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CONSTRUCTIBILITY AND SHIFTINGS OF VIEW
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Abstract: The axiom of constructibility in the alternati-
ve set theo (AST) 1s introduced and its basic consequences
are shown. The corresponding interpretations are interpretati- .
ons of AST + strong schema of choice in AST such that the class
FN is absolute. Using these interpretations we can strengthen
the results concerning sNiftings of the horizon (cf. [S=V 5]).
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The alternative set theory (AST) can serve as an alterna-
tive to Cantor’s set theory; it gives us a sufficiently strong
framework for a great deal of mathematics (cf. [V]). The axio-
metic system of this theory is sketched in the first section;
the symbol FN denotes the class of (standard) finite natural
numbers (see below).

An interpretation X of T  in T (T°, T being stronger than
AST) 1s called a shifting of view (of T  in T) if

T - (Vx)Cle™(x) 8 ( VE*,YX) (X ¥e* Y* = X*& YX),

If moreover T |- FN* = FN, then % 1is said to be a restriction

of view and if T |- FN* 4 FN, then x 1is said to be a shifting

of the horizon. Of course there is a trivial shifting of view

- the identity; other shiftings of view are called nontrivial -
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more formally a shifting of view )k of T in T is called nontri-
vial if T (3 X)~ Cle¥(X). Evidently, there can be shiftings of
view of T in T whioh are neither restrictions of view nor shif-
tings of the horizon (in T !). Each shifting of the horizon is -
a nontrivial shifting of view since FN is no x* -class.

The importance of shiftings of view lies even on philosophis
cal aspects. In AST we try to describe our understanding of the
real world. Sets are oconsidered as formalizations of collections
we really meet, classes are formal counterparts of our idealiza-
tions and generalizations. Thus shiftings of view describe our
different approaches to the real world (the property "to be a
set" ani membership relation being absolute) - in different ap=-
proaches we can only change the ccllection of our idealizations
and descriptions (i.e. the system of proper classes).

Collections converging to the horizon of our observation abi-
1ity (desoribing unlimited processes) are formalized in AST by
countable classes and from foxmal reasons it is sufficient to re-
strict ourselves to one countable class - the class of finite na-
tural numbers FN. Hence shiftings of view X with FNX 4 FN can
be considered as a formalization of such approaches which lead
to changes of the horizon (shiftings of the horizon).

The scheme of sxioms of the fom

(YneMN)(IX) 6 (n,X) —> (3Y)(Yn&EN) © (n,Y" {nl)

for an arbitrary formmula © 1s called the schema of choice; simi-
larly the schema of axioms of the form

(V¥x)(3X) O (x,X)— (AY)(Vx) © (x,Y" {x7})
for an arbitrary formula © is called the strong schema of choice
(cf. the amalogous definition of schema of choice in the second
order arithmetic).

Inspired with Godel ‘s constructive process - or with rami-
fied analysi s if somebody likes - we shall define for every class
Q the system of Q-constructible classes (see § 2)., Thus with eve-
ry constant Q we naturally associate an interpretation i(q).
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Por convenient classes Q we are going to show that $£(Q) im a
restriction of view of AST + strong schema of ¢hoice in AST
(ef. § 3,4),

In [8-V 5)-there were constructed shiftings of the horigzon
in the theory AST + schema of choice, There was & question whe-
ther 4t is possible to construet shiftings of the horizon in
AST itmelf. Using the results of the paper we suswer this ques-
tion affirmetively since the compositions of shiftings of the
horizon comsiructed in [3-V 5) end interpretations £.(Q) for
suitable constants Q give us shiftings of the horizon in AST 1t~
801t (mes § 5).

Let us note that uping the methods mentioned in [M~S) we
are sble to construct en interpretation of AST + strong scheme
of choice in AS?, too, (and tp demonstrate in this way the con~
sistency of AST + etrong schema of choice relatively to AST) but
80 constructed an interprefation is in no case 2 shifting of view,
hence such an interpretstion cen hardly be used in the conpide-
rations concerning the existence of shiftings of the horizon in
AST.

Aspuming the axiom of construstibility we are able to defi-
ne (by s formuls) & well-ordering of clesses {of. § 3).

At the end we shall deal with phiftings of view in genersl
setiing and we ahall see that 5(Q) 4 in eome sense the mini-
mal restriction of view of A3T in AS?, nemely if X 1ig a rest-
riction of view (with psrsmeter Q) of AST in AST, then we canpot
prove in AST simultensously

"(8) Q is & % ~cless
() there is & L (Q)~cless which is no X -class,
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§ 1. Preliminaries. At first we are going to summarize

axioms of AST; furthe'r informetions concerning the axiomatic
system of this theory can be found in [V] or in & more formel
way in [S 11, AST is a theory with the following axioms: exten~
sionality for classes, Morse s schema of classes, Set(0) &
8 Set(xvu{iy}), induction for set-formulas (i.e. for every for-
mule @ in which only set-variables and set-constants oceur,
we accept the axiom

V(g (0)& (Vx,y) (g (x) &g (7)) — @ (xviy}))) —

—(¥x) g ()],
the prolongation axiom i.e.

(VF)((Fnc(F) & dom(F) = FN)—> (3 £)(FESLXFnc(L))),
the axiom of choice in the form that the universal class V cen
be well-ordered and the exiom of cardinalities i.e. each class
can be one-one mapped into FN or onto V.

In AST we admit proper classes which are subclasses of sets -
FN is defined as the smallest possible cut of the class of natu-
ral numbers N closed under successors (see § 1 ch, II LV1); we
have N-FN =0,

A class & 1s called & well-ordering if it is a linear or-
dering such that every nonempty subclass of dom(<£) has the least
element.

A well-ordering £ "is an ordering of type L if for each
xedom(£) the segment {y;y«4 x} can be one-one mapped into FN
(is at most countable) while dom(< ) can be one-one mapped onto
V (is uncountable).

If & 1is a well-ordering then O. denotes its first ele-
ment, If & and = are two well-orderings then < + =3 is the
well-ordering
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{£<a,x?,{b,y>>; (e = 0 = b&x<y)v(a =1 = b&x3y)v
v(a = 0%b = 1&xedom(< )& ye dom( 3 ))F,
in particular, £ + 1 denotes the well-ordering < +4<0,0>%.
We use variebles < and = (sometimes with indexes) for non-
empty well-orderings.

If K,S is & pair of classes, then Do(K,S) denotes the sys-
tem of classes {X; (3qeK) X = S"fqt}. A system of classes
M 1is called codable if there is & pair K,S with M =
= De (K,S); we are going to write Dc(S) instead of De(dom(S),S)v .
viok

A formula is said to be normel if it contains no quantifi-
er binding a proper class. Metamathematical formulas are denot-
ed by symbols & ,¥ ,0O ,...; we can define formal formulas in
AST as usual (cf, [S 11) eand the class of formal formulae with-
out paremeters which are elements of FN is denoted by the symbol
FLy variables ¢ , ¥ , 4% ,... run through elements of FL.

For normal formulae which are elements of FL and all clas-
ses x,,....xn. the satisfaction relation in the model(v,e,11,...
+eesX,) can be defined (see § 3 [S 11) and we shall write
B (Xgse000X,) instead of (V,6 ,Xg,000,X)) b= A (Xy,e0.,X)).

For every ¢ € FL and every codable class %L , the symbol
q(m) denotes the formula resulting from ¢ by restriction of
all quantifiers binding class variables to elements of 27L (quan-
tifiers binding set-variables are left without change); similar-
ly for metamathematical formulae, but in this case the codabili-
ty of M is not required. Thus e.g. the symbol ((IX)(Vy) ye&
e X)'™M) genotes the formula (IX e M )(Vy) yeX.

The formula cg(m) expresses the validity of @ in the
model determined by the system of classes 2 (and all sets)

and the usual membership relation. Moreover, under the assumption
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that 7 1s codable, the formula ¢ (®) i (equivalent to)
e normal one - this is the reason why we have defined gv‘””
for ocodable Wl only.
I2 3 4is a formal theory (i.e. & suboclass of FL) and if
. 1is e ocodable system of classes then g
(Vg ¢ T) 9‘”’); similarly for metamathematiocal theories.
0. Y T aenotes the class of these elements of PL which ere for-
mal axioms of AST,
If x is an interpretation of T° in T then © is called
absolute i1ff the formule

(VI:.....IK)( e‘(x?pvoa .I:) = e (x:"ooc'x:))

means

is provable in T.

§ 2. The axiom of constructibility., In this section for

every class Q we define the system of Q-constructible oclasses;
for this purpose the suxiliary property & is useful,

The symbol @ (&£ ,5,Q) denotes the formula

dom(8) = dom(‘)&S"{O‘Q = Q x{(0,0‘>i v

uidy, <2,12,0.) yve zeVi&(Vxe (dom(&) - {0.} ))S" {xf =

m §CTqree0 s s {@ 1Qq0e009Qp)iX) ) Q€ PL&Gqo00esqy €

€ dom(8" {y3y< x}) & @ has exactly kn free variables &

g @ P T I, L iy T (8) Lagdse e rmg(8)" £051)E

At firet let us realize that the system of classes
Do(8" { y3y< x}) 1s codable and hence the symbol

q(DOCS" fry<xh) (71 poee .rk.m(s)" {Q1§ soee .rns(s)"-iqn!)
is meaningful f£or Gq,ess,q, & dom(8"{ysy< x}) and expresses the
validity of the formula

Q(T1r00e o Ties(8"ysT< )" HQ4d 4o ey (BUyay < 2D Eqyd)
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in the model determined by the system of classes Do(S"f{ysy< x3)
i.e. by the system of classes construoted up to the stage x.
The formule in question is equivalent to & normal one having
S"{ysy< x} as the only additional parameter, thus even the who-
le formula ¢ is (equivalent to) & normal formula.

Let & (£,8,Q) and @ (2,%¥,Q) and let G be an isomorph-
ism of € onto = ., Then we cen define a mapping (ﬁ',say) of
dom(rng(8)) onto dom(rng(S)) so that

TG 4agpeeery> 3 = K ,Blay) 4000l ),0(x))
and :
§0<0,0.> ) =¢0,03> & T(<<8,47,0.7 ) = {<5,17,04> -

Such & mapping is determined uniquely and moreover by induction
for every x¢ dom(& ) and every q & dom(S"{x}) we can prove the
equality (S"§{x})"{q} = (g"{u(x)i)“-('d(q)h In partioular, to
each &« and Q there is at most one S with & (<£,3,Q).

On the other hand, for every £ and Q there is S with
& (£,5,Q). This can be proved by induction using Morse s sche-
ma (the definition in question is correct since in the definiti-
on of S"{x} only the class S Myjy<x? is used).

Further we put .

oL (€,Q) =4X3(38)(P(<£,5,Q)&XeDo(rng(s)))i.

This definition is in harmony with ramified analysis because
L(% + 1,Q) is just the mystem of classes parametrically defin-
able in the model determined by £ (&,Q); if € has no last
element, then L (£,Q) = ULL (€M y;y< x},Q)yx ¢ dom(<£ )}
and furthermore

£ (440,023 ,Q) = YuiQl.
Let us note that the equality

L(&,Q) =4X3(V8)( & (&,8,Q) = XeDo(rng(s)))}
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holds because of ( V£ )(VQ)(3! 8) § (£,,Q); moreover, it
& and 2 are isomorphic, then (£ (< ,Q) =.C (3 ,Q).

Now we are able to define the system of Q-comnstructible
classes (in symbols of (Q)); to obtain this system as small as
pogsible we shall use the idea due to R. Gandy and consider the
following two cases:

(A) There is a well-ordering < such that oL (< + 1,Q)
does not contain a well-ordering of type greater or equal to < -
In this case let us fix <,888 well-ordering of the smallest
possible ordinal type having the property in question. Further
we define

L(Q) = L(£,,0.

(B) There is no well-ordering with the property described

in the case (A). In this case we put
L) = UitL(£,Q0; £ 1s a well-ordering?.

The statement

(VX) X e L£(Q)
is called the axiom of Q-constructibility and the formula

(3Q(VYX) X € L(Q)
is said to be the axiom of constructibility.

Note. We have restricted the system of classes - to a con-
stant Q we constructed the system of Q-constructible classes.
However, the original Godel ‘s purpose was to restrict the col-
lection of sets (in Godel-Bernmays set theory and so achieve the
validity of the Continuum Hypothesis, cf. L Gl). In AST we are
able to restrict the collection of sets by many ways - see e.g.
endomorphic universes [S-V 1], On the other hand we are not able
to restrict the universal class suitaebly - more precisely we
cannot ochoose sets using a set-formula so that the class of cho-
sen sets has properties analogical to the class of Godel ‘s
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constructible sets. In fact, if O (z) is a set-formula and if
the class iz, O (z)! 1s closed under the sole conveniently cho-
sen operation i.e. 1f we have (6 (x) £ O (y)) — O (xuiy})
then V ={z; ©(2z)} by the axiom of induction (and an analogue
of the class of Godel s constructible sets has to be closed un-
der xuU{y% evidently). The basis of this impossibility of the
construction of a set-theoretically definable class different
from V and closed under the operation xu{y} lies in the fact
that all sets in AST are finite from the point of view of Can-
tor s set theory (they satisfy all ZF-axioms if the axiom of in-
finity is replaced by its negation). Thus it seems to be hardly
possible to use Godel ‘s method to restriot the universal class

without essential changes.

§ 3. Some consequences of the axiom of constructibility.

In this section we introduce a formula ¥ (X,Y,Q) which repre-
sents a well-ordering of Q-constructible classes and using it
we are going to show that the strong schema of choice is a con-
sequence of the axiom of constructibility. Furthermore, we shall
gpecify what we mean by the minimality of the system of clas-
ses of (Q) and supposing the axiom of Q-constructibility we shall
see that - (32 ) 9P (L(£:Q) 4this reguit will be used
in the last section.

In AST there are well-orderings of the universal class, let
us fix one of them, say 51. To every well-ordering .é we de-
fine the well-ordering Z putting

<a,x>Z<b,y> = (x<yvix = 0. =y&(a = Ov(a40+Db &
&e <, b)) vix=y+0, & xcdom(£)& (AP ,qq500049y ¥ »
q;,....q;)(a =@ qqpeeesqy > &b =Ly .q{.....qé) (@ &3¢V
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vigay&nemv (@ sy bnenk(318n) f(Va.‘;i)(qa - qj')&
B (g1 a0, v = m1)))I).

1t ® (£,5,Q), then we have dom(rng(8)) ¢ dom(Z) and fur-
thermore 1t 18 qe (dom(Z )=dom(rng(8))) - rng(S)" L qt = 0,

We define further

Yx,Y,Q) ™ (3% )(38)(d (£,8,Q0&(Iqedon(Z)) (X =
= rng(8)" 193 & (Vq € q)(Y4erng(3)" {q°4))).

If G 18 an isomorphism of £ onto = then for the mapping
(1 defined in the last seotion we ocan prove by induotion

(Va9 ¢ dom(8)) (0, & qp Hﬁ'(qﬁg '6'(q2)),

Aocording to the second section we have

(W (X,%,Q) & ¥(Y,X,Q)=>X ay
and for every X,YeL(Q) the disjunotion

Y(x,¥,Q) v ¥(Y,X,qQ)
holds since for every such olass thers are < ,5 and Q1,4 €
e dom( £ ) with

$(£,8,Q&X = rng(8)"4 g3 & ¥ = rng(s)" £q,%.
Moreover, let us realize that the transitivity i.e,

( ¥(X,1,Q) & ¥(Y,2,Q)) ~» ¥ (x,2,Q)
is triviael,

Let us note that for each Y, the system {X3 W(X,Y,Q)} 4is
codable,

Metetneoren. To every formulas @ (2,,2,) there is & for-
mile © (24,2;) such that in AST + axiom of Q-construotibility
we can prove

(W) (Yx,0( 8 (x,1) ~> 8 (x,1))

() (YHEY 8,0~ (31 1) 8 (x,1),

Demonstration. Putting

& (20,3, 122 ©(2,,8,) K (32)(¥ (2,5,,Q) &
RO (2,2)& 2+2,)
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we get the implication (a) trivially. Let us proceed in AST +

+ (VX) X & L(Q). Assuming
$(é,5,043N(BENLYeL(%,Q

we choose q as the least element in the ordering z so that

O (X,rmg(s)" £ q3) and we obtain é(x,rng(s)"{ql) acoording to

the definition of W .

Corollary. The axiom of constructibility implies (in AST)

(a) strong schema of choioce

(b) schema of dependent choices i.e. the system of axioms
of the form

(Y29)(2325) © (2y,2;)—> (VX)(IY)(dom(Y) « PN&Y" {0} =
= X4(VnePN) © (¥" 4n},¥" {n+1}))
where © 4is an arbitrary formula,

Demonstration, If a formula O 4is given then & denotes
the formula constructed in the last Metatheorem. Let us proceed
in AST + (VX) X 6 £(Q)s

() we put ¥ ={<{y,x>4(32)( B (x,2)8ye2)}.

(b) Assuming (VZ,)(3 z,) 8 (2942;), we define for every X
the oclass Y by induction putting Y"40% = X and choosing Y" {n+1}
so that © (Y" {nk,Y" {n+1} ).

Metaleyme., If 37 is & system of oclasses containing sll
sets with AST )
we have

L(,QcMu(Is e ) d(&,3,Q).

Demonstration. According to the second section we have
[¢3s) O (€,5,Q)1") vecause of AST'®) and becsuse £ is an

T -well-ordering, too. Thus using the sbsoluteness of & (in
the interpretation determined by L ) we get (38 e 1 )d(«£,
8,Q), from which (V¥q)rng(8)"{qi & W follows.

y then for every Q and <& elements of U
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Theorem, If %! is & codable system of classes with
VuiQ it € M % QYT pan £(q)c W .

Proof. The property “to be a linear ordering" is absolute
(in the interpretation determined by %1 ) trivially; moreover,

9 contains all countable classes because this system con-
tains FN and all sets, thence even the property "to be & well-
ordering" is absolute.

If there is X e (L (Q) -~ 921 ), then there is & well-order-
ing such that no element of MM is isomorphic to it by the last
result. Let us fix a constant = as a well-ordering of the smal-
lest possible ordinal type having this property. ‘;5;, the defini-
tion of = to each x€dom( = ) there is an WL -well-ordering
isomorphic to 2 I { y3y< x3} end conversely to each 71 -well-
ordering there is xedom(= ) so that 2 M { y3y< x}% is isomor-
phic to the 771 -well-ordering in question. The well-ordering =
cannot have the last element becsuse of A YT ‘™) and thus
by the last Metalemma we obtain

XeLl(=,Q) = [(3£)(25)(P(<,5,Q)&XeDe(rng(s))I P .

Therefore every class parametrically definable in the model de-
termined by the system of classes £ (=2,Q) (i.e. every element
of £ (= + 1,Q))is parametrically definable, too, in the model
determined by Wl , hence it is an element of 29¢ because
O ST P 1s assumed, Since = & L we have £ 4 L (2+ 1,Q)
from which £(Q) €L (2,Q) & 9 follows.

We have proved, moreover, that if there is a codable system
of classes B with VU 4Q,FR} e 9 % A¥T P then
(32 ) L(Q) =L(2,Q) (i.e. case (A)). Let us note that in the
next section we shall show (for convenient constents Q’s) even
the converse implication (we have, moreover, o04q <£1(Q) in this
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case) and thus we shall be able to conclude that if there is a
codable system of classes 97! with Vu § Q,FRic M & OIVT(M),
then the system of classes o{ (Q) is the minimal one with the
mentioned property. Consequently, using the following statement,
the existence of a codeble system of-classes 70 with V v {Q.ans
S M & AYT® 4111 be excluded in AST + axiom of Q-construc-
tibility,

Theorem. If (VX) X € -L(Q), then there is no well-ordering
£ s that a,t;ff{'(‘z(::"a».

Proof. If a;:f-.’f"‘cu’a», then L£(Q) & L£(3,Q) by ;ho
last theorem and hence the system of all classes would be codab-
le - this would contradict the second theorem of § 5 ch.I LV].

Let us note that in the last results we can assume (Morse s
schema) ‘™Y ana ( Mowse's schema) ™ ingtead of ast ™) and
O,‘S'J“(m) respectively.

§ 4. The interpretation &£(Q). The system of Q-construct-
ible classes determines naturally an interpretation which will

be denoted &£ (Q); formally

164V (1) = x « £(Q) ena
x £(Q) ¢ £(Q) y£(Q) o ¢ Q) y £(Q),

In this section we are going to show - for convenient constants
Q - that the interpretation &6(Q) is a restriction of view of
AST + axiom of Q-constructibility in AST. For this purpose the
following Lemma is useful,

Lemma, If £ is an element of oL (£ ,Q) and if FN is definable
from Q then there is S ¢ L(F+£+ 1 ,Q) with & (£,5,Q).
Proof. There is S with & (<£,5,Q) by § 2 and we have to
show S 6 L'(2 +4+ 1,Q). To obtain & contradiction let us
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suppose that x is the smallest element in the ordering £ po
that
SMesz<xd ¢ L(2+ (£ M Lzyz<xd) + 1,q).

At first let us assume that x is the successor of an sle-
ment y in the well-ordering < . According to our choice of x
we have

Stizszcyd ¢ &L (2 + (& Mizyz<x}),Q)
because #* + (& ! {zy2<y}) + 1 is isomorphic to < + (£ M=y
z< x3).

Por every qc dom(S"{ y}) the class (3"{ y}) M{q yq 2 q? 1is
definable by & nomal formule with parameters q and S M{zyz<y}
(orQift y = Oz ) only, therefore this olass is an element of
the system of classes of (2 + (& Msyz<xl),Q). The class
dom(S" £ y3) 1is definable, too, using & normal formuls with pa-
rameters Q (or FL if somebody prefers) and dom(S" {832<y}) on-
1y and hence the class

SMzyz<xt = Stizye<yt o U{IS"f33 P {q3aZqls q €

€ dom(s" £ 33)3

is definable in the model determined by the system of classes
L(B+ (&t4zyz< x}),Q) and thence it is an element of
L&+ (&M zyz<xi) + 1,Q).

If x40, 1s 1imit then for every y< x we have

SMeoyscyleal' @+ (=M {232<y3}) +1,Q)

Eof (+ (£PM{232<x}),Q)

and therefore using the uniqueness mentioned in the second sec-
tion we obtain

8 M{gys<x}i= U {8 Mzys<yliy<cxi= u-i's' eL(=% +

+ (&£ {232<x3}),Q)3 (Iy<cx) o (=t {z;:<y},§,q)3 5
Since & is normal, the formula Q(.c(=l+(¢riz:n<a“.0“
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is the same as the formula § and thus

SP{zys<xVeL(3+ (&M {z32<xy) + 1,Q)
es a olass definable in the model determined by ol (#$+ (£0 {2z
s<x}),Q). Since ST{z32<0,% = 0 is evidently sn element of
&£ (3 + 1,Q), we are done,

In the following we shall assume thet Q"L 0} is & well-or-
dering of V of type . , Under this assumption we are able to
show that & (Q) is an interpretation of AST + axiom of Q-const-
ruotibility in AST and if moreover the alternative (A) holds
then o (Q) determines even & model of QYT . 0f course, 1t
would be sufficient to suppose that s well-ordering with the de-
sired properties is defined by whatever combination of Godel’s
operations from Q, but in the general case $£(Q) need not be
an interpretation of AST - at the end of the paper we shall see
that &£(0) cannot be an interpretation of the axiom of choice
in AST.

Metatheorem. The interpretation £(Q) is & restriction
of view of AST + (VX) X 6 «L(Q) in AST +"Q" £ 0% is & weDrorder-
ing of V of type 1" . Moreover in the lastly mentioned theory

we can prove
(33)(L(Q) = £ (F,Q)) = [AYT + (VX) X euc(ay (L),

Demonstration. We write % instead of &£(Q), Directly
from the definition of £ (£,Q) we ses that these systems are
closed under Godel’s operations (except of (<4< 0,0>% ,Q), may
be) and hence the ssme is true for the system of all & -class-
es. Evidently each set is an L-sety formulae O , ¥ are nor-
mal and thence they are sbsolute,

Furthermore H“ = FN since the class PN is desoribable
trom Q"{0} (e.g. PN =it € W3(3 2)(I x < Som(Q" £ 0}))( £ 15 an
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isomorphism of € N o 2 onto Q"i{ 0} My <y, x> {011},
Every countable class is an &£ -class because every countable
class 1s of the form f"FN according to the prolongation axiom.
Thus the property "to be a well-ordering™ is absolute because
the property "to be a linear ordering" is absolute trivially.

In the case (A), for each £ smaller than £, there is a
well-ordering é£ isomorphic to £ since if there is no such
<% , in L (£+ 1,Q) cannot be a well-ordering of type grea-

ter or equal to £ and this contradicts our choice of
9 .

<..
In the case (B) for every < there is £ isomorphic to
£ because in L (£+ 1,Q) is a well-ordering of type greater
or equal to & according to the assumption (B) and beceuse if
2 ig an ¢ -well-ordering then 2 M { y;y<x}is an & -well-
ordering, too, for each xe dom(=3).

Thus we get as a trivial consequence

(vxd)(3 %) xf e L( <% ,0).
Moreover, by the previous Lemma we have

L(<¥% ,Q) = LX(=¥,Q)
(because 3% + 2% 45 an & -well-ordering) and therefore we
have proved the & -axiom of Q-constructibility.

We are going to show that for every formula © and every
well-ordering Q:g there is a well-ordering =2 " greater than
£$ so that

(VI pene X € o (£%,0)(0% (X000 ,X) =
=g (<3 .Q))(x1,...,xn))-

According to the last paragraph and to the properties of the

formula ¥ , to every x" we can choose one well-ordering
‘tﬁ with x"‘s £ (éé;,Q). Purthermore since every o€ (£,Q) is

codable we are able to choose to every és a well-ordering
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with the desired property using properties of the formula v,
the usual construction based on Skolem s functions given by O
and the fact that for each codable system of well-orderings
there is a well-ordering greater than each element of the sys-
tem in question, Thus in the case (B) we are done because to 2
there is a well-ordering 5% isomorphic to = , but in the
case (A) we have to prove moreover that 2 1is of type smaller
than < (and then again there is ﬁ£ isomorphic to = ).
We have

v ,p¥) = w¥ @t v = yHf00)f 1Y
and

x¥e £(2%,0 = 1% £¥(2%,0 = 1% L& %) (27,0

for every 5=1£ eand therefore 2 is definable in the model de-
termined by of (éo,Q), thence it is an element of oL (£,+1,Q)
and thus our statement follows from the choice of £°.

In particular, for every © and every x:{,...,x‘e there is

n
A% x;“'.....x:‘ e £ (2%,Q) such that

(vx) (e (x.X.,x.... .Xi) =0 (‘C(‘é!’Q))(x,xf.... ,Xf )

end hence we have proved the & -Morse ‘s scheme beceuse
1z, 8% (0,100 3 e L34 1,00

If £ (Q) = L£(2,Q) for some = , the previous conside-
rations are true even for formal formulae,

The & -axiom of extensionality and all &€ -axioms concer-
ning sets are trivial (the property V k= ¢ being absolute); the
& -axiom of choice and the < -axiom of cardinelities hold ac-
cording to the definition of £ ({<0,0>%,Q) and to the requi-
rement put on the constant Q. At the end let us consider that
the & -prolongation exiom is an easy consequence of the pro-
longetion axiom, absoluteness of the class FN and the fact that
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each set is an L -set.

Corollexy. If Q"{0} is a well-ordering of V of type ..
then the following is equivalents
(&) (33) £(Q) =.L(=£,Q (case (A))

(b) there is & codeble system of classes 7L with Q,PN e
« M & QYT R,

§ 5. Shifvinge of view, Let us recall some definitions

from [8-V 1) and (S-V 2], A class X 1is said to be revealed if
for every countable YS X there is & set u with YSusSX and X 1is
celled fully revealed if every class of the fom §x3 @ (x,X)} is
revealed under the essumption that ¢ € PL 4s & normal formulss
X is & revealment of Y 1£f X is fully revesled and for every
normal formuls @ & PL we have @ (X) = @ (Y) (in other words
X is fully revealed iff thers is no normel formuls ¢ & FL des-
eribing PN using the parameter X and set-parameters onmly).

Normal formulae (even slements of PL) are ebsolute in eech
shifting of view,

Let X De 8 restriction of view., Then the properiies "4o
be revealed” and "to be fully rsvealed” are &bsoluie since PN™ =
= PN and since every counteble cless is of the form £"PN. Thus
even the property “X is & revealment of Y" is absolute, Purther-
more let us realize that the property X € L(&,Q) is abeolute
since 1t is equivaelent both to (V38)(J (&,8,Q) — X & Do(rng(8)))
and to (3 8)(P (£,8,0) & XcDo(rng(8))) and since the formulee
® (€ ,8,Q) and Xe Do(rng(3)) are sbsolute, At the end let us
appreciate that for every <£* end Q¥ we have (V¥ IX)(X € £ ( 4,
Q%) —> 01s* (X)) by Metslemms of § 3. Thus, in partioular, if
for emch well-ordering there is & x ~well-ordering isomorphie
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to the given one then (VX & o« (Q*)) Cis* (X).

In [8-V 51 we have constructed shiftings of the horizon in
AST + schema of cholce, the following statement shows the exis-
tence of shiftings of the horizon in AST itself.

Metatheorem, There are shiftings of the horizon in AST, mo-

reover in AST + "B is a revealment of FN" we can construct a
shifting of the horizon * with FN* = B,

Demonstration. Acocording to § 1 [S=V 5] there is a shift-
ing of the horizon +# 4in the theory AST + "B is a revealment of
FN" + schema of choice and moreover F# fulfils the requirement
FR# . B, Letlus fix £ s0 that < 1is a well-ordering of V of
type & (the existence follows from the axiom of caruinalities
and from the construction of £ in § 3 ch. II [V]) and let us
put Q = £ x403uBx{1%, The interpretation >k 1is defined as
the composition of £ (Q) and # . Now, it is sufficient to re-
elize that $£(Q) 1s a restriction of view of AST + "B is & re-
vealment of FN" + scheme of choice in AST + "B is a revealment
of FN" by § 3,4 and abgoluteness mentioned at the beginning of
this section, At the end let us consider that in [S-V2 1 the
existence of revealments of FN was proved.

Thus the question whether there are (nontrivial) shiftings
of the horizon in AST was solved positively. However, let us men-
tion an open problem in this area: For every so far constructed
ghifting of the horizon » 1in T we have T |— X -schema of choi-
ce and thus if T v 1 schema of choice then there are state-
ments which are not absolute. Question is if we are able to con-
struct shiftings of the horizon in AST in such & way that all
statements are absolute (writing AST + schema of choice instead
of AST, the problem is solved confirmatively, see [S-V 51 ).
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Dealing with the existence of nontrivial restrictions of
view we shall obtain a partial answer since we shall see that in
AST + axiom of Q-conmstructibility we are not eble to construct
a nontrivial restriction of view X such that Q is a * -class.

Metatheorem. If % 18 a restriction of view of AST +
+ (VX) X € £(Q) in a theory T such that T (3 X € £ (Q)) 1
7 Cls* (X) then we can fix £ so that the fommula

Cla*(X) = X e L(%£,Q)
is provable in T (with the constant £ ),

Demonstration. Let us proceed in T, According to
(3X e £(Q)) Cls*(X), § 2 and to Metalemma of the third sec-
tion, there is a well-ordering such that no x -well-ordering
is isomorphic to it. Let us fix £ as a well-ordering of the
smallest possible ordinal type with this property. The formula
(VXeL (£,Q) Cls* (X) follows trivially from the mentioned
Metallemme end from the definition of = since = cannot have
the last element.

The interpretation X is furthermore supposed to be an in-
terpretation of the axiom of Q-conastructibility in T and thus
to every X* there is <£* with X™* e* .L*(<*,Q); however, the
last formula is equivalent to the formula X* €o£'(<*,Q) and then-
ce by the definition of = , for each X* there is xe dom(<)
with X e oL (2 } {y3y3 x},Q) and therefore X¥¢ £ (£,Q). We ha-
ve proved (VX*)X* ¢ &L (=£,Q) and we are done.

Corollary. If Xk 1is a restriction of view in a theory T
such that T+ Cle®(Q)&k (I X €L (Q)) 1 Cle*(X)X "Q"4 0} 18 a well-
ordering of V of type Q. " then we can fix =% so that Cls#(X)
defined by X € (=< ,Q) determines a nontrivial restriction of
view in T (with the constant = ).
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Demonstration. The composition of * and X£(Q) is a re-
striction of vi'ew of AST + (VX) X € «£(Q) in T, therefore our
statement is & trivial consequence of the previous result.

Let us continue in a sufficiently strong metamathematics
(e.gs ZF is strong enough, cf. § 9 [S 31). Furthermore, let us
assume that X 1s a nontrivial restriction of view (with Q as
a parameter) of AST in AST + (VX) X € < (Q) such that

AST + (VX) X & oL (Q) - C18* (Q).

According to § 9 [S 3] and to the fourth section of this
article there is a model (! and its class Q so that

L = AST + (¥X) X e £(Q) + "Q"{0}% is a well-ordering
of Vof type ) " and PN % = o ( 0 denotes the set of metamat-
hematical natural numbers), By the last Corollery we can fix en
Ut -well-ordering = so that (I k= AST('CE’Q)). However, FR .

= @ and hence we have even (% I= w&a“‘“ﬂ’a”

which contra-
dicts the last statement of the third section.

We have proved that there is no nontrivial restriction of
view % of AST in AST + (VX) X € L (Q) with Q as a parameter
such that Q is a X -class in all cases.

Open problem. Is there & nontrivial restriction of view
in AST (i.e. is it provable in AST that there is a well-order-

ing £ of V of type L with (3X) X L (£ ={0%))?

At the end we are going to show that <£(0) need not be an
interpretation of AST., Let 93 denote the system of real clas-
ses defined in [E-V]:, by the sixth theorem of § 1 of the cited
paper R determines an interpretation of Morsesdschema, Assum-
ing b k= AST and FN % = & we have L = (Ww'/,mm)"”
and thus according to the third section (supposing coincidence

of the classes of metamathematical and finite natural numbers
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we need not require the codability of the system of classes in
question) we obtain O = 5 (0) & 2¢ and therefore (L b= nthe~
re is no well-ordering of V in o£'(0)" by § 1 [C-V]. We have
proved that $((0) is no interpretation of the axiom of choice
in AST,
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