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Abstract: Special properties of I-density points, topolo-
gles !TI and I-approximately continuous functions are investiga-

ted on reals, where I is a proper 6 -ideal of sets.
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This paper is a refinement of a paper [2] in which we have
introduced the notion of I-density point and proved that it lepds
in & natural way to an interesting topology on the real line.

We have found also bagic properties of real functions which
are continuous with respect to this topology. Here we present so-
me special properties of I-density point, topology g I and I-ap-
proximately continuous functions.

Let (X,S) be a measurable space and let ICS be a proper 6 -
ideal of sets. We shall say that some property holds I-almost e-
verywhere (in abbr. I-a.e.) if end only if the set of points
which do not have this property belongs to I. We shall say thst_
the sequence ff § .. of S-measurable real functions defined on X
converges with respect to I to some S-measurable real function f

defined on X 1f end only if every subsequence {f } . of it} o

contains a subsequence {f which converges to £ I-a.e. We
3]

"m.: p
I
shall use the denotation fn 30 £.
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Now let X = R (the real line), let S be a & -algebra of Le-
besgue measurable sets and m-a Lebesgue linear measure. A point
0 is & denmsity point of a set AeS if and only if }‘120_._[(21:)'1.
em (An[=h,h])] = 1, Observe that this condition is fulfilled
if and only 4f Jm [(27'm).m (An[= g, §) = 1. The last i
mit can be described in terms of convergence in meassure in the
following way: O is a density point of A 1f and only if the se-
quence % (1, 2)n[-1 ’13}“3 of characteristic functions (where
neA ={nxixc A}) converges in meagure to 1 on the interval
[=1,1], This faot is the basis for the following definition, whe-
re X =R, 8 18 a 6 -algebra of subsets of R invariant with resp-
ect to linear transformations and Ic8 is a & -ideal, which is

also invariant with respect to linear transformations.

Definition 1. We shell say that O is an I-density point of
8 set AcS if and only 1f K (p p)niet 1] BB

We ghall say that x, is an I-density point of AeS if and on-
1y 1f O is an I-density point of A - x = ix - x1xeAl. We ghall
say that X, is an I-dispersion point of A&S if and only if x, is
an I-density point of R - A, Observe that O is an I-dispersion
point of A 1f and omly if X, (p.4)nl-1,1] ESW O

Similarly one can define right- and left-hand I-density
points. We can take some interval [-a,a), a>0, instead of [-1,1],

In the sequel we shall consider only sets having the Baire
property as the 6 -algebra S end for I we shall always teke the

family of meager sets. Under these assumptions we have:

Lemma 1. If A is an open set and the sequences 'un‘nen and
-Un! ney have the following properties: i >0, J, >0 for each néN,
Ha 4y =0, Ma dmw, Ma, Pet et
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'x‘(in'A)n[-‘l 1 w3 0 I~ a.e., then also
'L(Jn.‘)n[_1.1] mo I - a.e,
Proof. Suppose that %(1n-A)nL-1 ,1) ;—_;—; 0 I- a.e. Then

the set of all xe(-1,1], for which the sequence

“’“‘n Aal=1,1 (x)} ney %8 not converge to zero, belongs to I.
The last set 1s equal to [-1,11n 1im sup (1,+4), =0 we have

0

[-1,11] nﬁz\‘ x\,'-)m. (1k *A)e I, Since the last set is of type G, and
meager, it must be nowhere dense. We shall prove that

© o0
[=1,11 n”O‘ adm (i 4) is aleo nowhere dense. Let [a,blc [-1,1]
~ {01 be an arbitrary non-degenerate interval, Por convenience
suppose that a> 0 (in the ‘case b<0 the proof is analogous). It
follows that there exists & non-degenerate interval Lc,d)c [a,bl]

o0 ]
such that [e,a1n ) L) (1, - A) = f. So for every xelo,dal the-
re exists & natural number n(x) such that for every natural number
kZn(x) we have x § 1, * A, Let E, =ixelc,d)jn(x)€n . The sequ~
a0

ence un‘nd of sets is increasing and MK=J1 En = [c,d]. Hence the-
re exists & number n ¢ N and non-degenerate interval [e,f]c [o,d]

such that Bno is dense in (e,f]. Then for every k2 n, we have
(Enon (e, £1)N (L - A) = @, m0 (Enon le,21)n (1 - 4) = @ (1% fol-
lows immediately from the feot that i, * A is open). But
W.—ﬂ = [e,£] 80 at last we have [°’ﬂ".‘§2°(1k"‘) = $.Take

€ >0Opuch that g = (1 + £ ) e<(1 =€ )£ a h, Lotnoz.‘nob.
such a number that for n>N_ we have (1 - "“11<1n< (1 + G)in

(-]

(such X does exist since moo 1) Observe that for each
nZ ¥, and for arbitrary ye A we have iry<eor i+ y>2f. Hence
for mz N, and for yc A we have jn.y<(1 + e)-:lmy<(1 +e)re =
= g, when L v y<e or J . y>(1 -¢)- 1,°y>(1 -¢)- £ = h, when
1¥>2. 80 [gbInJ - A = @ for nZK_ end [g,h] 0'354 [SJYERIIE
= g - 555 -
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From the above reasoning it follows that for every interval
[a,blc[-1,1]1 - £0} there exists & non-degenerate interval
[g,h] C [a,b) such that [g,h) A 1lim sup (Jp+4) =8 80

lkn sup (Jno A) is nowhere dmnmmd obviously belongs to I. So
we obtained that %(Jn'ﬁ)'\[-"aﬂ m3> 0 I-a.e. which ends
the proof of the lemma,

Corollary 1. A point x,is an I-density point of the set
Be&S if end only if for every increasing sequence itn} neN of po-
gitive real numbers tending to infinity there exists a subsequ-

ence {tn}l mey Such that 'x'(tz\;(n'xo))“[“ A1 ! I-a.e,

Theorem 1., There exists an open set E -M'L?,‘ (a.n,bn) where
ibn‘ncn tends decreasingly to zero, &  ,<b <& for each nc¥
such that O is an I-dispersion point of E.

Proof. Observe that from the definition it follows immedi-
ately that O is an I-dispersion point of some set EcS if and
only if for every increasing sequence {n“} meN of natural numbers
there exists a subsequence {%}’ pey Such that x(“mpx)" 1,152

1-:'—“-} 0 1I-a.e. So we ought to construct a set E fulfilling the
above desoribed condition. In virtue of the fact that E will, con-
sist only of positive numbers we shall consider the characteris-
tic function in the interval [0,1] instead of [-1,1].

Let (ay,by)c (0,1), 8,> 0 be an arbitrary interval, There
exists exactly one natural number q; such that (q84,q4d) N
n00,11 % ¢ end ((qy + 1)-8;, (g4 + 1)¢b;)n10,1] = . Choose
B, & (0,1) such that (qy + 1):b,<2™'. Let &, = § b, and q, be &
natural number such that (qy8;,9,b,)n (0,114 @ and

((gp + 1).85, (g5 + 1):5,)n [0,1] = @, There is exactly uvqe such
' - 556 - s



e

Suppose that we had already chosen 8y, b:l. and Q for i =
= 1,2,..0,ke We choose 8410 Dyyq 80d Qeyqe Let bk+1 €(0,1) de
such a number that (q  + 1) ¢ bk+1<2"'k. Put &, 4 = Tk:_:;" by, =d
1ot qyyq be such that (qu,q*8,qs Gy *Biyq) 10,1 %4,

(Cagyq + Meapyqy (qgeq + 1)-8,4) A 10,1) = 4,

So by the induction we have defimed &, b, and q, for each
natur:l n, Observe that the sequence {qn‘nell is inoreasing. Put
E= nk—.J4 (a,sb,). We shall prove that E is the required set. .

We shall start from proving that for every natureal number

I
——» 0, Let 1 be a fixed natural number, From
"’(n.g)nrz'i,ﬂ ™y 6o o

the construction it follows that for n>q; the set (n-E) n
-1 o
nl2 ©°,1] either is empty, or consists of one interval
““o
(n. 8(n)? B° bi(n))" [2 9,1] where i(n)>1, and i(n) Py LD

Prom the fact that & = FET bk it follows that the length of the
above mentioned interval (which may be open or half closed) temds
to zero, when n tends to infinity., Let {n} neN be an increasing
sequence of natural numb:{s. If for infinitely many natural num-
bers the set (%- E)nl2 ©,1] 1s empty, then we can choose the
subsequence -i%g peN for which %(nml-’E)nm'io.ﬂ tends to zero

everywhere. In the opposite case we have a sequence

-1 where m_ is a suitably chosen number of
W(nh.n)ntz °,11}“"‘o ° Y v

characteristic functions of intervals with lengths tending to ze-
ro, Choose & subsequence {n } <y to sssure that the left-hand
p P

-1
ends of those intervals are convergent to a number x,€ [2 °,1].

Then we can see that x(nm-k)niz-i".ﬂ tends to zero everywhere

P
except, perhaps, the point X, In both cases we have convergence

-1
I-a.e. on the interval [2 ©,1],
- 557 =



Now we shall prove that O is I-dispersing point of E. Let
{nm"nel be an increasing sequence of natural numbers. Let

{nﬁ”&na be & subsequence for which convergence holds I-a.e. on
(2~ 11, {nﬁz)} neN — & subsequence of {né”l mey Which is good for

{272,1] and eo on. Por the diagonal subsequence {xép)l pex WO ob-
tain convergence I-a.e. on [0,1]. This ends the proof.

From the above theorem it follows that the notion of an I~
density point is rather delicate and different from the notion of
a residnal point,

Let $(A) = ix3 x is an I-density point of A} for AeS. It
is obvious that @ (A)e S for AeS and 1t is known that the ope-
ration ® is so called "lower density" and that 0"1 ={d(A) - N
A€ S, eIl 1is a topology (see [21).

Now we shall oocupy ourselves with some properties of topolo-
& 1. In the sequel Ty - Int A and I - C1 A shall denote the
interior and closure of the set A respectively in S'I.

It is easy to prove that

Theorem 2, Every set of the first category is J'i-isolated.

Theorem 3. The femily of sets which are J'i-Borel sets co-
incide with the family of sets having the Baire property.

Proof., If & set A is ’J’I-optn, then it has the Baire pro-
perty. Hence every set which is & J I-Borol set has the Baire pro-
perty.

Conversely, if a set A has the Baire property then A =
= (G - P,)ura where G is en open set in the natural topology amd
Py,Ppe I, Hence G - Py ¢ Ty and P, 1s T'y-closed so 4 is & Ty~

Borel set.
- 558 =



Corollary 2. Every set which is a TI-Borol set is the sum
of J'i-open set and J'i-closed set.

Theorem 4. A set is TI-novhore dense if and only if it is
of the first category.

Proof. If A is & set of the first category then A is cr’I-
closed and T - Int A = § s0 A 1 Jp-nowhere dense,

Conversely, if A ¢ I then crI -ClAeS - I, go ir‘I-cl A
(G - :P1)VP2 where G is a non-empty open set in the natural topolo-
&y, Py,P € I, Obviously, #4G - Pjc Ti-Int (T7 - C1 A). Hence

A i3 not (T'I-nowhere dense.

4
Now we shall study some properties of continuous functions

from (R, :J‘I) into R equipped with the natural topology.

Definition 3. We shall sey that a function f:R—> R having
the Baire property is I-approximately continuous at x, if and on-
1y 1f for every e > O the set £~ ((£(x,) - & , 2(x)) + €))
has x, as an I-density point.

Definition 4. We shall say that a function f:R—> R is I~
approximately continuous if and only if for every interval (11 ,12)
the set £~ ((y;,7,)) belongs to Fr.

From the above definitions we obtain immediately the following

theorem.

Theorem 5. A function f:R—> R is I-approximately continu-
ous if eand only if it is I-approximeately continuous at every point.

Recall that in real analysis there are at least two frequent-
1y used definitions of (ordinary) approximete ocontimuity at point
Xyt first of them (similarly as def. 3 above) says that £ is ap-
proximately continuous at x, if and only if for every ¢ > 0 the
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set r"((!(zo) =€, 2(x)) + €)) has x, as a density point

(this set includes & neighbourhood of x, in the density topology);
the second deals with some restriction of f, namely, £ is appro-
ximately continuous at X, if end only if there exists in the den-
sity topology & neighbourhood E of x, such that £ | E is continu-
ous at x (in the natural topology relativised to E).

If we took any topology J instead of density topology, we should
obtain the "topologicel" definition and "restrictional" definiti-
on of continuity at X,. According to L1, th. 5 these conditions
for topology T invariant with respect to translations are equi-
valent if and only if the following condition (W*) 1s fulfilled
(we quote the condition in the fomulation more convenient for
our purposes): (W¥) For every descending sequence -fEn} ney Tight-
hand (left-hend) 7J°-neighbourhoods of O there exists a sequence
{hn’a negN Such that h N 0 end the set {ot um‘;‘ (Enn [hn+1 ,hn))

0
({0l u ,nk=)1 (Enn ('"hn' 'bn+1])) includes a right-hand (left-hend)
T -neighbourhood of O,

Since for any descending sequence {Eni nex of sets having 0O
es & point of right-hand density there exists a sequence
{'hni neN® BV O for which the set "g (Enn[hnﬂ »hy)) hes also 0
as & point of right-hand density, the above quoted two definiti-
ons of approximate continuity are obviously equivalent. Observe
also that the above condition can be also formulated in terms of
points of dispersion.

From the following theorem we can conclude immediately that
for 5'1 topology the "restrictional" and "topological"™ defini-
tions are not equivalent. Obviously, "restrictiomal" continuity
always implies "topological".

Theorem 6. There exists an increasing sequence {Anl -
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of sets having the Baire property such that for every natural n

0 is an I-dispersion point of A, and for any sequence h‘n}ncl
of numbers tending decreasingly to zero a point O is not an I-

dispersion point of the set A = mg,‘ (%“[hn-ﬂ shy))e

Proof. We shall use two obvious lemmas:

Lemma 2, If O is an I-dispersion point of B1 and Bz' then
0 is en I-dispersion point of B1UBZ.

Lemma 3, If O is an I-dispersion point of B, then for eve-
ry number acR O is an I-dispersion point of a«B, '

Now let E be the open set having O as an I-dispersion point,
E = ¥, (84,5;), ;N0 (see the proof of th. 1). We can (and
shall) suppose that for every natural i we have by = (11)'1,
where 11 :.ls_‘a natural number. Put A = E end for n>1 A=
= Ay q U U (2.E), Prom lenmas 2 and 3 1t follows immediate-
ly that for each n zero is an I-dispersion point of ‘n‘

Let {bh'& neN be a sequence of numbers decreasing to zero.
We shall show that O is not an I-dispersion point of A =
= 2,0, [k 4,k ). Nemely, we shall show that for such
in} .y there exists a sequence imd xey Such that for every sub-

sequence {lkpl pcx OF {mby g the sequence %4 4, (m - )} g
. P

does not converge to zero I -a.e. (obviously it suffices to con-
sider [0,1] instead of [-1,1]), because A, and A consist only of
positive numbers). Now we construct a sequence {"k‘kel‘ Let
= Jri = 11, where 1 is the smallest natural number such that
b1< h:l.' Suppose that we have defined MygeeesBye Let 4 =

- Jri = 1,, where 1 1is the smallest natural mumber such that

by<h ., end 1, > max (m, """‘k)' So we have defined by induc-’
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tion an inocreasing sequence -l'nk} keN of natural numbers.

P
- 1'[0.11n(lk-l)' Observe that for each natural k we have
P

Let {m} be a subsequence of {m 3 .. Denote £_ =
‘kp peN By’ kel

A n (0,b,) 24, N (0, ), because the sequence A} .y was incre-
asing. Hence, in virtue of the inequelity h, . m, > 1 we have
P P

(0,13 (m +A) = (0,13 A (my « (An (O, ))) 210,1]N (m -
P P P P
. (Lk A (0,1:k ))). Prom the definition of A, we conclude that
P P P

the set [0,1Jn (m_-(A_ N (O,h. ))) includes the following in-
-kP ‘kP htP

1
tervals: '( * 8 'b). ( a, 'b) ece
k1§ "kpi"'tpi th_p"kp 1"‘kp1'
....—{-—(llk cag, my by) where 1 1is & number described during
P P P

the construction of {ml kcy (obviously my + by = 1), hence the
P
set (0,11 ('t . (Ar\(().hk ))) also includes the same intervals.
P P
Since 11-, up !p(x) = 1 if and only if

xclim, sup (10,110 (“kp' ““(°'hkp)))) =

- {31 Q"’ (lo,n ('tp' (ANn(0,hy )))), and each union in the
last expression is an open set whiog is dense in [0,1] (this fact
immediately follows from the above argument), we conclude that
lim sup f’(x) =1 I-a.e, It means that the sequence

{xto,ﬂn(nk . A)}pdl does not converge I-a.e. to zero, which
P
ends the proof.

Theorem 7. A function £:R—> R has the Baire property if
and only if it is "restrictionally" I-approximately continuous

I-a.e.
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Por the proof compare the proof of the theorem 7 from [2].
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