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HERCULES and HYDRA, A GAME ON ROOTED FINITE TREES
Martin LOEBL

Abstract: A combinatorial analysis of the Hercules and
Hydra game is given. The existence of the unique maximal stra-
tegy is proved.
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The following game was introduced by Paris and Kirby [1]:
A hydra is & rooted finite tree.
A head of a hydra is a vertex of only one edge which is not
the root.

A top of a hydra is a head together with its adjacent edge.

A battle between Hercules and a given hydra proceeds as °
follows: At stage n (n>1), Hercules chops off one top from
the hydra., The hydra then grows n "new throats™ in the follow-
ing manner:

From the vertex that used to be attached to the top which was
Just chopped off, traverse one edge towards the root until the
next vertex is reached. From this vertex sprout n replicas of
that part of the hydra (after decapitation) which is "above"
the edge just traversed, i.e., those vertices and edges from
which, in order to reach the root, this edge would have to be
traversed. If the top just chopped off had the root as one of
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1%s vertices, then nothing is grown. This is best illustrated Wy
means of an example (Hercules decides to chop off the top mar-
ked with sn arrow):

—_— —

after stage 1

— — etc.

sfter stage 2 after steage 3

Hercules wins if after some finite number of stages nothing is
left of the hydra dbut its root.

Theorems of Paris snd Kirby:

1) Every strategy of Heroules is & winning strategy.

ii) The ltttuhnt "every recursive strategy is a winning
strategy” is not provable from Peano Arithmetic (PA).

We considered variations of this game and we succeeded to
strengthen the results of Paris and Kirby., Some of these results
were announced in [ 3].

Pirst we need a few definitions:

1) A (finite rooted) tree is a triplet (V,E,v ), where
(V,E) is & finite tree, V is & set of vertices, E is a set of
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edges and v, is a fixed vertex of V (the root).

i1) Poisa (reoted) path of n edges.

(111) A head of & tree T is a vertex of T of degree one,
whish is not a root.

(iv) Let i be a positive integer.
i-predecesser of a head v of a tree T is the vertex of the uni-
que path in T from v %o the root of T which has distance i from
Yo

(¥) 0o =predecessor of a head v of a tree T is the root of
. .

(vi) Let i be a positive integer or i equals 00 . Let us
have the maximal subiree of a given tree, at which both v and i~
predecessor of v have degree one.
i-throat of the head v is then this maximal subtree without the
head v,

a head v 2=-throat of v .

2-predecessor of v

3-predecessor of v _—7

& 00 =prédecessor.ofv

Thus the (2-predecessor) Hercules - hydra game (shortly 2-HH
game) considered above is just the following game:

In n-th move (n is e positive integer) Hercules chops off
a head v (or a respective top) of the hydra and on return the
hydra grows n new replicas of 2-throat of v from the 2-predeces-
sor of v.

If such 2-predecessor does not exist then nothing is grown. More
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generally, define i-HH game (1 is & positive integer or i equals
00 )3

In n-th move Hercules chops off & head v (or a respective
top) of the hydra and on retumm the hydra grows n new replices
of i-throat of v from the i-predecessor of v,
If such i-predecessor does not exist then nothing is grown.

. Examples:
2-HH game:
> Ei y >%—* eto.
3-HH game:
*Y_—*W eto.
00 -HH game:

LV ede
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Let us define a trajectory of i-HH game ¥ as & succession
of pairs (7,(3), v,(¥))5, , where T (3€) is the hydre after
the n-th Heroules move and v, (%) is & head of T (%) which Her-
cules will chop off next.

A size of this trajectory d¢ is the smallest n such that the tree
?,(3) hes no heads. If we oannot prove that such n exists (we
cannot prove the finity in PA) then we say J{ has not a finite
size.

We strengthen the results of Paris and Kirby in PA as followss

Theorem O: [PA1 VYkZ2 all trajectories of k-HH game have

a finite size 1ff all trajectories of 2-HH game have a finite

size.

Theorem 13 [PA] All trajectories of oo -HH game have a fi-
nite size.

Theorem 2: [PA] Let 3 be a trajectory where the starting
hydra T,(3) hes n vertices. Then there exist a trajectory 774
with 7,(%') = P,_jsuch that the size of £’ is at least the size
of ge .

Sketch of the proof of Theorem O: Theorem O follows from
the following two statements:

(1) If all trajecsories of k-HH game, k=2, have & finite
size, then all trajectories of (k+1)-HH geme have & finite sise.

(11) 1If all trajectories of 2k-HH geme, k=1, have a fini-
te size, then all trajectories of 2-HH game have a finite smisze.

To prove (i) we construot by induction, for & given trajeo-
tory of (k+1)-HH gsme % , a trajectory of k-HH game 3¢’ suoch
thet 3¢’ econtains ¥ .

The proof of (ii) is similar to (1).
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Let us define two strategies MAX, MIN for such i-HH games
which have a hydra equals Pn on their beginning. Both these stra-
tegles of Hercules are based on suitable relabelling of heads
of a hydra after each Hercules move. First we introduce an in-
formal description:

In the first Hercules move the unique head of P, is labelled by
4 . Before the n-th Hercules move let the hydra have all heads
labelled by different positive integers.

In the strategy MAX Hercules chops off the head of the ma-
ximal label.

In the strategy MIN Hercules chops off the head of the mi-~
nimael label.
The heads of the new hydra (after the n-th Hercules move) are la-
belled then &s follows (let v be the head which was just chopped
off):
If v had not i-predecessor, then the new hydra has no new heads.
In such case no heads are relabelled.
If v had i-predecessor then the heads of i-throat of v must be
relabelled and the heads of new n replicas of i-throat of v must
be labelled. Other heads are not relabelled.
Let C be the maximel label of a head of the former hydra. If a
head x is the unique head of i-throat of v then the new label of
x is equal to the label of v plus C.
If a head x is a head of i-throat of v then the new label of x
is equal to the former label of x plus C.
Purther the labels of heads of J-th new replica of i-throat of
v (j=1,0..,n) are equal to the new lebels of the semples of the-
se heads in i-throat of v plus (Jj+1)C.
The procedure of relabelling can be easily formalized: Let us
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denote A (v,n,3¢) the label of & head v of the tree 1,() 1n
& trajectory of i-HH game % . Then A is defined by the follow-
ing procedure:
BEGIN
A(v,1,8): =1
WHILE T ,(Jf) has heads DO
Ir vn(%) has not i-predecessor THEN
A(vyn+1,¥): = A(v,n, H)
EISE
BEGIN
denote C: = max {A(v,n,3); v is & head of T.(¥) 3
denote 7, 't“..... Tp i-throat of 'n( ¥ ) and n new re-
plices of this i-throat of v (%);
IF v is & head of Tye Jef0,...,n} THEN
IF v is the unique head of 't‘j THER
Alv,n+1,%)s = A(v (¥),n,%) + (3+1) ©
EILSE
Mvent1,3): = A(F,n, %) + (3+1) C,
where ¥ is the sample of v in the i-throat of vn(_GC)
ELSE
A(v,n+1,38): = A(v,n,3);
END END. ‘

We have the following results in PA:

Theorem 3: [PA] Let ¢ be a trajectory of i-HH game, (%)=
= Py« Then the trajectory ¥’ , T ,(%/) = T (3), defined by the
strategy MAX (MIN, respectively) has at least (at most, respec-
tively) the ssme sise as ¥ .

Thus, combining Theerem 3 and Theorem 2, the strategy MAX
defines the longest trajeetery of i-HH game.
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a given hydra 2-HH game 3-HH game 00 ~-HH game

more than
2

158 41.239 _ 3
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Theorem 4: [PA] All trajectories defined by the strategy
MIN have a finite size.

Sketoh of the proof of Theorem 3: To prove the maximality
of MAX, we need two additional definitions:

1. Let m be a positive integer. mm(rn) is a trajectory
which satisfies:

a) T (MAX (P))) = P

b) if j<m then A(vy(MAX (P,),J,MAX (P ))) =
= max {A(v,j,MAX (P )); v is & head of ‘.!j(IAI-(Pn))} .

2, Let M, N be trees. Let jz O. Then MZ jN, if there ;x~
ists a trajectory of i-HH game J¢ with the following properties:

a) !1(33) = M

b) H# has not a finite size or there exists 1> j such that
T,(H) = N
The maximality of MAX follows from

Lemma: Let m be a positive integer. Then

Topr (MAX (B ))Zzm + 1 2 (MAX (P ).

The proof of minimality of MIN is analogous.

Proofs of the results of this paper will appear elsewhere.

Let us show also the concrete sizes of trajectories defined
by the strategy MAX:

a given hydra 2-HH game 3-HH game o0 -HH game
3 2 3
37 5 13
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