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APPENDIX TO THE PAPER ,AN EXISTENCE THEOREM FOR
THE URYSOHN INTEGRAL EQUATION IN BANACH SPACES"
Stanisfav SZUFLA

Abstract: The paper contains a result concerning the Kura-

towskl measure of noncompactness in the space I.1 (D,E) of Bochner
integrable functions with values in a Banach space E.

" Key words: Urysohn integral equations, measures of noncom-
pactness.
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Assume that E is a Banach space and D is a compact subset of
the Euclidean space R™., Denote by o<. and <q the Kuratowski mea-
sures of noncompactness in E and L (D,E), respectively. Let V be
a countable set of strongly measurable functions from D into E
such that there exists (weL1 (D,R) such that Ix(t)ll & w(t) for
all xeV and te€D., For any teD put V(t) = {x(t):xeV} and v(t) =
= o (V(¥)).

Recently Heinz [2] proved that the function v is integrable
on D and
(1) d,({_[rx(t)dt:xGV})LZ f_rv(t)dt

for each measurable subset T of D.
Now we shall prove the following

Theorem 1. Assume in eddition that

1im  sup f Nx(t + b) - x(¢)ll at =
Then >0 xeV

(V) £2 fp v(t)dt.
Proof. For any positive number r put Vr = %xr:xevi, where
1
xr(‘t) = Wt:{&mx(l)d! (t eD)

and Qr is the closed ball in R™ with center O and radius r. It
is well known that under our assumpiions the set V, is equiconti-
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nuous and uniformly bounded, and lim llx - x.l; = 0 uniformly
in xeV, Hence

(2) kg (V) = 1im xq(V,)
and, by Lemma 3 of [3], =i
(3) (V) efD o (V,.(%))dt.

Moreover, by (1), we have

(V. (%)) -Qc({-m—“—b-— f x(s)ds:xevi)"m éfav(a)ds,

t+Q,
so that
(4) x (V. (¥))£2v (t) for teD,

1
where v_(t) = S v(s)ds. Since lim llv - V. Iy =0
r mes Gr +48y L0 1 »

trom (2) - (4) 1t follows that o, (V)£ 2 _&) v(s)ds.

Using (1) and Theorem 1, and repeating the argument from
{4), we conclude that the main result (Theorem 2) of [4] remains
valid also for arbitrary Banach space E if we replace (& by oc
and the assumption |Al<@ by [Al< 2-(0
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