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THE EVOLUTION DARCY-BOUSSINESQ SYSTEM
(A WEAK MAXIMUM PRINCIPLE AND THE UNIQUENESS)
Dan POLISEVSKI

Abstract: An initial-boundary value problem for a Darcy-
Boussinesq system is studied. A weak maximum principle and the
uniqueness are proved. .
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Find u,p,T satisfying:

(1) div u=0 in Q=0x1(0,0),2aR%n =2 or 3_),‘
6> o,

(2) Bu+Vp=[1-x(r-1)] g in Q ger(),

(3) {%{- +uVT = div (AVT) in Q,

(4) u .Y =0 on x (0,8), ¥y - outward normal,

(5) T=7T on 3x (0,8), Tec(o,B; B2 ),

(6) T(0) =T € HX(N), T, =T (0 on M,

where « > 0, T > 0, 70 and A, B are positive symetric

tensors.
We pass to homogeneous boundary conditions introducing

S=T= (w, + Tp)s where for eny h > 0 v, € c(0, 8 ; #2())

This paper was presented in written form on the International
Spring School on Evolution Equations, Dobrichovice by Prague,
May 21-25, 1984,
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with:

(7) w, = T-T on (o, 8),

8) |s? $nlv (¥ y eeut(Q2), a.e. on (0,0).
(8) |s 'h\Lz(.Q.) | a‘LZ(Q.)' s€ H, , @a.e. on (O,

Denoting by IPH the projection of L2(.Q) on H, where
Hzive Lz(ﬂ-)‘div v=0,v.Y =0 onbﬂ} we are lead to:
Find (u,8)€12(0,0; Hx H (1)) satisfying
(9) Py(Bu - [1 - (s + w)] g =0 a.e. on (0,8),

(10) (s” +w’, T) + (U, T7(S + w.)) +
Y h "N20) ’ h"'120)
+ (AV(S +w ), V1) =0, (Y)1e D), a.e.
h ] Lz(n) 9 ’
on (0.9) »
(11) s(0) =, infl, 5, =T - (w +T)) .

Remark. H‘Llﬁve 2| (g)geﬁl(ﬂ) such that v =Vq}.

Theorem 1. If (u,S) 1is a solution of (9)-(11), then

(12) |s +w.| Sc =
€ 9

= mex{ sup |T-T| , sup \'1‘ —T‘},
ite[o,l)] " w200 zeq | O

= a.e. on (0,9).
Proof. With the techniques of Lemma 3.1 [ D. Polidevski,
Steady Convection in Porous Media - I, Int. J. Engng. Sci.,
to appear 1984] it can'be proved that the corresponding
1 =
pe H* satisfy |p| = ¢, |vs|
Hz(ll) 1 2

L)
ue L2(0,0 ; H'(f1)) end thus we can choose in (10) :

+ C2; it followse

T = sgn (S + w,) max {IS +w, = C., ole Hi(‘Q). It results

d <
(13) 1|2 + V|2 S 0 a.e. on (0,8)
E T | |L2(ﬂ.) | 12(R) o

where &;> O is the first eigenvalue of A. Hence,
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T(t) % 2ol =0 for s.e. te€(0,0), eanad
| \LZ(Q.) | 12(Q) o

IVT =0 a.e. on (O 9 )e
|20 ,

Theorem 2. The problem (9)-(11) hae a unique solution.

Proof. (“i' ai) i =1,2, solutions of (9)-(11) ;
U =u) - Uy, S = S1 - 5,
(14) Py(Bu +Xsg) =0 a.e. on (O, By,

2
(15) La|s + (u,SV(S, + w + (AVS,VS) =0
2 ‘Lz(ﬂ.) k! T2

))
h Lz(ﬂ-)
a.e. on (0,08),

£
(16) lulL"’(_O.) = cllslnz(ﬂ) a.e. on (0,0) ,
an L&ls)? + all-VSliz

los]

£ ¢, vl

L2(n) Q) RTA9 D NS XA 9N

8.8 ON (0,9 ) »

% 2 S 2
18 S = C,|S - (0 ) .

Hence |s(t)|? 2 |s0]? exp (C,t) for a.a.t€ (0,8)
! lLa(m | lr.?(.m 3 '
end recalling (16) the proof is completed.
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