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SQME COMBINATORIAL RESULTS ABOUT THE OPERATORS
WITH JUMPING NONLINEARITIES
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Abstract: In this article various examples of the operators with jump-
ing nonlinearities are constructed by means of a combinatorial method, devel-
oped in [1). Among others, the following is proved: There exist operators

with jumping nonlinearities S
on e Ld

Sqe(W)=t
=],
has at least ([(:-1)/2]) distinct solutions for almost every feR" (in the
sense of the n-dimensional Lebesgue measure).

:R"—» R” such that the corresponding equati-

Key words: Jumping nonlinearity, Brouwer degree, multiplicity of solu-
tions, n-dimensional cube.

Classification: 47H15, 55M25, 52A25, 05A15, 90C33

Introduction. This article can be regarded as a second part of [1],hen-
ce we shall not give any bibliographical comments here. They can be found in
[1). We shall also use the notation which was introduced in [1]. Nevertheless
for the convenience of the reader, both the notation and the main results of
[1) will be briefly repeated here. \

The brackets [...J) are used in a double sense: [a,bl is a closed inter-
val of real numbers, [ c] is the integer part of the real number c.

7= 41,2,3,...,n%. '

card &) is the number of the elements of the set & «

For every vector u=(ui)iﬂ.‘¢Rn we can define two vectors u+=(u;)
and u'=(u£)i‘ﬂ.eRn as follows:

r -
uj =max {ui,O}, uj

n
ien SR
=max § —ui,U}
for every i&T. (Then u=u*-u".)

Definition 1. Let S:R"—> R" be a linear operator, let A and “ be two

real numbers. Then the egquation
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+ -
Sa'“_(u)-uo?ﬁu - (aSu
defines the operator
Sa‘“:ﬂn—-b- Rn,

Any operator of this type is .aaid to be an opsrator with jumping nonlinearity.
We are interested in the solvability of the equation

) Sa' e.(U)=f
for various fg ],
Definition 2. Let k(S'l “,f) be the number of the distinct solutions to
1). Let !

k(Sa.p)' 1r;f‘%:ak(sﬁ.n,f) supq'inr ,"r(sa'“ ),
where On is the system of all the subsets of R" which have zero n-dimensional

Lebesgue measure.

Using the positive homogeneity of S
al Brouwer degree theory

P we obtain easily from the gener-
']

Theorem 1. Let Be R” be an open ball containing the origin 0. Let the
Brouwer degree deg(S, ,,0,8) of Sy w W-T-t. the point 0 and the ball B be
L]

A
defined. Then

) 1000(S, 1,,0,8)]
and

k(Sap -dan(SA. ,0,8) is even.
It deg(sw ,0,B)$ 0, then (1) has at least one solution for every fe R".
Proof of this theorem can be found in [2).

For any @ T let us define the point CO'(C?)MH‘RH by means of the
formulae
haitiew,

c;’- 1if i¢T-w .

The points C,,, @ ¢ T are Just all the vertices of the n-dimensional cube
c". Fur every we ™ we define the index of Cg,

1((:“).(_1)(:!!‘!1@ R

(Then the indices of the vertices of C" define a colouring of C" in the sense
of the graph theory.) ‘

For every ia® there are in C" 2™ one-dimensionsl sdges parallel to
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the xi-coordinate axis in R". These edges are called i-edges in the sequel.

Convention. The word hyperplane will be used in é restricted sanse. Na-
mely, the word hyperplane without any additional specification will always
denote an (n-1)-dimensionsl hyperplane in R" which does not contain any ver-
tex Cgy of c". 1t ec R" is such a hyperplane, then 9‘ is the open half-
space of R" w.r.t. fl which contains the points (a,a,8,...,a) for all suffi-
ciently large positive values of a. 50' is the opposite open half-space.

Detinition 3. For any hyperplane @C ™ (in the sense of Convention)
let

d(so)=|c§¢+1(c“)|=l c,,ch- 1gyl.

For ie T let ki(gi) be the number of the i-edges of c" which are intersected
by @ . Let

.

k(y):min{ki(;n)luﬁ}.

Detinition &. An (n,d,k)-hyperplane is a hyperplane pc R" such that
d(9)=d and k(y )=k.

The main result of [1] is

Theorem 2. If there exists an (n,d,k)-hyperplane then there exists a
linear operator 5:R"—+R" and two resl numbers A and & such that
Ideg(Sa'“,D,B)hd
and

k(Sa'”)=k.

For n&3 and S symmetric, the converse implication is also true.

Remark 1. Let us recasll that the proof of Theorem 1 is constructive.

Section 1. Three simple results

Example 1. Let n=1. cl- [-1,1)¢ R, a-hyperplane is a point. The point
is either an interior point of c! in which case d(p )=k(9 )=1 or is a
point outside [-1,1] in which case d(@ )=k(@)=0. Thus for n=1 there exist
only (1,0, 0)- and (1,1,1)-hyperplanes.

Example 2. Let n=2. Then ® is a straight line and there are only three
substantially different possibilities for %he position of @ wr.t. 02.(See
Fig. 1.) In the cases A and C in Fig. 1  d(g@)=k(®)=0. In the case B
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FIG. { .

obviously d(()b )=k(@ )=1. Thus for n=2 there exist only (2,0,0)- and (2,1,1)-
hyperplanes.

Lemma 1. If there exists an (n,d,k)-hyperplane, then (m,d,k)-hyperpla-
nes exist for every m>n.

Proof. It is sufficient to show that the existence of an (n,d,k)-hyper-
plane implies the existence of an (n+l,d,k)-hyperplane. The proof of this as-
sertion is illustrated in Fig. 2.

Let

CT:C'-H'1 n {x R | Xe1=1 %,

c"=c™! n{xeR™!|x

(2)
1™ -1%.
Both CT and Cr_' are n-dimensional cubes.
Let E:Rn—»Rr“'l be the mapping
E((xl,xz, - ,xn))=(x1,x2, . ,xn,l).
Then

1
3) E(RM= {xeR™ 111}
E(c)=C]

and the index of any vertex C,, an, @cT is equal to the index of the cor-

responding vertex E(C 0) e C';'c le .
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Let pc R" be an (n,d,k)-hyperplane, let

(8) %%aixfb
be its equation. Then @' =E(p) is an (n,d,k)-hyperplane w.r.t. C':=E(Cn) and
the hyperplane (3), dim @' =n-1. The equations of (0' are (4) and

xn+1=1.
We can define for every o¢ & R a hyperplane gb“ by the equation
-(5) “'(&?‘ﬁ. aixi-b)=xn+1—1.
Then
’
(6 @ NERD=@

whenever o¢# 0. But we shall investigate only those [ for which

) 0<l|<2/( X |a;l+0).
s veR

1f xecC”, then Ixi|<1 for all i€ and x_ ;= -1, hence

|°‘(&§Maixi'b)l‘ 2,

|xn+1-1|=2

=711 -



and (5) cannot be fulfilled. Thus
(8) Qo M C7=B.

The last relation together with (6) implies that for ieT (and e¢ as in (7))
R intersects only those i-edges of C™! which are intersected by @' in
c”. But @'=E(@) and C7=E(C™), hence

(€)] ki(ﬁt)*i(’) for all i€ T.
The value of the term
(10) &‘E‘ a;%;-b

is constant on every (n+1)-aedge in c™! and it is on every such edge nonzero,
because it is simultaneously the value of the same term in a vertex of Cn, [ o
is given by (8) and must not contain any vertex of C". Now, we can see that
the (n+1)-edges, for which (18) is positive, are intersected by n for

& <0, the (n+1)-edges, for which (10) is negative, are intersected by o
for e« >0, because in both cases according to (7) and Ixif<l for xec™1)

-2 <¢(‘.x‘aixi-b)<0.
Now (5) implies X1 ® 3-1,1[. Hence we can choose «¢ so that &, intersects
at least one half of all the (n+l)-edges, that means
N/,_nn-1
an ko1 g ) 227/2:277

On the other hand, there are only 2" ! i-edges in C" for every ieT, thus
a2 k;(@)£2™! for all i€F.
The relations (9), (}1) and (12) imply that
(13) k(@) k(@).

for a suitable et -

In one of the half-spaces of R‘“l w.r.t. Q¢ there are just the vertices
of €™ which are in one of the n-dimensional helf-spaces of (3) w.r.t. PSR
To see it, one only needs to recall (8). Taking imto account that the indices
in C’: are as in Cn, we obtain immediately

&

(18) @ )=d(@).
According to (13) and (14) M, is an (n+1,d,k)-hyperplane.

Remerk 2. A similar result for the operators with jumping ronlinescities
is trivial. Given an operator SA P:ln-—b Rn, cne only needs to join to the
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matrix Sz(sij)i.j"ﬁ the entries si,ml“ml,jﬁml,ml'o for i,J€0 in order
to obtain a matrix '§ . Then
-y

J l 1 L d E
51.45'“’" — g, u(s,m)a:(s,‘“). k(Sa.“)d((%,”).

Llemma 2. If there exists an {n+l,d,k)-hyperplane which does not inter-
sect at least one of the n-dimensional faces of C"‘l. then there exists an
(n,d,k)-hyperplane, too.

Proof. ¥We can assume that the (n+l ,d,k)-hyperplare ;mes not inter-
sect C",

(15) c"n@,

because of the symmetry of C"‘l. We can also assume that f is not parallel
to (3). Otherwise it would be an (n+1,0,0)-hyperplene and (n,0,0)-hyperplane
exists according to Example 1 and Lewsa 1. '

We can define the (n-1)-dimensional hyperplane

¢ =Fne@)ex™!
and the hyperplane
e<el(p )eK.
¥e shall prove that @ is an (n,d,k)-hyperplane.

In the proof of Lemma 1 we have deduced (14) from (8). The same argument
applied to (15) gives

@ )=d(p).
Also, we obtain the equations
k(@ )% (@) for ia®
which correspond to (9). Hence we only need to show that
(16) kml(?)tki('p') for every iem.
Let us choose an i@T and an i-edge of C™! which is intersected by @ -
w.r.t. (15), it sust be in l:’:'_ Let A and B be its end-points. Each of them is

also an end-point of an (n+1)-edge, let these edges be AA” and 88 . A'B  is
also an i-edge of C"'l,

an ABeC.
The codimension of @ is 1, [ 4 intersects AB, thus it must intersect another
edge of the square ABB'A . (15) and (17) imply that @ intersects either AR~

or B8°. So we can define a mapping from the set of all the intersected i-ed-
ges into the set of all the intemectﬁd} (n+1)-edges. If two intersected



i-edges AB and CD are different, then the corresponding (n+l)-edges are also
different, because every vertex of le is an end-point of just one i-edge.
Thus we have (16).

Remark 3. From this proof, a modification of the proof of Lemma 1 ob-
viously follows. In fact, it is not important, whether we choose P With
o > 0 or with o¢ <0, only (7) is important.

Remark 4. One can prove an analogous "reduction lemma" for the opera-
tors with jumping nonlinearities. But the proof of the "reduction lemma" in
the case of general operators with jumping nonlinearities is rather compli-
cated. It will be published elsewhere. Let us only mention that for the spe-
cial operators which are investigated in [1] (see also (25), (26), (27)), the
assumption (15) corresponds, roughly speaking, to the assumption that the
values a_,+ & and a_ - €& are positive, but | €| is big enough w.r.t.a
(Cf. also Remark 2.)

1

Definition 5. Two vertices C“le c" and Cw [ Cn, wl,wzc M are said to

be neighbours, if there exists an edge in c" which joins them.
Lemma 3. Let s.) cRbea hyperplane. The following conditions are equ-
ivalent:

(i) There exist two opposite vertices C,, and Cl“l‘- o in C" such that Ceu
and all its neighbours are in so+ and C~_, and all its neighbours are in ®~.
(ii) @ intersects all (n-1)-dimensional faces of C".

Proof. Let (4) be the equation of e - Because of the symmeiry of c" we
can assume that :

(18) a;Z 0 for all ig™.

Let '
9(x)={aaixi—b,
then the equation of @ cap be rewritten in the form
19) @(x)=0.
max {@(C,)|wehi= PCy=g((1,1,1,...,1)),

min {@(Ce)lwecT}=g(C)= g((-1,-1,-1,...,-1))
and'

¢CH>0, @(Cr<0,
if @ intersects c.
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Let, e.g., 9(C€r\$ )=¢((1,1,1,...,1,-1))<0. (Cin} 1s a neighbour of Cﬂ')
Then

(20) ?(Cu )< 0 whenever ne @

according to (18). But the convex hull of these points is just the (n-1)-di-
mensional face CT-I (see (2)) and @ does not intersect it according to (19)
and (20).

Hence (the special case (18) of) (ii) implies (i) (with @=@ ).
Now we shall assume (i) (but not necessarily (18)). Let, e.g.,

(21) 9(Cg)> 0,

(22) @ (C,)>0, whenever card @ =1,
(23) @(Cz)<0,

(24) g)(C“)< 0, whenever card @ =n-1.

All (n-1)-dimensional fa'ces of C" are contained in the hyperplanes
§>I= {xeRn|xi=l§,
e= {xeRx;= -1}, ieT.
The face contained in 9; contains Cla and Cﬁ_ﬁ‘ and according to (19), (21),

(24) @ intersects it. The face contained in $°; contains Cg and C{i! and is
intersected by @ , according to (19), (22), (23).
Hence, (i) implies (ii).

Example 3. Let n=2. Any two opposite vertices of [32 have common neigh-
bours, hence according to Lemma 3 and Lemma 2, a (2,d,k)-hyperplane exists on-
ly if (1,d,k)-hyperplane exists. On the other hand, according to Lemma 1, if
a (1,d,k)-hyperplane exists, a (2,d,k)-hyperplane exists, too. (Cf. Example 1
and 2.)

Example 4. Let n=3. let @ intersect all faces of C’. Then there are
two opposite vertices A and B in C3 which satisfy (i) of Lemma 3. Thus A to-
gether with all its neighbours Al’ A2, A3 is in p+, B together with its
neighbours Bl’ 82, 33 is in P- and @ must be as in Fig. 3. (In Fig. 3 we
have a parallel projection of C” into Rz. The direction of the projection is
parallel to @ .) Then d(@ )=k(f )=2 and this is the only case which can ta
ke place in R}, but not in RZ. (C £. Lemma 2.) Hence, for n=3 there exist
just 3 types of hypérplanes, namely (3,0,0)-, (3,1,1)- and (3,2,2)-hyperpla-
nes. Of course, the last type is the most interesting one.
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Remark 5. Theorem 1 implies the following result: If S:R°—> R is a
linear symmetric operator, then d(Sa.'b )= k(Sa ”) and the common value of
d( ) and k(S, e.') is either 0 or 1 or 2. Nevertheless, the last assertion
is true not only for Sa", with a symmetric S, but also for general operators
with jumping nonlinearities in R}

Section 2. The hyperplanes in R“.

Definition 6. Let j be an inte. ,; J&j&n. dhe j-th level of C" cons-
ists of all the vertices C,, of c", for whlch card w =j. (Cf. Fig. 4, where
a two-dimensional parallel projection of C has been constructed.)

According to Example 4 and Lemma 1, (4,0,0)-, (4,1,1)- and (4,2,2)-hyper-
plenes ex15t Any other hyperplane must satisfy (1) of Lemma 3 according to
Example ‘ and Lemma 2. W.r.t. the symmetries of C we can assume that the two
opposite vertxces of Lema 3(i) are Cp and Cz. Thus the 0- th and the first
level of C are in y , the third and the fourth level of C are in p' and
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@ can split only the second level. Because of the central symmetry of Ca
w.r.t. the origin 0, we can further assume that [ contains at most as many

vertices of C‘i as ‘v'. Hence from the six points of the second level at most
three are in SD*.

If p+ does not contain any point of the second level, then ® splits
Ca between the first and the second level intersecting just all the edges jo-
ining these two levels. We can easily calculate the numbers d(@ ) and k(’)
and we obtain the existence of (4,3,3)-hyperplanes.

If p+ contains three points of the second level, then obviously d(@ )=
=0. Because of the symmetry of C4 there are only three possibilities, how to
divide six vertices of the second level into two triples. There are namely
only three possibilities, how three vertices of the second level can be con-
nected with the first level. These three cases are drawn in Fig. 5 and one
can easily see that the other three points of the second level of C“ which
belong to so', are always connected with the third level in a way which is
completely symmetric to the connection between the first three points and the
first level.
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FIG.S

An easy examination of the case C shows that this case is impossible.
Namely, a partition of C4 which corresponds to C in Fig. 5, can be carried
through by means of some hypersurface, but not by a hyperplane.

In Fig. 6A, resp. 6B we can see one half of the edges which are not in-
tersected by @ . These figures correspond to Fig. 5A, resp. 5B.

Q

FIG.6
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In Fig. 6A there are four edges of the direction PQ. Hence P does not
intersect 8 edges of this direction. But there are only 8 edges of this direc-
tion in the whole Ca, thus k(sb )=0 in this case and (@ is a (4,0,0)-hyperpla-
ne.

Let us count the edges of different directions in Fig. éB. We get the
numbers 3,3,3,1. Multiplying by two gives 6,6,6,2, hence the number of the ed-
ges of different directions which are intersected by @ , are 2,2,2,6 and
k(go)=2. So we have found a way, how to construct (4,0,2)-hyperplanes.

The case, in which p+ contains either two or one vertex of the second
level, can be investigated similarly, but we shall not obtain any other type
of hyperplanes. Hence for n=4 there exist just 5 types of hyperplanes, name-
1y (4,0,0)-, (4,1,1)-, (4,2,2)-, (4,3,3)- and (4,0,2)-hyperplanes.

According to Theorem 1 we can construct an operator S_a :R4-—b'Ra such

1]
that d(SA'~)=0 and k(SA.“)=2. The construction given in Section 5 of 11) is
inductive and leads to an operator of the type

(25) gu+Sut+su”,
where
-l+a), I R I |
26) g = -1, -lva,,  -l, -l
-1, -1, —1+33, -1
-1, -1, -1, -1+ah
and
27 ai+e>0, ai—s<0 for every ie®.

The points P, Q, R in Fig. 6B are completely equivalent, hence we can seek
for a matrix (26) with a,=a,=35=3, aA=b.

Example 5. If © is as in Fig. 7, then qertain inequalities for all the
terms A, , @€ T must take place (for the definition of -90 see (38) in
[11). Each 19“ corresponds to Cgy and must be either positive, if C, € f*,
or negative, if C 6 @ .

If we decide to seek for

(28) £>0,
then according to (27) we obtain
(29) a>e ,b>6.

Hence, all the inequalities for '9‘” . @ c %, which must be fulfilled, can
be reduced to the following four of them:
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30) e b-¢ 2

3 1
g pe <l
-2 -1 _ 1

All the other inequalities for ¥, are consequences of (28), (29) and (30).
The inequalities (30) are fulfilled, if, e.g., a= 3, b= 2-, &=1. This choi-
ce of a, b and ¢ gives the example of the section 6 of [2].

" On the other hand, by the method, developed in [1], one can construct
to these values of a, b and ¢ the corresponding (4,0,2)-hyperplane @ in RS
The equation of @ can be calculated to be

- 720 -



lBD(x1+x2+x})+308x‘= -43
and one can show that e really intersects C‘ as in Fig. 7.
Example 6. We can also construct an analogous example following exactly

Section 5 of [1). We can choose @ as in Fig. 7. Let us notice the partition
of [:‘ into Cz and CE. For @ we can choose, e.g., the hyperplane

x1¢x2+x3+2x4=0.
This hyperplane intersects CZ so that it divides the vertex (-1,-1,-1,1) from
all the other vertices of Cz. Further, this hyperplane passes through the cen-
tres of all the edges which join the vertex (-1,-1,-1,1) to the other vertices

of [22. With respect to the symmetry we see that a,=a,=ay, hence we shall begin
the inductive construction, described in Section 5 of [1], in the dimension 3.
3 4 &) '
c=C nixeR Ix‘-O},
?°=9n{xc R‘lx‘ﬂ)},
hence the equations of @, are
(31) xl+x2+x3=0, x,=0.
After a transformation of the form
3d §=x;+d, ie3,
3d§ ‘=2x‘,
we will get the new coordinates of the vertices of Cg

(32)

where 2
.
2 ]

d®-1

% - 3d

According to (31) and (32), the new equations of @ will be
£+ 6, 650
§40-
The relations corresponding to (27) should be satisfied, thus
d>1

f we want to get &> 0.
Let us choose, e.g. d=2. Now, we can make the "induction step" as in
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Section 5 of [1). We obtain the values

a=4+2 'ﬁ:ﬁ/ 3,

b=5/3+ V10,

& =2+ V10/3.

Hence, the matrix
3+2V10/3 1 -1 -1 :

-1 3+2 VI0/3 -1 -1
-1 -1 3+2VI0/3 -1
-1 -1 -1 2/3+V10

and ©=2+V10/3 give another example of an operator with Jumping nonlineari-
ty of the form (25), for which d(SA'#)=U and k(Sa'P)=2.
For d=7 we obtain the rational values

=% *° 3

which also give an example of 53'# with d(Sl'“)=0, k(Sz.F )=2. Other ratio-
nal values a, b, & can be obtained for d=41 and d=239. For d=9/2 we obtain
values which are very near to the values of Example 5.

Section 3. The hyperplanes in R"
Lemma 4. There exist (n, ( n;l), ( n;l) )-hyperplanes for every n€N and
every integer p20. The equation of such a hyperplane Cn p is

’

3 .=n-2p-1.
(33) hzhxanpl

Proof. [ p intersects C" between the p-th and the (p+l1)-th level,
’
because -

(34) &?‘a x{=n-2p

for the vertices of the p-th level and

Fom 502

for the vertices of the (p+l1)-th level. Hence, the levels from 0 to p are con-

tained in p; p* In the j-th level of C" there are (g) vertices with the in-
B ’

dex (-1)J, so we have

Ap, - i{i,(-nj(g) i

é, 3 ( 3) =(-1)P (";1), ‘

- 722 -
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thus
(3%) ap, = () -

Every Cgy, @C 7, is connected by edges with all its neighbours and
each neighbour of Cg differs from Cey in Jjust one coordinate. So if Cg is
in the p-th level, then its neighbours are in the (p-1)-th and the (p+1)-th
level. If C“ from the (p-1)-th level is a neighbour of Cgy from the p-th le-
vel, then card @ =p, card & =p-1 and we see that CSS can be obtained from Cw
by changing the sign of one of the negative coordinates of C,. Hence Cqy is
connected with the (p-1)-th level by one i-edge for every i€ @ . Similarly
one can show that Co is connected with the (p+1)-th level by one i-edge for
every igT-w.

Let ig™ be fixed. By i-edges, thase C,, in the p-th level are connected
with the (p+1)-th level, for which i&T-@ . There are (n'l)vertices Ceo with
w cT-4i}, card w=p, hence there are just (n;l) i-edges connecting the p-th
and the (p+1)-th level of c". But just these i-edges are intersected by [ p?

,

thus
ki(@n,p) (nr.ll) :

" According to the definition of k(g)n p) this implies
i

_(n-1
(36) ko= (")
and the equations (35) and (36) prove the lemma.

max {(n;_al)'pzm:([n-rl‘;}zj) , hence a special case of Lemma 4 and (33) is

Lemma 5. There exist (n’([n-lgai) (l:n-rl\;%J) )-hyperplanes for every né&N.
The eguation of such a hyperplane fn is

37N ‘.'g_nxi:n-z [(n-1)/23 -1.
Now we are able to prove

Theorem 3. Let neN be fixed. There exist (n,d,d)-hyperplanes for every
integer d such that

gkas (Kn-gs}ﬂ) i

Proof.  P.= @ [(n1y/2) intersects C" between the [(n-1)/2]-th and
the ([(n-1)/2) #1)-th level. Similarly (see (33)) the hyperplane
€, ®n,1(n-1)/2)-1 ¥ith the equation ‘

(38) b%‘ x;=n-2 t(n-1)/21 41
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intersects C" between the [(n-1)/2J-th and the ([(n-1)/2]-1)-th level. If the
coefficients on the left-hand sides of (37) and (38) are subjected to an ar-
bitrary sufficiently small change, the resulting hyperplanes Fn’ resp. 3"”
obviously have all the properties of the hyperplanes P> resp. 6 n: This
means not only that the relative numbers k and d remain unchanged, but ?n,

resp. ?n intersect just those edges which are intersected by ©n» resp.

‘n' Let

(39) &%ﬂ an’ixi=n-2[(n-1)/2] -1
and

(40) P 8y, 1% =-2[(n-1)/2] +1,
where

(41) ‘ Ian,i'l|< e

and © > 0 is sufficiently small, be equations of ?n’ and ?n’ resp.
All pairs of vertices Cwl, Coze c" define finitely many directions and

we can chaose a, j» satisfying (41) so that neither of the hyperplanes pn(t)
’
(82) &:4'.& an,ix'i=n-2[(n-1)/21+t, te[-1,1]

is parallel to any of these directions. (Cf. (39), 40).) Hence, any $°n(t)

can contain at most 1 of the vertices of C". Pn(']‘): ;B'n and ?; contains
the levels from 0 to {(n-1)/2). If t increases from -1 to +1, the vertices of
the [(n-1)/2)-th level pass one after another through pn(t) from the plus

into the minus half-space of R" w.r.t. P .(1), because P,(L)= a"n and 3":'

contains only the levels from 0 to [(n-1)/2}-1. Let

(43) <ty <ty<...<ty,,

where '

A ([(n—l)r/‘ﬂ) 4

be all the values of t € [-1,1], for which pn(t) contains a vertex of the
[(n-1)/2]-th level. The sum of the indices of the vertices in 9n<t)+ is

*s) UL a1 )it

and it changes by 1 or -1, whenever t growing from -1 to +1 passes across one
of the values (43). Hence the sum of the indices of the vertices in sun(t)+
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attains all the integer values between (44) and (45), when t varies over
[-1,1). The values (44) and (45) have oppos1te signs, thus d(pn(t)) attains
all integer values between 0 and ([(n 1)/2 ]) (some of them even twice!).

It remains to show that d(‘on(t))—k(pn(t)) for all tel-1,1] except

(43). But this is not necessarily true unless we make an additional assumpti-
on about pn(t). So let

(46) - 2 la -

ien-1
Let Cg be in the 1(n-1)/2)-th level of C' According to (38) its coor-
dinates fulfil the equation

12 X =-20(n-1)/2],

A
hence

-uzﬁ n, et &zﬁ(an i 1x; "ia(l i fuzh(an i l)x +n-2[(n-1)/23

and
Co ® @ ( “"n(a -l)xi)

according to (42). So the values t ., r € P in (43) are the values of
‘t%’ﬁ(an,i'l)xi

in the vertices C,, of [(n-1)/23-th level. If n € @ , then in Cg,

i?h(aﬂ,i'l)xf{‘%(an,i_l)xi-(an,n'l)z '*‘%1 lan’i'l"(an’n_l) >0)

because IX-1|=1 for ien-1, x.= -1 and we assume (46). If n ¢ @ , then we ob-

tain similarly
4%(an’i—1)xi< 0.

Hence we have (see (43))

(47) -let<ty<... <, <0<t <...<t,<-1,

91 v1+1
where
o n-1
"1‘(t<n-1>/21)
and we have just shown that the values tr<0 in (47) correspond to the points
Co with n #w and the values tr> 0 correspond to the points Cgy with n & w.
Let t = -1 and let us choose some r & -)3'1. In the interval (tr_l,tr),

ki( y(t)) is constant for every i€T. Let us look, what happens, when t pas-
ses through the value tr.

R . +
If C“(l_) is the vertex contained in Pn(tr)’ then for t< tr cu(r)"n(t)
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and fn(t) intersects the edges connecting Ca(r) with the ([(n-1)/2)+1)-1e-
vel, for t> tr %(r)‘ ?n(t)- and pn(t) intersects the edges connecting
Cm(r) with the ([(n-1)/2)-1)-th level. Hence for any two values T, 'tz €

s (tr-l’trd) such that T <t < T, all the eddes which do not contain
c&)(r) are intersected by @n( 1’,1) if and only if they are intersected by
Pn( 'cz). The edges which contain C‘.’(r) are intersected by Pn( 1:1) if and
only if they are not intersected by Son( ':2). Thus passing from 7, to 1.'2,
some of the values ki(p(t)), i€ T increase, the other decrease by 1. But
n & «(r), hence the n-edge goes from Cm(r) to the ([(n+1)/2]+1)-th level and
kn(sbn(t)) decreases for each re 71. By induction w.r.t. r we can show that
for each

t c(tr_l ,

Kn(@ n(t)=minfk; (@ (1))]ieTi} k(@ (1)).

tr), r‘si,

Thus, k( ?n(t)) drops by 1, whenever t passes through any of the values tr’
r eVl. The same happens with d(;o n(t)), as we have seen above. For t= -1
(48) d(sb n(1‘.))=k({-1|.](t)),

hence, the equation (48) is true for any te[-1,0] different from the values
(43).

Now, it remains to show that our assumptions, concerning the coeffici-
ents an,i’ ieT, are consistent, but it is easy and is left to the reader.

In order to get a better insight into the relation between d(@) and
k(‘o ), we shall investigate another type of hyperplanes in R".

Lemma 6. There exist (n,O,Z(g;z) )-hyperplanes for every even positive
integer n. The equation of such a hyperplane 2 is

(49) y?‘-‘m x;+2x_=0.

Proof. Let n be even. The case n=2 is trivial, hence we can assume that
nZ4. The equations

X.= -2, x_=1
sdw=m T
"vc%‘-'! X{=2, Xg°1

define two (n-2)-dimensional hyperplanes ®, s resp. %, which intersect
’

C?'l (cf. (2)). (See Fig. B.) We can shift ®, 5 in the di’rection of the n-
’
edges. In this way we obtain the (n-2)-dimensional hyperplane ”’n 2» the equ-
{ }

resp.

ations of “n,z being
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*®, ] and "n,z are contained in ae, see (49). The strip between ‘en,l’

and e, in CT']' contains all the vertices of the (n/2-1)-th and the n/2-th
’

level of C ~.
ains the whole j-th levels of c" for 0&j&n/2-1 plus all the vertices of

n-1
Let us calculate d(zen). One of the half-spaces of R w.r.t. ¢, cont-
the n/2-th level which are in C:"l, i.e., the n/2-th level of C':' . Thus

d(se, )= I:}:'_z:(-l)j ( ';) -1V ( g;%) |=

n-1

(GO (n/z-l) H-DY2 (27” I
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But
( n/2- l) (:-/.%
hence

(50) d( ¢ )=0.

Let us calculate k(x ). According to the calculations in the proof of
Lemma 4, ‘&n 1 intersects (n/2) edges of every of the first n-1 types in

C';'l,hence

(s1) ky oty )= (T2 tor 167
Similarly
2 koot )=k (ot )= (772 5) =( yp) tor 16T,

But all the i-edges for ie -1 are contained either in C" 1 or in (I"’1
-1
,nC) e, 1, 2,0 CT sy . Hence,

ki("n)*i("n,l)’ki( atn'z) for ien-1
and (51), (52) imply that

(53) k(o )=2(72) for ieF .
It remains to calculate kn( cn). An n-edge is intersected by €, if

and only if one of its end-points is between g )1 and ®, 1n C" 1, i.e.,
if it belongs either to the n/2-th_or to the (n/2—l) th level of C" -1 Hence

(58) ‘ kn(e)= (:;2-1) (n-l) 2 ( ) =(:/2)'
Because

( n/Z) 2 ( n/2)
we get from (53) and (548)

k(“n)=2(27§ .
This equation together with (50) implies the lemma.

Theorem 4. There exist (n,0,k)-hyperplanes for every even positive inte-
ger n and for every even integer k such that

0ék &2 ("‘2
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Proof. The first n-1 coefficients in (49) can be subjected to an arbit-
~

rary sufficiently small change. The resulting hyperplane %, will have all
the properties of o€ - Let

2 85y ", 1754270

(55) b, j-11 < & for all ien1

where

and &> 0 is sufficiently small, be the equation of % .

All pairs of vertices C“l’ Cazc Cr:'l define finitely many directions and
the pairs G, , G € "1 define just e same directions. The vectors of all

4
these directions have the last coordinate equal to 0, hence we can choose bn i
’

satisfying (55) so that none of the hyperplanes Qn(t)
(56) &5:1 b, ;X;+tx =0, te(2,+003)

n,i"i

is parallel to any of these directions. Thus (56) cannot be satisfied for any
t by the coordinates of two or more vertices in C7 L, resp. C"L. 0n the ot-
her hand, if the coordinates of Cg, satisfy (56), then the coordinates of the
opposite vertex CrT—o satisfy it, too. So for some values

(57) t1<t2<t3(...<tv

(p is a suitable integer) in the interval {2,+e ), the hyperplane g (t)
contains just two opposite vertices in C", for all other values of t&[2,+e),
there is no vertex of C” in % (1),

If t increases from 2 to +@0 , then in the values (57) always one of the
vertices of C" passes through 2, (t) from the plus into the minus half-space
w.r.t. ¢n(t), the opposite vertex passes simultaneously from the minus into
the plus half-space, because e (t) always contains the centre 0 of C" and
opposite vertices must be contained in opposite half-spaces. But n is even,
hence the indices of Cg and Cz  , are the same for every wCcT and
d(gn(t)) remains unchanged, when t passes through some of the values (57).
Thus

d(ae, ())=d( %(2))=d(§“)=d(g“)=0
according to Lemma 6 for all t€[2,+e0 ) different from the values (57).

In order to be able to control the values k;, we will make an additional
assumption concerning the coefficients bn,i' nanely

(58) B 1713 ;n ]bn’i-ll .

Let us recall that ﬁninmmmmmuc“mmmm-
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sected by 9, *, intersects C':'I in “n,l and *n,l intersects C:"l be-
tween the n/2-th and the (n/2+1)-th level. Cg, is in the (n/2+1)-th level of
CE'I if and only if card @=n/2+1 and n § @ .Such a Cgis connected with the
n/2-th level by an (n-1)-edge if and only if n-1 &< and it is in zen(t) for

t= :.2“__‘ b,,iX; according to (56). But for such a Cy,

'45;1%,1"1: EL ("n,i‘l)"ﬂém"f

T T, DX (V2024 - T (b -Dxsy ) -1s34&
& Z Ibn’i-1|+bn’n_l—l+3<3

according to (58). )

On the other hand, if C,, is in the (n/2+1)-th level of 02'1 and it is
not connected with the n/2-th level by an (n-1)-edge, then it is in acn(t) for
a value t>3.

As in the proof of Theorem 2 one can show that if Ce is connected by an
(n-1)-edge with the n/2-th level and it passes with the growing t through
0 (1), then k; ( % (1)) for every i 6T either increases or decreases. but

kn_l(cn(t)) always decreases. If we take into account that together with Cey
the opposite vertex Cﬁ-_ w Passes through nn(t) too, we see that ki( seh(t))
for every i €T either increases or decreases by 2 and kn_l(zcn(t)) always
decreases by 2.

Let t increase from 2 to 3. We have seen that all the values of (57)
which are contained in [2, 31, correspond to such pairs of vertices and vice-
versa. Hence kn_l(ln(t)) drops by 2 in every such value tg- For t=2

ko1 (%, 20)=2( 173)

and is minimal among all the values ki(un(Z)). W.r.t. the above written facts
one can easily see that it remains minimal for all the values te€[2,3) except
the values (57), for which ki("n(t)) is not defined. Hence,

ko-1(0e (£))=k(ee (1))
and we need to show that k(un(t)) really reaches the value 0 for t=3. It fol-

lows from the fact that there are in C" (2;% vertices C , such that n ¢ w
n-l1 e @ and card & =n/2+1.

An attentive reader may object that among the values (57) which corres-
pond to the vertices of the (n/2+1)-th level, there could be mixed some values
which correspond to other vertices of 'C". But an even more attentive reader
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may have noticed that the values ts which correspond to the vertices in the
(n/2+1)-th level, are all contained in a small neighbourhood of the value
3, if & in (55) is sufficiently small. It follows from the calculations in
(59) and from (55). Similarly one can show that the values ts which corresp-
omd to the vertices in (n/2+2)-th level, are close to 5, the values of the
(n/2+3)-th level are close to 7, etc.

The proof of the consistency of our assumptions about bn, i is left to the
reader.

" Theorem 4 and Lemma 1 imply the existence of the (n,0,k)-hyperplanes for
every odd integer n23 and every even integer k such that

n-3
0k &2 (72 /5) -
Hence we have

Theorem 5. There exist (n,0,k)-hyperplanes for every n&N, n2 2 and ev-
ery even integer k such that

ot (7).

Remark 6. The (4,0,2)-hyperplane in Example 6 of Section 2 is obvious-
ly a special case of (49), hence Lemma 6 generalizes this example. The exist-
ence of (4,3,3)-hyperplanes, which is stated in Section 2, follows from Lemma
5 as well. The existence of all the other hyperplanes with n &4, which is as-
serted in Section 2, follows from Theorem 3 and Theorem 5. But in Section 2
we also assert that no other hyperplanes for n €4 exist. 0f course, this is
not true for a general n. )

Remark 7. If n is even, then

n-1\ _n-1 _,fn-1
([(n-l)/ *n2 2(n/Z :

so the values of k in Lemma 5 and Lemma 6 are relatively very near for large
n.

Remark 8. According to Stirling formula

0 (nsS72a)~ 7 Ve
and for n even
(61) 2 (2}§)~2"‘1 Tn T,

too.
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Saction 4. Concluding remerks. It is not hard to prove the following
results:

Lomme 7. Let S R"—>R" be any operator with jumping nonlinearity.
Thentoralmtevmf‘l!"(inttesemofﬁnen—dimiml Lebesgue meas-
ure)

k(S‘&p,f)éf.
Proof can be found in [3]}.

Theorem 6. tet S R'—> R be any operator with jumping nonlinearity.
Then k(S )6 7" and (s, )&2™), if it is defined.
Proof can be done in the spirit of the proof of Lemma 7, and will be pu-
blished elsewhere.
Now the main results of this srticle can be summarized in
Thearem 7. For any operator with jumping nonlinearity S, #:R“—» R" and
2 1 3
almost every 2;!!" )
k ¢ »
(S, oo D 467"

1
k(S,, P)‘z"‘
and
1
&Sy, o) &2,
whenever d(Sa.P) is defined. On the other hand, for every positive integer n
and every positive integer d such that

n-1
0644 (f(n—l)/?))
there exists Sy P:!l"—a-ll" such that
3
»e
d(SM) S, . J=d.
Also, for every positive integer n22 and every even integer k such that
06k 42 (2{‘,535’3) ,
there exists an operator with jumping nonlinearity such that
i d(Sa.‘.)=0,
nevertheless
k(S‘.F )=k.

The asymptotics in (60) and (61) implies that the last theorem cannot be
substantially improved. One can alsc prove that for any existing (n,d,k)-
' - 732 -



hyperplane the inequality
k‘( n-1
n-1)/2)
holds. This result was published in [41.
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