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ON THE REFLECTIVE HULL PROBLEM
Michel HEBERT

Abstract: It is well-known that if a subcategory of a sufficiently nice
category R has a cowell-powered epireflective hull, then it has a reflec-
tive hull in A .A recent paper of R.E. Hoffmann shows that this amounts,to
characterize cowell-powered reflective subcategories in A . We improve
this result by dealing with a more general class of subcategories. The ex-
tension is shown to be particularly relevant in the category of topological
spaces through a connection with the work of J.M. Harvey.
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Let % be a subcategory (always assumed to be full and isomorphism-clos-
ed) of a well-complete (i.e. well-powered and complete) and cowell-powered
category A . The following facts are well-known (see [ 21,03],147):

(1) Any subcategory of A has an epireflective hull.

(2) A subcategory @ of A with Bgd < B (where B is the epireflec-
tive hull of B in A ) is reflective in A if and only if it is epireflecti-
ve in B.

(3) &’ is well-complete.

From this it follows that

(4) 1If Iis cowell-powered, then J has a reflective hull in A.

This condition on & obviously calls for an improvement: it is too
unstable (it depends too heavily on B itself) and it is suspected to be rat-
her strong (for an example of an epireflective subcategory of ﬂ"ofu , the ca-
tegory of topological spaces which is not cowell-powered, see [2]). The
first result of this paper gives a refinement of (1). This leads to a corres-
ponding improvement of (4). The fact that this is a significant improvement
is shown through a connection with a recent paper of J.M. Harvey ([1]). Note
that J. Adémek and J. Rosicky have found two reflective subcategories of a
well and cowell-complete category having their intersection not reflective,
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and hence having no reflective hull (see [5)).

First, we need a "local" version of cowsll-poweredness. If B is a sub-
category of € , we say that ¢ is B -cowell-powered if any object of ¢ is
the domain of a representative set of epimorphisms with codomains in B. De-
note by Es(B) (respectively P(B)) the subcategory of € having as objects
the extremal subobjects (resp. the products) of those in 3. The "local
form" of (1) says that if € is an Es(P(3))-cowell-powered well-complete
category, then B has an epireflective hull (which has Es(P(B)) as its class
of objects). We improve this result by removing the "P" part:

Thearem. Let I3 be a subcategory of a well-complete category €. If
€ is Es(% )-cowell-powsred, then J has an epireflective hull (which has
has Es(P(8)) as its class of objects).

Proof. Remark that 9 is an (Epi, Extremal mono) category (see [3]).
Any epireflective subcategory of < being closed for products and extremal
subobjects, we have only to show that Es(P($)) is epireflective.

For an object c of €€ , consider a representative set

{f.r:c-bdrlrtr'!of the epimarphisms from c to an object of Es(®),
and o
£ f‘f>z"¢l" ek:c —»d --bf'El;' dr

the (Epi, Extremal mono)-factorization of the induced morphism from c to the
product ;;'Pd.r . We prove that k is the required reflection morphism.

Let h:c =+ c” be a mopphism with ¢’ in Es(P(£)) and hoh, ic =dc"—pc
its (Epi, Extremal mono)-factorization. c" being also in Es(P(A), there ex-

ist a set D and an extremal mono m:c" —+°1"T» by with each by in ® ., For

each d'¢ 0, let tsyic" —cy —>»by be the (Epi, Extremsl mono)-factori-
zation of Rym, where Py’ 18 the canonical projection d’:.r]’bf""bd" Each
"hl' being an epi with codomain in Es(R ), can be identified (via an iso-
morphism) ul'th f ) for some F )& . )

Then p’(d,). < !')'.. r =n;h1 (where ptg.) is the canonical projection
'Il'. dr—-bd'g)wd.). k being an epi and m an extremal mono, the equality

Ktge p",(:}."“-okﬂthl induces a unique A:d —bc" such that Ak=h and
LEEIC N p.:(,}‘.‘n)v e. Because k is epi, hzl is unique such that
hza k=h,
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Corollary. Let 33 be a subcategory of a well-complete cowell-powered
category A such that 3 (the epireflective hull of B ) 15 B -cowell-power-
ed. Then 3 is cowell-powered and

a) B 1is closed for products and extremal subobjects in % it and only
if 3 is reflective in A . In this casc % is cowell-powered.

b) If 43 is the intersection of reflective subcategories of A , then
it is reflective in A and B is cowell-powered.
c) If B is Es(J3)-cowell-powered, then P has a reflective hull.

Proof. The inclusion of B in I3 preserves epimorphisms (see [4] for
example), from which it follows that B is cowell-powered.

a) (qmms) This follows easily from the facts that B is a (Epi, Extre-
mal mono) category and B is epireflective in 5.

(wedp) In Theorem 1, take € =3B . Then the equalities Es(B)=B =
=Es(P(B)) imply the epireflectivity of 73 in B , and hence the reflecti-
vity of B in A . The cowell-poweredness of B follows from [4).

b) Let & By with each B, reflective in A . Then B e B tor

each ¢« " | and this, with the fact that they are both reflective in A,
implies that an extremal mono of 5 is an extremal moro of !2’ for each
ye Tl . 3,’ being closed for the extremal subobjects in a’. s we conclude
that & is closed for the extremal subobjects of 35 . As it is claarly clo-
sed for products, we have the result by part a).

c) This follows from the theorem and points (2) and (3) above. )

To make the connection with the terminology and results of [1]1, we
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must recall some of its definitions: given a subcategory 43 of A , we will
say that a morphism £:Y—»Y in Ris -generating and that B is f-generated
if for any r,s:Y=3 Z in R with Z in £ and such that rf=sf, we have r=s; a
B-generating morphism with co-domain in B is a B-epi; A is cowell-power-
ing (in A ) if each object in A is the domain of a representative set of
R-epis; 130 (respectively 331) is the maximal (full) subcategory of #& which
is f-generated for any R-epi (resp. 3 -generating) f. The following facts
are obvious or follow immediately from the remarks at the beginning of [1]:

i) R is closed under extremal subobjects in I3 if and only if it is
closed under extremal subobjects in ﬂBl (resp. JBO).

ii) B is cowell-powering subcategory of + if and only if 7§ (resp.

3B,,8)) is B-cowell-powered.

With this in mind, we immediately obtain the proposition 1, the corolla-
ry and the proposition 3 of [1] respectively from parts a), b) and c) of our
corollary.

There are certain advantages in considering 3 , because it is Es(P(B))
(in well-complete cowell-powered categories), but it is the relative insensi-
tivity of JBO and J!l to changes in J3 , pointed out by Harvey through seve-
ral examples in 331» , that shows that the weakening of the condition " i is
cowell-powered” to " I3 is Es(RB )-cowell-powered" is a significant one.
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