — oo, and therefore
passing to the limit in the last inequality we get that ¢ — AAm41 < @, which
contradicts our choices of m and a. Hence, Sx(f) is bounded in H g

Our main solvability result for Eq. (2) reads:

THEOREM 3. (cf. [14]) Let L : H — H be linear, symmetric, positive, and
compact, {Hyn,P,} be as in Proposition 2, K, M = M, +M,: DM)c H—
H be such that (15) holds and K + M is of type (M) relative to (U, H).

(a) If M is quasibounded and (Mz,z) > 0 for z € D(M), then Eq. (2) is
solvable for each f € H and each A < eArl.

(b) If My is quasibounded and of type (M) at 0 relative to (U, H ), My and
M, satisfy (7), (9), and (10) on U, respectively, and u = 0 if (Myu,u)= 0,
then Eq. (2) is solvable for each f € H and each A 2 earl.

Proof. Let f € H be fixed. We will show first that each equation P, Kz —
ALz+ P,Mz = P,f is solvable in H,. Suppose that A < cA7!. If A > 0, then
choosing r > 0 such that || f ||< (¢ — A1)r, we get that for z € B(0,r) N Hy,

(PoKz — ALz + PaMz — Pof,z) 2 (c= M) |2z 12 = [l z Il £ (> 0.
If A < 0, then taking r > 0 with ||f|| < cr, we get that for z € B(0,r) N Ha
(PaKz — ALz + P,Mz — Pof,z) 2 c||z||* — || f]l[|z]| > O.

Hence, using the homotopy Hy(t,z) = t(PaKz—ALz+PaMz—Pypf)+(1-t)z
on [0,1] x B(0,r) N Hy, we get that deg(PaK — AL+ P.M,B NH, Paf)#0
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for each n > 1. Thus, there is an z, € B(0,r) N H, such that P, Kz, —
ALz, + P.Mz, = P, f with n > 1.

Next, if A > ¢AT?, then (13) holds for M; and each n. Now, we choose
rn > 0 such that "-é" < c—AX1+cnri~!, and note that for z € 8B(0,r,)NH,

(PaKz — ALz + PaMz — P, f,z)
2 (=) |z |12 +en ||z ™+ = | £ Il z ||> 0.

Hence, as above, PuKzp~ALZy+ Py Mz, = P, f for some z,, € B(0, ra)N
H,, and each n, and {z,} is bounded in H by Proposition 2.

Now, since {z,} is bounded in either case, some subsequence z,, — z in
H. It remains to show that Kz — ALz + Mz = f. Since M is quasibounded
in either case and

(Mzmzn) = (Panm 3n) < -c " In "2 +A(LG,zn) + (f, zn)
< const. || z, ||,

it follows that {Mz,} is bounded and a subsequence (K + M)z,, — y.
Moreover,

Po(K+ M)z, =Ppf+ALzy, = f+ALz=y

and
limsup((K + M)zn,,2a,) < (ALz + f,2) = (3, 2).

Hence, z € D(M) and (K + M)z = y by property (M), and therefore, Kz —
Az + Mz = fg '

Remark 2. Analyzing the above proof we see that z,, — z if either K + M
is of type (54) (i.e. 2n — z if 2o — z and limsup((K + M)z,, 2, — 2) < 0),
or K +'M is compact on H. When M, and M, are completely continuous on
H, and K = I, Theorem 3 has been proved by Kesavan [11] using different
type of arguments.

5. AN APPLICATION
Let Q C R" be a bounded domain with the smooth boundary 8Q, H = L2(Q)

and W#(Q) be the usual real Sobolev space with norm || . ||x, k > 1 an integer.

- 744 -



Let F=F+F;,,G:QxR— R lze Carathéodory functions and V be a closed
subspace of Wf*(Q) containing W™ (Q).
In this section we shall establish the weak solvabilty in V of the semilinear
elliptic equation :
(16)
> (-1)°1D%(aap(z) D?u(x))+ F(x, u(x)) - AG(=z,u(z)) = f(z), z€Q

le],|B|<m

where the coefficients 6o5(z) = 8pq(z) are real valued, smooth and bounded,
f € La, A € R, F is strongly nonlinéar, and G has Inecar growth.

We begin by specifying conditions on the linear part.
(H1) The bitinear form a(u,v) = Elal,lﬂlsn(p-.’"’p")h 12 coercive on
V, i.e., there are constants c; > 0 and c3 > 0 such that

a(u,u) >y ||ul? —c2l|ul? forweV.

Using the Lax-Milgram theorem, one can show (see, e.g., [2]} that a{u, v)
generates a linear, closed, and densily defined mapping A, : D(A,;} C Ly —
L, with compact resolvent, characterized by D{A;} = {s € V | for some h €
Ly,a(u,v) = (h,v) for all v € V} C W2™ and afx,v) = (A;%,7) for w €
D(A,) and v € V. Let {B;}T* be boundary differential operators of orders
m; < 2m,1 < j < m, such that the problem

Y. (1) D*(aus(x)D%w) = f(z) =Q

lal|AlSm

Bju(z) = Z bialz)D"w(z} =0 om 3Q
lot<m;

is regularly elliptic (cf., e, [2). Set W3 = {w € W2™(Q} | Bjw =
0on 8Q, j=1,...m}. We assume (cf. [1]):
(HE) V is such that D(A;} = W™, A, is symmetric s Ly end poosesses an
orthonormal basis of eigenfunctions {u;) i Ly; Arme = Apuy.

Let H, = lin.ap.{uy,...ua},W = WF@) N W’;’;“ with & > maz{l +
[3],2m} and note that W C C(Q) by the Sebelev embedding theorem. E
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Gap, Bje and 8Q are sufficiently smooth, then UH,, = U for some closed
subspace U of W. Indeed, write k = 2m + 2rm + s for some r > 0 and

0 < s < 2m, and note that B, : Wimt%m+e(Q) n i{’;i;" — W2imte(Q)
is a homeomorphism for each integer 1 € [0,r]. Let ¢ = 0 and note that
UH,, = W7 since Vi’;;" is dense in W and UH,, = W//;Z:" (cf. [1]). Since W3 is
a closed subspace of W4, Up = B;!(W3) is closed subspace of wimie mﬁ"n
and UH,, = Up. To see this, let f € Up,g = B.f € W~; and g, € H, be
such that g, — g in W. Then, B:lg, — f in Up with B g, € H,, and
therefore UH, = Up. Next, let ¢ = 1 and note that U; = B !(Up) is closed in
wimte(Q) n @7" and UH,, = U, as above. Proceeding in this way, we get
that U = U, is a closed subspace of W with UH,, = U.

Now, denote by <,> the usual duality between V and its dual V* or
U and U* and note that <,> is compatible with the inner product ( , )
on H in either case. Since a(u,.) is a continuous linear functional on V for
each u € V, it defines a continuous linear mapping A : V — V* such that
a(u,v) =< Au,v > for u,v € V, and < Au,v >= (Au,v) for u € D(A,),v €

V.
Regarding the nonlinear part, we assume:

(F1) Fy(z,0) = 0 and Fy(z,.) is increasing in a neighborhood of 0 for a.e.
z € Q, and for each s > 0 there 15 a function h, € L, such that

sup | Fy(z,t) |< hy(z) and Fy(z,t)t > 0 for a.ez€Q, t € R.
tI<s

)

(F2) | F3(z,t) |< a(z) + b(z) | t | for a.e.z € Q,t € R and some a,b € L,.
(F8) 8 =0 if Fy(z,8) = 0 for some z € Q, and Fy(z, st) = s° Fy(z,t) for a.e.
z€Q,t€R,8>0 and some § > 1.
(G1) |G(z,t)| < c(z) + d(z)|t| for a.e.z € Q, t € R and some c,d € L,.

Let D(N;) = {u € V | Fy(z,u) and Fy(z,u)u are in L}, and C,N =
Ny + Nz : D(N;) — U* be defined by < Cu,v >= (G(z,u),v) and < Nyu+
Nau,v >= (Fy(z,u) + F3(z,u),v) for v € D(N;) and v € U. By (F1),
U € D(Ny), N is well defined and N(U) C H. Moreover, (6) holds for some
constants a and b, by (G1).
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PROPOSITION 3. (a) If (F1) holds, then Ny : D(N,) — U* is of type (M)
at 0 relative to (U, L;) and (8) holds.

(b) If (F1), (F2), and (G1) hold, then N : D(N,) — U* is quasibounded and
N — AC 15 of type (M) relative to (U,V).

Proof. (a) Suppose that {u,} C U,u, — u in Ly, Nyu, — 0 in U* and
lim sup(Nyu,,u,) < 0. Then Fatou’s lemma and (F1) imply that (Nyun,u,)
— 0, and therefore we may assume that Fi(z,un(z))un(z) — 0 a.e. in Q.
Since Fy(z,t)t is also increasing in ¢ in a neighborhood of zero for a.e. z € Q,
it follows that u,(z) — 0 a.e. in Q. To show that u,, — 0 in L;, let € > 0 be
fixed and, for any n > 1, define @, = {z € Q || u.(z) |< 1} and Q; = Q\Qs.
Then, for any measurable subset A C Q,

Un(\Z z Up|T Z T € ‘u21 T z-l-!-A—) const.c.
[le@ies [ Gu@ldre| s ™ o

Hence, u, — 0 in L; by Vitali’s theorem, and u = 0 with N;0 = 0 since
U, — uin L;.

To see that (8) holds, let {un} C U be bounded in Ly and (Nju,,u,) — 0
as n — oo. We get, as above, that u, — u in Ls,u,, — 0 in L; and therefore
u = 0. On the other hand, for any ¢ > 0,

(17) | Fa(2,un(2)) |< sup | Fi(3,1) | +eFy(z, un(z))un(z)
ltI<d

and, for any measurable subset A C Q, ‘

/ | Fi(z,un(z)) | dz <|| hy ||z, (a) +eonst.c.
A

Hence, by Vitali’s theorem, Fy(.,un) — Fi(.,u) = 0 in L,, and therefore
Nyu, — 0in U*.

(b) Note first that C,N; : V — L, are completely continuous since V is
compactly embedded in L,. Let ¢ : U — V be the natural injection. Next,
let {up} C U,up — uin V,(N — AC)u, — i*v in U* for some v € V* and
limsup < (N — AC)uq,u, > < < v,u > . Hence, in view of (17), Vitali’s
theorem and Fatou’s lemma imply that Fy(.,u,) — Fy(.,u) in L; and

/ Fi(z,u)udz < lim inf/ Fy(z,up)updz < const.
Q Q
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Thus, u € D(N,;), Njun, — Nyu in U* and (N — AC)u, = N1ty + Noup'—
ACun — Nyju + Nau — ACu = (N — AC)u = i*v, proving that (N — AC) :
D(N,) — U* is of type (M) telative to (U, V). Moreover, using (17) as above,
we see that N, is quasibounded and therefore such is N = N; + N; by the
boundedness of Na.3

Now, let A € R and f € L;. We are looking for a solution u of the
following variational problem:

) { a(u,v) + [ F(z,u)vdz — X [, Gz, u)vdz = (f,v) w € W NV,
18
u € D(N]) C Wzm

which can be considered as weak formulation of Eq. (16). We have:

THEOREM 4. Let agp,bja and 3Q be sufficiently smooth, (H1), (H2), (F1),
(F2), and (G1) hold. Then BVP (18) has a solution for each |Aa < A, and
each f € La. If, in addition, (F$) holds, then the same conclusion s also
valid for |A|a > A,.

Proof. Let 1 : U — V be the natural injection and +* : V* — U* be its dual
mapping. Define a bilinear form on V x 1*(V*) by < u,t*v >=< u,v > for
u € V,v € V*, and note that < 3* Au,v >=< Au,v > for u,v € V. Since BVP
(18) is equivalent to the operator equation A\t*Cu — 1*Au — Nu = —i* f, the
conclusions of the theorem follow, in view of Proposition 3, from Theorems
1 and 2 with V*,AC — A and f replaced by :*(V*),1*(AC — A) and *f,
respectively.g
For the sake of comparison, cons" the BVP

—Au=z|u|P"lut+dut+ fin QCR"
(19%)

u =0 on 3Q.
Theorem 4 implies that BVP (19_) has a weak solution foreach A € R, f € L3
and p > 1. However, the situation is quite different for BVP (19+) and has

been studied by many authors. Many exsistence results on positive solutions
of (19+) with p < 232 are known (see the review article by P.L. Lions [13] and
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the references in there). In the critical case, when p = }:—1‘—;, Brezis-Nirenberg

[6] have shown that BVP (19+), with f = 0, has a positive solution only
for A € (0,A;) provided n > 4 and Q is starshaped. If, in addition, Q is
not contractable and n > 3, Bahri-Coron [3] have established this fact also
for A = 0 (using the methods of algebraic topology). For the exsistence of
infinitely many solutions of (19+) with A = 0, we refer to Bahri-Lions [4] and
the references therein.

Remark 8. When 1 < p < 242 (p > 1 if n < 2), the weak solvability of (19_)

was proved by Kesavan [11] using different methods. When F3 = 0, A = 0 and
A is coercive, Theorem 4 is contained in Hess [9] with m = 1, and in Webb
[17] and Brezis-Browder [5] (under an additional condition on F) with m > 1.
For an plication of Theorem 3, with M : H — H completely continuous, to
the Vou Kidrman Equations, we refer to [11].

The author would like to thank the referee for pointing out some inaccu-
racies in the paper.
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