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POLYADIC SPACES OF ARBITRARY COMPACTNESS NUMBERS
Murray G. BELL *)

ABSTRACT: We investigate a compact Hausdorff topology on the set of all
subsets of cardinality at most n of a given set S. For each n we construct
a polyadic and Eberlein space of compactness number n of weight 0y which is
the union of finitely many discrete subspaces., . Our topol on [s1°P: is
such that both the compactness numbers of [S] and [S15%" are n+1

for uncountable S's.
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1. Introduction.

In this paper we construct new examples of spaces with arbitrary
compactness number. These spaces are particularly simple to construct
and most common topological properties are easy to determine. However,

the property which we are interested in, compactness number, is not so easy.

One of these spaces answers a question of M. Husek, namely, it is an
Eberlein compact space which is not supercompact. It is also a second
example of a continuous image of a supercompact space which is not
supercompact; the first example being due to C. Mills and J. van Mill. Our
example has different properties than theirs, for example, it is polyadic.
Another of these spaces answers a question of J. van Mill and the author, namely,

*This research was supported by Grant No. U0070 from the Natural Sciences and
Engineering Research Council of Canada.
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it is a continuous image of a space of finite compactness number which has

infinite compactness number.

Most definitions appear in section 2. Section 3 is devoted to the basic
combinatorial set theory that is needed. We define our spaces in section 4 as
well as finding upper bounds for their compactness numbers. In section 5 our
main Theorem 5.1 produces lower bounds. We thus get our spaces xn such that

cmpn(xzn) = cmpn(xzn_l) =n + 1.

2. Preliminaries.

If S is a collection of sets and S is a set then S A denotes the
set {n F: F is a finite subset of S}, [S]" denotes the set of all subsets
of S of size n and [S]Sl‘l denotes the set of all subsets of S of size
at most n; this latter includes the empty set ¢. If 2 <n<w then S
is said to be n-linked if n F # ¢ for all F e (S1". S is said to be n-ary

if every n-linked subset of S has a non-empty intersection.

Polyadic (or m-adic) spaces are Hausdorff continuous images of some
power of the Alexandroff one point compactification of a discrete space.
These were defined by Mrowka [8] as a good generalization of dyadic spaces.
Eberlein spaces, Amir and Lindenstrauss [1], are those spaces homeomorphic
*to a weakly compact subset of a Banach space. They include, in particular,
all compact subspaces of the subspace of 2’C consisting of functions with

finite support, for any cardinal K.

A space X has compactnéss number at most n, cmpn(X) < n , if X
possesses an n-ary closed subbase. If m is the least such n then we write

cmpn(X) = m. If no such n < w exists and X 1s compact then we say that

.

- 354 -



X has infinite compactness number. Spaces of cmpn 2 are called supercompact
spaces, de Groot [6]. Bell and van Mill [5] have constructed compact Hausdorff
spaces of arbitrary cmpn. Different examples appear in Bell [2]. This paper
will produce yet a third class of examples.

(2

If S is n-ary then so also is S~ . Hence every space X with
cmpn(X) € n possesses an n-ary closed subbase S with S = S(a . The advantage
of closing S under finite intersections is the following: A collection
S = Srf\ of closed subsets of a compact space X is a closed subbase iff

for every closed K contained in an open set 0 there exists a finite

FcS such that K cu Fco.

3. A Free Set Lemma for [wlln.

For 1sk<n<w and s € [a;l]n we define s(k) to be the
kth element of s under the induced order of wl. Therefore for every

s € [wlln we have s = {s(1),...,s(n)} where s(l) < ... < s(n).

Assume that f: [w]_]n - [w1]<w is such that for every s € [MIJn
we have s n f£(s) = ¢. A subset” A of wy is said to be free if for
every s € [A]n we have A n f(s) = ¢ and A is said to be almost free

if for every s e [A)" we have A n £(s) ¢ {y:s(l) <y <sm}.

Example (due to S. Todorcevic) There exists f: [ml]2 > [ml]q‘J such that
for every s € [“1]2 we have s n £(s) = ¢ but there is no free subset of

cardinality 3 and there is no almost free subset of order type w + 1.

For every Y < ©y choose an injection wY : Y > w. For each

B <y define f£({B8,yH) = {m <y: P n s (pY(B)) - {B,y}. The basic

—
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property of £ from which both conclusions follow is that whenever

a < B <y then either a € £({B,Y}) or B e f({a,yYD.

Lemma 3.1. Assume that n is a positive integer and that f: [a:l]n + [uqu
is such that for every s € [wlln we have s n f(s) = ¢. Then for every

N 2 n there exists an almost free subset A of cardinality N.

Proof: Use induction on k=1 to k =N to choose d able subset

Ak of @y such that:

(a) ifj<k,aenj and Belk then a < B

(b) A nf(s) = ¢ for every s ¢ [jgkgj]“.

Use induction on k=N to k =1 to choose {akzlsksu} such

that:

(c) ukeﬁ‘
(a) aklf(s) for every se[(aj=k<jsn}]n. Then A-(uk:ISI:SI)

is an almost free subset. [J

4. The Tychonoff topology on @]sn.

If S is an infinite set and 1 S n < w then we define a compact
Hausdorff topology on (s]‘Sn as follows: If 8 € S then put
s" = (Fe(s)™ :seF) andput s ={Fe (51" : s ¢ F}. Use the collectiom
s= U {s+,s-} as a closed (also open) subbase for a topology on [slsn.
Thias:ipology is called the Tychonoff topology on [S1". [S1°" with this
topology is ZF-compact, i.e., it is both defined and provably compact without
the aid of any choice principles. If O Sk £ n then [s]k is a discrete

<n

subspace of [S] Hence [S]Sn is a space which is the union of n + 1

discrete subspaces.
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Let A(S) = S u {=} be the Alexandroff one point compactification of
the discrete space S and let I\(S)n be the Tychonoff product of n copies
of A(S). The mapping @ : A(S)™ + [5]" defined by P sk )) =
<n

{xl,...,xn} N S is seen to be continuous and onto. Hence the spaces [S]

are polyadic and Eberlein as well.

The subbase S as above is n + 1 -ary; because if F is an n + 1 -linked
subset of S then {seS:s €FlenF. Hence cmpn([S]sn) <Sn+1l. This

can be improved substantially for totally orderable S's as follows:

Theorem 4.1. To each total order < on S there is a naturally associ;ted
n + 1 - ary closed subbase R of [S]szn.

Proof: If s € S then put L.-{Fes+ :[{teF:t<s} sn-1} and put
R = (Fest: |[{t € F : s < t}] £ n - 1}. since both L, and R are closed
and s+ = Ls u Rs we get that R = U {LS.RS.S-} is a closed subbase of

S€S

<
[s] an

. Observe also that {s} ¢ L 0R.
Let F-{LE:SGA}U{RB:seB]U{snaseC} be an n + 1- linked

subset of R where AUBUC # ¢. We claim that AU B e n F,

To see this put Tt-Lt if t € A and put Tt-nt if teB-A.

If seA then |[{t e AUB :t<s} sn-1. This is so because if
De[{teAuB:t<sh” then N T, N L = ¢ but this contradicts
teD

n+1l-1linkage of F. Analagously, if seB then l(teAuB=s<t]|Sn-1.
Both of these implications together imply that |A u B| < 2n and that
AuBe N L n N R. If teAUB and s € C then 'l'tns-¢0.

S8€A . s€B s
Thus t # s and therefore (AU B) NC =¢. Hence AUB e n F and therefore

R is n+1-ary. O
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The case n = 1 in the above theorem was proven in Bell and Ginsburg [4]

<
where it was also proven that for uncountable S, [S] 2 does not have a

2 - ary closed subbase consisting of clopen sets.

It is shown in [5) that if K is a clopen subspace of a compact space X

<
then cmpn(K) < cmpn(X). If 1 <k S 2n then [S] K is embedded as a clopen

subspace of [S]SZn as all supersets of a fixed set of size 2n - k. So we
see that if 1 < k € 2n then cmpn([slsk) < n + 1. In the next section we

will show that, in general, this is the best upper bound possible.

<
5. Lower bound on cmpn ([sI™").

< -
Theorem 5.1. For every n with 2 < n < w, [u:l] 2n-1 cannot be embédded

as a neighbourhood retract in any space K with cmpn(K) < n.

Proof: Let us put k= S2n=l.

an open subspace of K,

- Assume that [ K, K is compact, U is
r: 0+ kI ig a retraction and that S = Sm is
a closed subbase for K. For every a < K there exists a finite Su cS

with o' uSu c r_1[0.+]. Since k has uncountable cofinality there exist
m<w and a subset E of & of cardinality k such that if a € E then

S u(s1

i3 s ,...,S: }. since each S € S is closed for each s e [E]® 1let us

choose a finite F_<k such that F_on s = ¢ and
nu+nnB-nU{S::iSm,ues and s.*sui)=¢.
acs BeF
s
Put p=m + n". Invoking Ramsey's theorem of the partition calculus,
choose N < w such that N + (2n):. pefine f:[E1"+[E]Y by f(g) =
En Fs. Apply Lemma 3.1 to produce an almost free subset A of E of

cardinality N. We now define a partition of [a]" into p parts. Por

n
every i < m define Q; = (selal”:se N si }. For every
k=1 s (k) —
@ :{1,...,m} > {1,...,n} define R ={s e [Al":s ¢ Ust }. By

4 41 s
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Ramsey's theorem, there exists H € [1\]2n and either a Q; ora Ry
such that [HI" ¢ 9, or 1™ c R‘P . H is an almost free subset

because H c A.

We rule out the possibility that " c R ” for some ¢. Put

<2n-1

L=H-{H(1)}. Then L e [k] . There exists j € m such that L € Sj

L(n)"
Since L has cardinality 2n - 1 we can choose an s consisting of n

consecutive elements of L such that s(@(j)) = L(n). Since s € R_ we have

(7]

3j j :
that s * Ss((p(j))' Therefore s * SL(n) By definition of Fs we get that
Na*n N 8 ns? = ¢. This is a contradiction since L is in this
QaEs Be!-‘s L(n)

intersection.

We deduce that [HI" ¢ Q; for some i. The collection {Si : o € H} is

n
n-linked; because if s € [H]n then s € Qi' Therefore s € () s:(k) = N si
k=1 aEs
-1 +
However [\ Si c Nr l[a. ] and hence is empty, because there are no sets
acH aeH <2n-1
of size 2n in [x] . Thus S is not n-ary. 0

<2n-1
B

Corollary 5.2. If 1 <n<uw then cmpn([u)1] and cmpn([u)l]szn) both

equal n + 1.

Proof: Use Theorem 5.1 together with the result of section 4 that if
1<k £ 2n then cmpn([wljg‘) <n+ 1.
<2n-1 ¢ 3 $
Examples 5.3. The spaces [tu1] are polyadic, Eberlein spaces of weight
wl and cmpn n+l and are the union of 2n discrete subspaces.
These spaces answer Problem 3 of M. HuSek [9] on whether every
Eberlein space is supercompact. They also serve as second examples of a

continuous image of a supercompact space which is not supercompact; the f* -+
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such example was due to C. Mill and J. van Mill [7]. The question of whether

every dyadic space is supercompact remains unanswered.

Let K be the Alexandroff one point compactification of the disjoint union
of the spaces [ml]SZn-l K 1is a space of infinite compactness number that is
a continuous image of one of finite compactness number, indeed K is polyadic,

Eberlein and the union of countably many discrete subspaces. This answers

question 4.3. in [5].

Questions 5.4. Is there a compact space K of weight wy that is not a
continuous image of any space of finite compactness number? In [5], it is
proven that AN 1is not the continuous image of any space of finite compactness
number, so we do not want a consistent example of such a space K. The existence
of K would enable one to prove that the hyperspace of closed subsets of :uz

is not the continuous image of a space of finite compactness number , cf. Bell [3].
Finally, we repeat question 4.1. of [5]: Is there a sequence of first countable

separable spaces xk for which cmpn(xk) = k?
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