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ted mappings). All generic cases are discussed.
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1. Introduction. Let U and Y be Banach spaces. We consider an operator
F:Ux Rlx I'Rk——-»Y. In a bifurcation context, the variable x of F=F(x) is a
triple x=(u, A, o) where u is the state variable, A is a control parameter
and < is the parameter of an imperfection.

A point x0=(u°, ﬂo,oco) is called the singular point of F if

(1.1) F(x0)=0
(1.2) dim Ker Fu(x0)=m21

where F  is the partial Fréchet derivative of F (at xo) w.r.t. the variable
u, and Ker Fu(xo) is the kernel of Fu(xo):U—>Y.

We assume Fu(xo):U—;Y to be Fredholm operator with index zero and
FeC%®(X,Y) where X is a neighbourhood of Xg-

The singular point x, satisfying (1.1), (1.2) is not isolated in general.
There is an idea to seek for "the most singular" point Xo which is locally a-
vailable. Such a point is called an organizing centre of the operator F. In
fact, the knowledge of an organizing centre makes it possible to describe
(at least qualitatively) the solution sets

Se = 1(u, A):F(u, A,e6)=0, (u, A) close to (uo,ao)}

for all parameters o¢ close to oLy
The organizing centre could be linked with a simple root of an auxili-
ary operator J which is defined by means of F and its partial derivatives.
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It is used to call such an operator 7 the inflated mapping of F.

The classification of organizing centres is developed in terms of singu-
larities of the germs of smooth mappings g: iR > IR xR — Rm, see [1]. It
is assumed that g is the operator of a b1furcat10n equation to the problem
(1.1). In [2], we have suggested a very simple idea to transform the defin-
ing conditions for a particular singularity of g into defining conditions of
the relevant organizing centre x, (i.e. into a definition of F).

In this paper, we demonstrate the idea assuming that the particular sin-
gularity of the bifurcation eguation has codimension less than or equal to
two. This condition means a restriction on the complexity of the structure
which is simulated by the equation F(u, A, «)=0.

2. Reduction to a bifurcation equation. Let us recall basic ideas of
Liapunov-Schmidt reduction of the equation (1.1).

First, we choose a linear bounded operator L:U— R , fulfilling the
following property: If veKer F (x ) and Lv=0 then v=0. Then we define a pro-
Jection

TT:U—Ker F (x )

satisfying the following implication: If u&U then Tlu=veKer F (x ) and Lv=
=Lu. Let TT° be the complement of TT , i.e. TIC=I-TT (I is the identlty u—
—> U). We set W=TI°(U), i.e. w-{veU :Lv=0%.

Let 'R(Fu(xo)) be the range of Fu(xo); the range is closed. There exists
a bounded projection

Q:Y —R(F (x ).
Let Q° be its complement. Then we can split Y so that
Y=R(F,(x,)) @ 2°(Y)

where both components are closed and dim Q°(Y)=dim Ker F (x )=m.
For each reY there exists a unique z €U such that F (x )z=Qr, Lz=0. By
setting F (xo)r =z, a linear bounded operator

(2.1) Fu(XO)lY—»H

is defined. Note that F:(xo) is an infinite dimensional analogue of the pre-
scribed range/null space generalized inverse, see [6].

The condition (1.1) is reduced to a so called bifurcation equation, see
the coming (2.3): Assuming (v, 4, ec)eKer F (x )xR x IRk, we define wel
to be the solution to

(2.2) QF (w+v, A ,0¢)=0, Lw=0 (i.e. weW)-
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The Implicit Function Theorem yields
w=w(v, &, k), weC®(V,u)

where Ve Ker F (x ) > R;x R, and Wc W are neighbourhoods of (TTug, A4, uco)
and TTcuo respectively.
Define U= (u, A ,00):(TTu, A, ) ¢ ¥, TIC e W . It can be concluded
that
F(u,A,x)=0, (u,A,x) el

if and only if

(2.3) g(v,A,x)=0, (v, A,x) eV
where
(2.4) g(v, A, o00)=0F (v4wlv, A, 00), A ,c0).

Since both Ker F(x,) and Q%(Y) can be identified with Rm, g could be
understood as a germ of a C® -mapping '
9:Rp= Ry< R — R

centred at (vo, ao,oco), where v°=TTu0.

3. Classification by codimension. Let us define a germ h=h(v,A) of
C“°-mapping

h:Rmx R1—>Rm

centred at (vg, A,) such that h(v,A)=g(v, A, ec;). Thus, g=g(v, A,ec) is a
k-parameter unfolding of the germ h. The unfolding parameter o is assumed
to be close to <, -

We recall the concept of codimension (notation: codim) of the germ h.
We refer to [1], p. 121, for the rigorous definition. Roughly speaking, codim
equals the least number of the unfolding parameters which could describe all
qualitatively substantial perturbations of h.

Codimension is related to the singular point (vo, 9\0) and the germ h
itself. Because of the link between h and g, we relate the same codimension
to the singular point (Vo’ 9\0,0‘0) of g.

Let us assume codim £ 2. As shown in [1], Theorem 2.1, p. 400, this im-
plies

a) m=l, i.e. h: \Rlx R1—>R1 (nomenclature of the case: "bifurca-
tion from a simple eigenvalue")

b) there are just six classes of singularities (Vo""o) of h: R2—> Rl
having codim & 2, namely
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Table 1: Classification of singularities (codim &£2)

Case No nomenclature codim
(i) limit point 0
(ii) simple bifurcation or an isola centre 1
(iii) hyteresis point 1
(iv) pitchfork 2
) quartic fold 2
(vi) asymmetric cusp 2

Each of the singularities listed above has to satisfy a set of defining
. conditions and some nondegeneracy conditions, see [1], Table 2.3, p. 198.
These conditions can be viewed as definitions of (vo, ao) and, because of the

link between h and g, definitions of (Vgs Ag o) in particular cases (i) -
(vi):

Table 2: Defining conditions G(vo, Ags oc0)=0 for singularities of

codim £ 2
Case No operator G: Rlx Ry x R — Rp L
(i) G a(g,gv) 2
(i1) G =(g,g,,0,) ?
(iii) 6 =(g,0,,9,,) 3
(iv) 6 =(g,9,,0,,9,,) 4
W) 6 =(g,0,,9,,,8,,,) 4
(vi) G = (g,gv,ga,det ng) 4

where
029= ( Oyv19ya >
9va:9aa

Table 3: Nondegemracy_cmditions for singularities of codim £ 2

Case No nondegeneracy conditions at (Vo' Aqs oco)
(i) g,,*0, gy #0

(ii) g,,*0, det D%g+0

(iii) Oyyy*0, 0,0

(iv) Oyw¥0, g,,%0

W) ngv+0, ga* 0

(vi) gvv¢0, d—:; g(v0+bt, )\o+t, do)skﬂ at t=0

where b= “ya /9,y
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We resume that each particular singularity (vo, ao,cco) is a root of some

operator
G: TRlx IRlx IRk—, Rl .

One can check that if k=codim then £=k+2; for, compare £ and codim of Table
2 and Table 1.

Our aim is to have G regular at (vo’ A o’ c(b) in order to determine
(vo, 9\0 oco) locally uniquely. To this end, we shall assume g to be a universal
unfolding of h (for o¢ being close to oco). We refer to [1), p. 121, for the
exact definition. The following remarks can elucidate the definition slightly:

a) k=codim

b) the solutions (v,4 ) to the equation

h(v, A)+ a small perturbation (v,A )=0

are "gualitatively the same" (in the sense of the so called contact equivalen-
ce) as the solutions (v, ) to the equation g(v, A ,occ)=0 for an o beirg close
to C note that only those (v, A)’s are considered which are close enough to
(Vg Ag)-

Proposition 1. Let g be a universal unfolding of h. Let us assume k&2
(i.e., m=1 and the singularity (vo, J\o) is classified by one of the cases (i)
- (vi) in Table 1). Then the appropriate mapping

G: Rlx Rlx Rk—>ﬂ\

see Table 2, is regular at (vo, g oco), i.e. the singular point (Vo’ Ay cco)
is defined locally uniquely as a simple root of G=0.

Proof. We are to prove that the Jacobian of G at (Vu’ "‘o' °°o) does not
vanish.

In [1], Table 3.2, p. 204, there are listed the necessary and sufficient
algebraic conditions upon (vo, A o’ oco) for o to be the parameter of a univer-
sal unfolding g of h, provided that the singularity (Vo’ Ao) of h is classifi-
ed by one of the cases (i) - (vi). (The authors of [1) call it "the recogniti-
on problem for universal unfoldings".) What we have to do is very simple: For
each of the particular cases (i) - (vi), one has to interpret the adequate
condition in [1], p. 204, as the nondegeneracy condition for the Jacobian of
the mapping G.

For the sake of brevity, we shall treat only the case (vi). i.e., the a-
symmetric cusp, which seems to be the most troublesome: According to the quo-
ted result of [13, the germ g=g(v,A,e) is a universal unfolding of h if
and only if the 3x3 matrix (mind that « e 'RZ)
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! (gv,gw,gw
9 Syer Ot /
is nonsingular at (vo, 20, oco).
The gradient of G at (vu, 9«0, uco) is the following 4x4 matrix:

gV ’ ga ’ gw
9yv ’ 9y 2 * Ovee
N= gVa ) gaa ’ g;\"
2 2 2
(det D g), ., (detD @), , (detD 9),

Let us remind that gv=97« =0, see Table 2. Moreover, since det ng=0 and
QW#O, we have

bg,\*9,3 =0
bg,5*9y =0
where b= 9,2 /gw; it is understood that g and its partial derivatives are
evaluated at (Vo' Ags c(.o).
Multiply the first column of N by b and add it to the second column which

results in the vector (0,0,0,(det 029)3\ +b(det ng)v)T. It can be easily veri-
fied that the last component of this vector is Just

3
g, 4 <
w v glvy*bt, A +t,ec ) at t=0. Thus,

&
det N=g " 9lvg*bt, A+t, o )|y g det M

which implies (see Table 3, (vi)) that det N<0.
It proves the regularity of G in the case (vi). The remaining cases can
be treated similarly.

Remark 1. If gw*o then- the condition (vi) of Table 2 can be formulated
as follows:

(3.1) G(vo,ao,eco,b)=0, belRl
for some b c-.lRl, where

(}-2) 6= (gagv9ga,bgvv+gva9bgva+gaa )‘

Thus, both the condition (vi) of Table 3 and the validity of (3.1) are
equivalent to (vi) of Table 2 and Table 3. Moreover, if the assumptions of
Proposition 1 hold then the above mapping G: Rlx Rlx |R2>< R1—> Rsis regu-
lar at (vD,J\D, o«,sb), where b= 'Qv.'A/gvv at (vo,.ao,eco).
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Remark 2. So far in this Section we have assumed g: lRmx Rlx le — Rm
since we have identified both Ker Fu(xo) and Q°(Y) with Rm, see Section 2.
Naturally, all the conditions of Table 2 and Table 3 and Remark 1 can be for-
mulated in terms of the original variable v eKer Fu(xo) of the mapping g:
Ker F (x)) = R x R —> Q°(YV):

Since m=1, we choose a fixed 7 e Fu(xo), m %0, and replace

9= 9,y 9y = 9y s Gyyit gvv"’-2
(let us write 9, 112 instead of gwnn); g and its partials depend on
(v, 4,o¢). Then the operators G of Table 2 act as follows: G=G(v, A,cc),
G:Ker Fu(xo) lelx le—>[Qc(Y)]l . Similar changes should be done in Remark 1.

4. Inflated mappings corresponding to singularities of codim €2. 1In
this Section we are going to reformulate the defining conditions of Table 2 in

terms of F and its partial derivatives. The idea of such a reformulation has
already been mentioned in [2].

Convention. Any notion connected with a singular point (vo, Ao’ oto) of
g in Section 3 is naturally transferred to the relevant singular point
(uu, AD, oco) of F.

We assume those singular points x°=(u0,.7\0, aco) of F which have codim £ 2,
see the above Convention. Recall that codim £ 2 implies m=1, i.e. L:U—> Rl
(see Section 2). Thus, by definition, Xq has to satisfy

(4.1) F(x°)=0
and
(4.2) 3 ve U:F (x Iv=0, Lv+0.

We recall W={veU:Lv=0}. If a point qer, L'rZO*O is given then Condi-
tion (4.2) is equivalent to
(4.3) 3nqe "‘Fu("o)"lfFu("o)’lo’“
(namely, V=14 )

Note that (4.1) and (4.3) imply
(4.4) g=gMm =0, M=7;+7,
at (Vo’ ?‘o’ eco).

Proposition 2. A singular point x°=(uo, 7\0, aco) of codim < 2 satisfies
the defining conditions (3.1) if and only if there exist beRl, niew, i=1,2,

3,4, such that (uo. ao""'o’b"’ll”'lz"'l}"’la) is a root of an operator
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FiUx Ryx Rox R x[W)t—s [v]?
which is defined as follows: Let No€ u, LQD#O be given. Then
(‘-S) g(ua 'a» &,C, ?11 §21 ?39 64)=
F
Fu € 1+Fu "o
= Fu€ 2*fa
Fug 3+(eFuuv+Fuu €2+Fua)v . .
Fu€arcFy, § 2+Fu2)V+Fuu€ 2+2Fu1\§2+ A
where v:= f 1t Mo the values of F, Fu, Fj\, Fuu are understood to be evaluated
at (u, A,c0).

The remaining components b,nl, "12, 113,11 4 of the root have the follow-
ing interpretations:

(4.6) b= - g—"'ﬂz
)
(4.7) M)+ M€ Ker Fu(xo), L('q1+ 7)) #0
(4.8) M=%y
(4.9) 7 5=Cow,, . 49 )7
(8.10) N 4=DW My 5

where m= 111+‘vlo; the operator w and its partial derivatives are evaluated at
(Tl'uo, 9\0, cco).

Proof. Let xo=(u°,.7\°, oco) be a singular point of codim £2. Then (4.1),
(4.3) and (4.4) hold. Note that (4.1) and (4.3) represent two conditions that
a root of 7, see (4.5), must fulfil.

Let us fix me Ker Fu(xo) setting m = M+ M- The differentiation of
(2.2) at (TTuo, .7\0, eco) by A and v respectively gives

(4.11) ﬂl'.Fu«a *FJ\] =0, Lw, =0
(4.12) QLF,-(L+w )] 7 =0, Lw m =0.
Since F 1 =0 then (4.12) implies
(4.13) w1 =0.
Taking into account (4.13), further differentiation of (2.2) yields
2_ 2_
(4.18) QLFuu+FuuW]ol =0, Lw, =0
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(4.15) QLF, Wy +F g +F W, 23120, Lw ,7 =0

(4.16) Q[Fuuwg +2F Wy +Frq +F M2e1 =0, Lwy, =0.
Similarly, differentiating (2.4) and using (4.13),

(4.17) . gy =0°LF w, +F,]

(4.18) g, n 2=0°IF  +F i, In 2

(4.19) 9,241 =0TF Wy +Fua +Fy2 1M

(4.20) Oy =Q°TF W2 +2F Wty +F g0

By virtue of (4.11) and (4.17), the condition g, =0 is equivalent to the
following one:

(a.21) 37y e W:F m,4Fy =0 .

with the interpretation (4.8).
The last two conditions of (3.1) read (see Remark 2) as

(4.22) (bgw'n +9v3\)"l =0

(4.23) bgvan\fgaa:ﬂ.

It is simple to conclude from (4.14) - (4.20) that (4.22) and (4.23) res-
pectively are equivalent to the following conditions

(4.28) I mzeW:F nyr(bF n+F N+ )M =0
and
(4.25) 3 "4 W:Fu n6+b(Fuu "124":u3\)1l +Fuun§+2FuanZ+fM =0.

The interpretation of both my and m, is clearly that of (4.9) and (4.10).
Note thdt (4.1),(4.3),(4.21), (4.24),(4.25) mean that (uo,Ao, gDy M 1s
MNpr N3» 7[‘) is a root of ¥ , see (4.5). The equivalence of (3.1) and the
mentioned conditions were checked throughout.
The proof is completed.

Let us review the inflated mappings for the remaining cases (i) - (v) of
Table 2. We shall omit the proofs because they are similar to that of Proposi-
tion 2.

Proposition 3. A singular point x°=(u0, Ao, aco) of codim £ 2 satisfies
the defining conditions (i) of Table 2 if and only if there exists 'Qlei
such that (uo’ao""o’ '711) is a root of an operator
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3:Ux Rlx kaﬂ—blle
which is defined as follows: Let NoS u, qu#o be given. Then

F
4.26)  F, A&, §) -

Fug 1+Fu Mo

where F and F, are evaluated at (u, A,cc). The component ", is interpreted as
(4.7).

‘ Proposition 4. A singular point xo=(u°, .7\0,050) of codim £ 2 satisfies
the defining conditions (ii) and (iii) of Table 2 respectively if and only if
there exist N1 €W, 7, €W such that (uo, Ags s > '722) is a root of an ope-
rator

B:UxR xR, x[W1%—s [v]?

which is defined as follows: Let o€ U, L'qO-\-O be given. Then, for the cases
(ii) and (iii) respectively,

F
(4.27) Flu, A,e0, §1,F)) = Fu §1+Fu"lo\
Fug2+FA /
and
F
4.28)  F(u,A,e, £, §,) - Fu £1%Fu,
Fu€2+':uuv2

where v:= §1+ 710; F, Fu’ FA’ Fuu are evaluated at (u, A,o). In both cases
(ii) and (iii), the component M, 1is interpreted as (4.7). The component N,
means

(8.29) Ny -
and
(4.30) Ny mE e,

for the cases (ii) and (iii) respectively; the derivatives of w are evaluated
at (Tl'uo, Ao,oco).

Proposition 5. A singular pointxo:(uo,.?to,oco) of codim £ 2 satisfies
the defining conditions (iv) and (v) of Table 2 respectively if and only if
there exist n;6 W, i=1,2,3 such that (uo""\o"""o”ll"'lrn}) is a root of an
operator
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FUxR xR, < W—> [v1*

where ¥ is defined as follows: Let 'qoeu, L’lo“H) be given. Then, for the
cases (iv) and (v) respectively,

F
Fu gIJ'FU Mo

Fu €2+FA 3
Fu EB*Fuuv

’

‘3D T A« §, 8, Fy)

and
F

F +F

(4.32) F (u, A, e, §1,§2,€}) - u§1 ung ,
Fu gZ*Fuuv . 2

Fu §3+(3Fuu §2+Fuuuv v

where v:= §1+ nO;F,Fu,fA ’Fuu’Fuuu are evaluated at (u, A,oc). In both cases

(iv) and (v), the component M, is interpreted via (4.7). The component M,
means (4.29) and (4.30) respectively. The interpretation of M3 is as follows:

(4.33) Ny 2, m=men,
and

(4.34) nf"vvvn}’ n=n*+ 1,
respectively.

A numerical application of Propositions 2 - 5 can follow the next recom-
mendation: Guess the kind of a singularity X, of codim €2 which is to be
found, then choose the corresponding mapping & and find its root. To this
end it is vital to know that the root is simple (for Newton method to be ap-
plicable), i.e. that the gradient DF of ¥ , being evaluated in the root, is
continuously invertible, i.e. the mapping ¥ is regular in the root.

Theorem 1. The inflated mappings ¥ given by (4.5),(4.26),(4.27),(4.28),
(4.31) and (4.32) respectively are regular at a root (uo, ’\o’do’ plus the
relevant auxiliary variables) if and only if the corresponding mappings G (see
(3.2) and the cases (i) - (v) of Table 2, respectively) are regular at
(TTuo, Ay oco),

Proof. We have already proved the above statement for the case (ii),
see [2], Proposition 2. The remaining cases can be treated in the same way.
Namely, the inverse to DF can be constructed explicitly by means of the in-
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verse to DG. Since it involves just straightforward calculations, we bklieve,
we could omit it here.

Remark 3. Both Proposition 1 and Theorem 1 provide sufficient conditi-
ons for a root of ¥ to be simple.

5. Roots of inflated mappings. Suppose x -(u s g ) to be a singula-
rity of codim £2. Let (uo, A 0*%g? plus the auxxhary vanables) be the rele-

vant root of the inflated mapping % . The aim of this Section is to show
that the auxiliary components of the root provide a useful piece of informa-
tion concerning the bifurcation diagram of the equation F(u, &, ) 0, i.e.
the solution set

(5.1) S={(u,A)eU=R :F(u A, )=0}-

Namely, a parametric description of S in a neighbourhood of (u AO) can be
obtained.

We recall the notion of bifurcation equation (2.3). Since dim Ker F (x )=
=1, choose m eKer F (x ), m #% 0, and substitute v:= v ot v -Tl'cu A:=

=A@, o =ec into (2.3) for t and me Rl’ assuming that |t| and ||
are small enough. It is natural to set m: =M+, See Propositions 2 - 5.

We have to specify Q¢ » see Section 1. It could be defined as follows:
Let <-,-.> be the pairing of Y and its dual Y*. Denote F*(x ) the adjoint
operator to F (x ). Scale ¥ € Ker F’"(u ) such that <7, "l"> =1l. If yeY
then define

Qcy= (y’nif)‘rl o

The means of identification of both Ker F (x ) and Q°(Y) with R are

obvious now. It is natural to define h: R xR —» Rl such that
h(t, w)=<glv +tn, A +u, €., MX>.
Clearly, the solution set Y to the equation

(5.2) h(t, @)=0

is locally isomorphic with the solution set S, (5.1). The isomorphism is rep-
resented by the following formulas:

(5.3) u=Tlu +tn +w(TTu vty Agt s 06)
(5.4) A= At &

for t, weR,, |t| and || small enough.
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The point is that some terms of Taylor expansion
2
c t 2
(5.5) w(TTu0+t‘q » Ag* p«,gco)zﬂ U rtw m + @y + W1

2
+t6“"ﬂ"l + %— Wjy + higher order terms (h.o.t.)

are given by components of the root to 4 . Here and in the sequel, the opera-
tors w and g and their partials are understood to- be evaluated at
(TTuO, 9\0, oCD). The operator F and its partials are evaluated at (uo' )\o,c(.o).

We shall demonstrate the idea on an example only: Suppose that X5 is a
point of a pitchfork bifurcation. Thus, due to our definition in Section 3,
the conditions (iv) of both Table 2 and Table 3 hold. They are equivalent to
the assumption
(5.6) h(t, w=at’+bwtec @+ h.o.t.

where a-b#0, 0
1 3 A L.
(5.7) a= <0,y M7 ¥, b=y My M* ), 0= 5<8y,, 7%

Qualitative analysis (see e.g. [1], Proposition 9.2, p. 95) yields that
the solution set ¥ to (5.6) consists (locally) of two smooth branches ?fl=
= 4(t,m):t=t(w), || small} and 9’2= {(t, w): w=m(t), |t| small? where
both functions t(w) and @(t) are smooth, t(0)= w(0)=0. Substituting the
functions t=t(w) and a= w(t) respectively into (5.2), one obtains the follo-
wing expansions:

(5.9) ()= - 2 20t

The local isomorphism (5.3), (5.4) implies that S consists (locally) of
two smooth branches Sl’ 52; the branch 5i being isomorphic with ‘J"i. Applying
Proposition 5 (namely the interpretations od’ MNy» Mos *13) to (5.5), and tak-
ing into account (4.13), one can read (5.3) as follows:

2
(5.10) UsU N+ @+ 3 7 5400t @+0( )+ h.o.t.
1

Formulas (5.10), (5.4) and the éxpansions (5.8), (5.9) are ready to supp-
ly a local approximation to branches 51 and Sz. Of course, the approximation
relies upon the constants a, b, c.(see (5.6)) we have not fixed yet.

Let us note at this place that the constants a, b, c participate in the
gradient DG which is connected with the gradient D'F of the inflated mapping
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F . Since the gradient D is evaluated in the course of Newton iterations,
the constants a, b, c (namely, their approximations) are cheeply available as
a by-product. Thus the following calculations could be economised.

By definition, see (2.4), and taking (4.13) into account,

3 e 2
gVVVn =Q (FUUUn +}FUU"l va) n
-nC
(5.11) 8,37 =Q (FuJ\ +Fuda I
Baa 0 (Faq +F, W5 +2F 5 )

Again, both "vv"l and w, are to be replaced by n3 and "22 respectively.
Resuming (5.7) and (5.11),

=1 3
{ % <Fuuun +3Fuunn3’ ’l*)
(5.12) 1 b= (Fu2n+Fuunn2,n“>
I 2
c= 3<Faa M2t 2 angs nxr .
We just proved

Proposition 6. Suppose x0=(u°, }\0, c{o) to be a point of a pitchfork bi-
furcation; let (”o’ }‘o’do’ M0 Mp» n3) be the relevant root of the mapping
%, see (4.31). Then the solution set S, see (5.1), consists (locally) of two
smooth branches Sl and Sz:

S)= 4 Cuy A)zu=uu ~( g-rl-'q_z)(um(‘wz), A=A +u, for we Ry || sma11t
and
52= {(u, A):u=u0+tn-( %.-7)2- %'q})tzm(t}), A= 9\0- % t2+0(t3), for

te lRl, |t| small}

where mM="M+7M, and the constants a, b, c are given by (5.12).

Solution sets S for the remaining singularities of codim & 2 can be ap-
proximated similarly following the above example, see [7).

Remark 4. As we have already hinted, the gradient DF provides the lea-
ding terms of the equation (5.2) which contributes to a description of the
solution set S. Let us note that DF is a source of much more complex infor-
mation. For example, one can approximate transition sets (see [1], Chapter
III) of the bifurcation problem F(u, A, x)=0 or one can (qualitatively) des-
cribe all the solution sets Sy =4 (U, A):F(u, A, ¢ )=0% for o being close to
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og» etc. We shall discuss it elsewhere (we refer to [7] for a preliminary
version of the mentioned results).

(1)
[2)
[3)

)

(5]

(6]
(7
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