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LIMIT BEHAVIOUR OF TRAJECTORIES INVOLVING
SUBGRADIENTS OF CONVEX FUNCTIONS

Jan PELANT, Svatopluk POLJAK, Daniel TURZIK

Abstract: We investigate trajectories { yi}‘;l of mappings h=fe g such

that y; ,=fa(y;, ... _q,;) where aZ 1, £:R™— R" is cyclically monotone and
g is one of the following

AT
(a) 9=g(yt,...,yt_q+1)=k§4 AY4 k.1 Where qZ1 and Ak—q+1'Ak (the transpo-

sed matrix) for k=1,...,Q.
(b) g=g(y,) where g is cyclically monotone (for g=1).

We show that there is an integer r such that

(%) :1im ly. -y.]| =0 provided the trajectory is bounded.
(Nane“li‘,' Qt 14Tr=d+1 in case (a) and r=1 in case (b).
The paper is motivated by the study of cellular automata.
Key words: Convex function, subgradient, trajectory.

Classification: 94C10, 33A70, 26B25

We investigate trajectories {y{f:l of mappings h=fg such that Yial®
=tg(yi,...,yi_q+1), where qZ 1, £:R"— R™ is cyclically monotone and g is
some other mapping. We give some partial answers when there is some r for
which

.,',l.ima,“yia»r’yi“ =0

The considered question arises in the study of cellular automata (cf.
[31), used e.g. for modeling of neural networks ([1],[5)) or social influen-
ce ([2],08],[111). For better understanding we will use the following inter-
pretation.

Consider a group of p members. The opinions of members are represented
by vectors from R™. The members change their opinions simultaneously in dis-
crete steps according to mutual influences. The new opinion yi +1 of the i-th
member at time t+1 depends on q previous opinions of other members so that
yi*ffigi(yt, o "yt-g+1) where yt=(y‘1t, o .,y‘:) is a concatenation of opinions

of all members, gi is an influence mapping, and fl is an evaluation mapping
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for i=1,...,p. (One may object that considering the transition mapping as a
composition of two mappings is superfluous. But this can be natural from the
point of view of some application, and moreover, it enables us to study the
behaviour of the group according to properties of ti and gi.) Now, if we put
f=(f1,...,fp) and g=(gl,...,gp), we get the problem formulated in the begin-
ning of the section. Answering this gquestion, we describe the "limit" opinion
of the group.

We assume that the evaluation mapping f is always cyclically monotone.
Let us remark that if all f' are cyclically monotone then f is as well.With
respect to the influence mapping g we consider two particular cases.

A
4 = -
a) g-g(yt,...,yt_qd)—kg" Akyt-k+1 where g2 1 and
Ak-q+1=AII (the transposed matrix) for k=1,...,q;

(b) g=g(y,) where g is cyclically monotone (for g=1).

We show there is an integer r such that
(x) 4.l_’i‘m‘9 ly; +pYj !l =0 provided the trajectory is bounded.
Namely, it is r=g+l in case (a) and r=1 in case (b).

In particular, if h=fA then r=2 for A symmetric and r=1 for A positive
definite matrix. Presented results generalize [3],[4],[61,(7],[8] where f of

finite range (i.e. a system with a finite number of states) was considered.
In this case, (k) means the existence of a period on the trajectory of fA.

1. Some facts on cyclically monotone mappings. The following definiti-

ons and results are due to Rockafellar [10] . Let M be a subset of m-dimensi-
onal Euclidean space R". A multivalued mapping F:M — exp R" is cyclically
monotone (abbreviated as c.m.) on M if

¥n 2 T ,xn4€ M Vy e F(x)),...,y e Flx):
20 320

where [ n+1)=1 and [i+1]=i+l for i< n. If there is a unique value y¢ F(x) for
every x, we put £(x)=y and we say that f is c.m. if F is.

A c.m. mapping F is maximal if there is no c.m. mapping G#F satisfying
G(x)2F(x) for all xeR".

A real function u:M—> R is a potential of F on M if

(1) u(z)-u(x)Z(z-x)y for each z,x&M and ye F(x).

It was proved by Rockafellar [101 that

(i) F is c.m. on M if and only if F has some potential on M;
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(ii) F is maximal on R™ if and only if F has a unique potential.
For a potential u of F define

U(z)=sup fu(x)+(z-x)y: xeM and y €F(2)}%.

It follows from (1) that
(a) U is a convex function with finite values on convex closure of M;
(b) T(x)=u(x) for x ¢M;
(c) F(x) is a subset of subgradients of U at x.

It was observed in [7] that the statement (i) remains true if the noti-
on of a c.m. mapping is defined with respect to an arbitrary binary operation
instead of the scalar product.

2. Limit behaviour of trajectories. In this section we give some results
concerning the limit behaviour of bounded trajectories of discrete influgnce
models.

A sequence {yi}°i’=1 of points of R™ is called bounded if there is a K= 0
such that Il yjl£K for every i (by lyl we denote a norm of y). We adopt the
following notation. If r, s, r< s are fixed integers then Lil is an imteger

satisfying [il=i mod(s-r) and r«[il< s for every integer i.

®
Lemma 1. Let D‘i}i:l

continuous c.m. mapping. Assume that for every e > 0 there exists an infini-
te set S of integers such that

be a bounded sequence in R™ and £:R"—> R" be a

A-1
(2) 0+« i,;m f(xi)(xi-x[i+1])< ¢ for every r,s€S, r<s-1.

Then i 1_)12 WE(x;)-£(x; N =0.

Proof. Let u:R™—> R be a convex function such that the gradient Vu=f.
Choose an € > 0, and let S be an infinite set given by the assumptions of the
lemma. Then the following holds for every i> r=min S.

(3) u(xi+1)-u(xi)£ (xi+1—xi)f(xi)+ €.

(If not, take s¢S, s>i. Summing the inequalities
u(x (11 )-u(xj)z(x[j+n—xj)f(xj)
for j=r,...,s-1, j4i, and the inequality

ulxg 1 )-ulx;) > (xg 3 -%)E(x; )+ ©

i+l
we get a contradiction with (2).)

Inequality (3) says that f(xi) is an g-subgradient of u at x; ;. (For
the definition of €-subradient see [10].) The lemma follows from the follow-
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ing claim.

Claim. Let McR™ be a compact set. Them for each o> 0 there is e¢> 0
such that the following holds for every xeM.
If v is an €-subgradient of u at x, then Uf(x)-vli<d .

Proof of Claim. Choose J'> 0. For every xeM define ¢@(x) and F(x) by
¢(x)=inf 4e » 0: there is an e -subgradient 6 of u at x such that
6 -2(x)I>Jd'Y, and F(x)=inf §1im inf{(vn)}: v} converges to x}.
F is clearly lower semicontinuous and it is easy to see that F(x)> 0 for all
X< M. Hence the compactness of M applies. O

Lemma 2. Let -i.yi}?=1 be a bounded sequence in R™ and q be a positive
integer. Then for every o”> 0 there exists an infinite set S of integers sa-
tisfying:

(i) llyr_j-ys_j||<d' for every r,seS, j=0,...,q,

(i1) r=s mod(g+1) for every r,seS.

Proof. Let McR™ be a compact set containing all y, and denote by M®
the cartesian product of countably many copies of M. Define a mapping
s:M®— M* which assigns s(z)= -izz,z},...} to every sequence z= {21,22 B
(the shift to the left). Put t%= Lyt and denote tP*ls(tP), p1,2,. 0. .
By the compactness of M* there is an accumulation point TeM® of the sequ-
ence “1}(’120‘ Consider the following basic neighbourhood

U=z eM: Iz, < 92 for i=1,2,...,q3

of T. The set S= -(n:tne U% is infinite and satisfies (i). Clearly there is
an infinite set S'c S satisfying also (ii). O

Theorem 1. Let q>1 be an integer and Al""’Aq be square matrices of
order m such that A'I=AQ_k+1 for k=1,...,q. Let £:R"—>R" be a continuous c.m.
mapping and let &yil"i‘;l be a bounded sequence such that

yi ]-f('£4 Akyi K ]) for iz q.
T | - =0.
hen _lilﬂ ly‘ 1+1 le 0

Proof. Let K be an upper bound of Iyil . Denote a'i(j the (i,j)-th entry
of A and put qux{a'i(j: i,3=1,...,m, k=1,...,q%. Choose an & > 0. Put

&' =(2n?K(q%+q)) L. Let S be an infinite set which exists by Lemma 2 for the
given sequence {yil‘i‘;l, g, and d’ . Let r and s, < s-1, be arbitrary elem-
ents of S. Put Xq= .E:' Aky].__k,'1 for iz q. Let us define the expressions W
and V by
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»-1
W= = (f(xi)'f(x[i-q-ll Dxy

and ot

[
V=iF o (O Vei-gP 34 MY ke
We have W>0 as f is c.m., and it is easy to check that V=0 as AII=Aq-k+l'
If we substitute yi+1=f(xi) and x;= kgd AYi k41 into W, we get

-1

4,
W= Zn 1Y -g-1341) 124 AYike1):

Let us compute the difference W-V. It is a sum of the following four terms.
-2

» 9
(ys'yr)&.% Adskt iZn Wi 14 Aika1Viike))*

-1
gy 42 AVrigr1 i 154 iog) o AW e Vi)
t3re+q

The first and the third terms can be estimated each by d' msz(. The second
and the fourth terms each by d* qzsz(. As V=0, we get 0 £W=W-V< & . As s-r
is divisible by g+1, it is s-r=t(q+1) for some t> 0. We can write

0<% (£0x)-20x gy o1y 0%
o t-1
* 370 & 0 T %ui@r1)+ ) T ra(i-1)(ge1)431) Xeei(qei)ey < & *
As f is c.m., it holds

t-1

0.2, (£(x S)-f(x

r+i(g+l)+j [r+(i-1)(g+1)+3) ))xr+i(q+1)+j <®

for each j=0,...,q. Hence we can apply Lemma 1 to each sequence
{xi(q+1)+js?=1’ j=0,...,q, and the statement follows. [

Theorem 2. Let G:R"—s exp R™ be a c.m. multivalued mapping, f:R"—s R"
be a continuous c.m. mapping, and {yi}"i“=1 be a bounded sequence such that for
each i yi+1=f(xi) for some x, e G(yi). Then 1.'_l’ion‘g‘ Hyi-yi_lll =0.

Proof. Let {xii‘::l be the sequence of points defined in the theorem. As
{yil’;:l is bounded, {xi} is bounded as well. (Subgradients on a compact sub-
set are bounded.)

Let K be such that \lxiléK for all i. Let x be an accumulation point of {xii.
Choose ¢ z 0 and define S= {i: llyi-f(x)l< &% . Lletr and s, r<s-1, be ar-
bitrary elements of S. Define the expressions W and V as follows.

o1

W= ;g" (f(xi)'f(xli_u ))Xi
and p

v- K, 5 Ypia1%
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As f and G are c.m., both W and V are nonnegative, and hence
OéW£W+V=(yr-ys_1)(xr-xs)< be k.

We apply Lemma 1 to the seguence -[xi}"i’=l and the statement follows. O

Theorem 3. Let {yi}ﬁl be a bounded sequence, A be a positive definite
matrix of order m, and F:R" > exp R be a c.m. multivalued mapping, such that
the sequence satisfies Yi+1€ F(Ayi) for every i. Then{ iw \|yi-yi_1h =0.

Proof. Let K be such that |\yi|\i-K for all i. Choose an € > 0. As the
sequence {yi} is bounded, there exists an infinite set S such that
|(ys-yr)Av| < ¢ holds for every s,re S and every vector v with fvil<2K. Let
r and s, r<s-1, be arbitrary elements of S. Define the expressions W and V
by

W= ‘if y: ., (Ay. -Ay )

4T 7141V L41)

and
A

-1 1 2= 4
i F Ve W A= 7 Z, Oy DAY [y yy)2 0
The first equality holds as A is symmetric, V is nonnegative as A is positive
definite. As F is c.m., we have W>0. For the sum V+W we get the inequality
N LV < - .
0£V<£ V+W-(ys yr)A(ys_1 yr)< [
This gives

rA
35 Ve YA gy Yy )< 28

and the statement immediately follows. [

3. Connections to finite models. Theorems 1, 2 and 3 have a common pat-

tern: under some assumptions on the sequence {yi}"i"zl there is some r such

that lim Ny, -y Il =0. It follows that accumulation points of any of sequ-
i3 itr’Tr

ences {yir 4(}";:1 form a connected closed set in R". This connected set dege-
nerates to one-point set provided that the corresponding discrete influence
model has a finite number of states. This finite case was solved in [73. In
this section we show:

(a) how the results of the present paper generalize the results for fi-
nite models; .

(b) an example of a strongly cyclically monotonous mapping for which
the sequence {yuj ‘;1 is not convergent.

We say that a mapping £:R"— R" is strongly cyclically monotone if it
is cyclically monotone and
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f(x1)=...=f(xn) whenever

1‘;%4 (xg-x 547 )8 (x;)=0.

Mappings with this property were used in [6] and [7] for describing pe-
riods of systems with a finite number of states. (The period of a sequence
{yi} is the least positive integer r such that Yi4p=Yj for all i greater than
some no.) These results are covered by the theorems of Section 2 as the fol-
lowing holds.

Theorem 4. Let M be a finite subset of Rm, and £:M — R" be a mapping.
Then f can be extended to some continuous c.m. mapping T:R"— R" if and only
if f is strongly c.m.

Proof. The "only if part" follows from the following observations.

(i) To each convex function u:R"— R there is some strongly c.m..map-
ping g:R"'—-) R™ such that g(x) is a subgradient of u of x for each x.

(ii) If g:R"— R™ is a continuous c.m. mapping, then g is maximal.

Proof of (i). Take some good ordering < of R™ and define g(x)=min_‘,{y:
y is a subgradient of u at x¥.

Proof of (ii). It is easy to see that (ii) holds for m=1. When m>1, we
can use the following reduction. Let G:R™—s>- exp R™ be a c.m. multivalued
mapping. For each i=1,...,m and each x=(x1,...,xm)e R™ let us define a multi-
valued mapping G’i(:R — exp R by G’i((t)= {z: z is the i-th component of some
yEG(XI""'xi—l't'xi+1""'xm)}' Then the mappings G’i‘ are c.m.

Now, if ¥ is a continuous c.m. mapping, then it is maximal by (ii), and
thus T coincides with the strongly c.m. mapping g given by (i) (for the po-
tential u of T).

The "if part". We show that there is a potential u* of f satisfying

(8)  u¥O)-u*(y)=(x-y)f(y) iff £(x)=£(y).

For a potential u of f define a number N(u)=|{ (x,y) :u(x)-uly)=(x-y)£(y)
and f(x)+ f(y)jl. Clearly (4) is equivalent to N(u*)=0. Let u be a potential
with N(u) minimal. Define a digraph G with the set of vertices M and with
the directed edges (x,y) e E(G) if u(x)-u(y)=(x-y)f(y). Consider a partition
of G into components of strong connectivity. If N(u)>0 then there exist some
edges between distinct components. Let S be a component for which there is
some edge from S to M-S but no edge from M-S to S. Put € =min { u(y)-u(x)-
-(x-y)f(x): xeS, yeM-S}. According to the choice of S we have ¢ > 0. Defi-
ne a potential u’by

)= < u(x)+% ¢ for xeS,

u(x) for xeM-S.
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Obviously, it holds N(u')< N(u) which contradicts the choice of u. Thus, let
u* be a potential satisfying (4). Define G:R"—> R by

T(x)=max {u*(y)+(x-y)f(y):ye M}t
(i.e. U is a maximum of a finite number of linear functions). Clearly, U is a
convex function on R™, and G(x)=u¥(x) for each x&M. It follows from (4) that
for each xe M there is a neighbourhood Ux in which U is linear. It holds that
there is a differentiable convex function u such that u(y)=U(y) for ye U,
x&M, and u(y)2T(y) for all yeR™.

Let M be a finite subset of R" and f:R™—> M be strongly c.m. . Then we
get the following corollaries.

Corollary 2. Let Al,...,Aq be square matrices of order m such that AJT=
=AQ’3+1 for j=1,...,q. Then the period of the sequence {yi}‘iil where Yisl®

=f(%;£; Ajyi-j+1) for iz q and Y1o--¥q arbitrary, is a divisor of g+1. U

Corollary 2. Let G:M—> exp R™ be a c.m. multivalued mapping. Then the

sequence {yi}‘i{;l where yi+1=f(xi) for some x; & G(yi), is eventually constagt.

An important case of Corollary 1 is when g=1 and A is a symmetric matrix
(the period is then 1 or 2); moreover, if A is positive definite then the pe-
riod is 1 by Corollary 2.

Remark 1. We give an example of a c.m. mapping f for which the trajec-
tory
w
(s) atapifs,
where f1+1(A1)=f(fi(A1)), is not convergent (A1 is the starting point of the
trajectory).
We will construct f on adiscrete subset of R2 only. Let us define An=

=(xn’yn)' n=1,2,..., where xn=1/(2"‘1), ¥,=0 for n=4k+2 or 4k+3, and yo=1 ot-
herwise. Put t =A  ,-A  and choose integers Pr> 23 Iltn“z. Set C(n,j)=A ¥
+ g— t for 3=0,...,p-1, n=1,2,... . Then the mapping f defined by

n

f(C(n,j))=An+ L (i.e. =C(n+1,0) for j=p_-1 and =C(n,j+1) for j<p_-1)
Py N n n

is strongly c.m. and the set of accumulation points of the trajectory (5) is
the set {(0,y):0<y £1%.
For the proof it is sufficient to check that a function u defined by

u(C(n, )= 1 ncen, 02 T 2 3 2
’ = 7 )J * A= ti /(2pi)+Jl|tn|I2/(ZDn)

is a potential of f. We omit the proo:é



Remark 2. The following construction of some strongly c.m. mappings
was given in [6].

Let g;,...,g, be nondecreasing real functions such that 9,002 gp(x) 2
Z ...zg,(x) for all xcR. We define f(xl,...,xm)=(y1,...,ym) so that every
yi=gj(xi) for some j, and every gj is applied to one component. The rule is
that 9, acts on the greatest X5 G acts on the greatest component but one,
etc. Ties are solved so that yiz yj provided X=X and i<j.

Mappings constructed as above are often used as "social welfare functi-
ons" (see e.g. L9]).

Remark 3. The problem of extensions of cyclically monotone mappings re-
lated to Theorem 4 is further studied in [121.

Remark 4. The results in the present paper can be extended to the infi-
nite dimensional domain.
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