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ABSTRACT: Pirst of all we introduce the linear model with to-
ohastic regressors. The estimates of the parameter B and CYIX

of this model are influenced by multicollinearity. As one of the
possibilities to reduce the degree of multicollinearity subset re-
gression is proposed. As a oriteria for the selection of a model for
the best extrapolation we use the mean square error of extrapola-
tion. Some important properties of the estimates of the selected
model will be shown.

KEY WORDS: Linear model with stochastio regressors, multicolline-
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1. INTRODUCTION

First of all we will give a short introduction to the linear model
with stochastic regressors. It will be shown that the estimates for
the parameters of this model such as the vector of regression co-
efficients and the conditional variance pPossess the usual proper-
ties as unbiasedness and consistency. In this model the multicolli-
nearity plays an important role. Its effect on the estimates is
also shortly demonstrated and by an example illustrated. To correct
the estimates from this effect it is necessary to reduce the degree
of multicollinearity. One of the possibilities for this is the sub-
set regression which can be considered as a kind of the reduction
of the dimension of the parameter space. As a criteria for the se-
lection of a model for the best extrapolation of the regressand

by all or a subset of the regressands we use the mean square error
of extrapolation which will be stated in theorem 3. For all se-
lections k we show that ”B - a(k)ll2 converges uniformly for all k
from a certain set K to | B - B(k)[°.
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2. THE LINEAR MODEL WITH STOCHASTIC REGRESSORS

Consider an 1 x (n+1) random vector Z with the oxpectation/& and
the covariance matrix Z . Z, p and L are partitioned as

z2 = (Y, x)u n= (lly. ux)

6t @,
Y Y.X -
Gi-Y i:XX

where Y and By are 1 x1, X and.ux are 1 x n, and ZXX is n x n.

The problem is to determine the regressand Y by the regressors
X. For convenience we will let an+1 denote the class of 1x(n+1)
random vectors Z having the L (0,Z) distribution with positive

definite matrices £ . It is well known that for ZeN .,

1¢
v =: X B
X XY

var (Y/X) =63 - 6, X ;; G
Moreover, the random variable € := Y — XB and the 1 x n random
vector X are independent and £~ N1 (o, 6$Ix). In other words,X
and £ determine Y in a linear manner, as

EX/X) = X T ~

X
and
Gz

XY = °y/x

Y=XB+¢g . 1)

In order to obtain the maximum likelihood estimators of B and
63])( it is not necessary to restrict our_selves to normally dis-
tributed regressors. Therefore, we introduce a generalized para-
metric family F instead of NV.

As suggested by (1), we now consider random vectors Z which are
defined by X and £ according to

Z= (XB+€ X) = (Y,X)
Let F be the class of 1 x (n+1) random vectors 2 possessing
following properties:

(1) X and € are independent
(11) €~ N(O,Ga) for some 627 0
(111) X~ G, for some a9 O , where
& = Gy :de @ } is an arbitrary family of distribu-
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tions on R™ with the parametric space © and positive

definite covariance matrices sz'
Note that NV__, ¢ F 1iff nn(o, Z’xx)é @ for all ZXX'

Further suppose that for all € @ there exists a density @5
of Ggq and denote the density of N1 (o, 62) by f‘., . Then the density
of Z with the parameter ( 3,62,19') is given by

£(y,x) = gy(x) fG,(y - x B) @

where, as before X is a row vector and B is a column vector.

Estimating B and C"we take a sample of size N»n of Z and de-
note it by

= (V, X

where the results of the i-th trial Z, = (Yi,xi) are written in
the i-th row of Z.

Obviously, from (1) we get the representation
Y=%¥B+¢g “")

with N x 1 random vector (.VNN(O, G"IN) where Iy is the N x N iden-
tity matrix. Using now (2) we get the logarithmic likelihood funo-
tion

N N
2
1(B,,%; 2) = 12-::' log Isz(yi—xilB) + E log 34.("1)
=1, (lB,Gl; =) + 12(1"; x).
By the property (i1i) of F we obtain

1,®,652) = - - (y- #B) (n - 28) +§ 108 (276,
26

A result of Okamoto [1973] yields that for all % e @
T
6 { 122/>0} = 1;

here |A| denotes the determinant of a m:trix A. Hezoe, there
exist the maximum likelihood estimates B of B and Glof 6*and they
have a similar structure as in the linear model (with non-random
regressors).
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Note that
B0 ' Fy-py
where f is the Moore-Penrose inverse of ¥. As in the classical
-\
case instead of &% we use the estimate
2 _N-n £a 1 AT A
S -T‘ -w:n—(v-rm) (Y - )

which is unbiased (see theorem 1).

The following theorem gives some properties of the estimators
B and 82.
Theorem 1: For Ze P we take a sample of size N> n. Suppose

that the expeotation of (1:1‘7)'1 exists then

E @/ -8 ()
cov @B/¥) = 6*(xTy)~" (5)
and

BsYy) - ¢* (6)

In particular, B and 82 are unbiased.

Remark 1: If Ze Wn-ﬂ then the n x n random matrix Irl from a
sample of size N and the expectation of (ITY)—1 exists if N> n+1;
moreover (see Kshirsagar L1972])

-1
B (7112)_1 = N—;"lﬁ_ z - (7)

Proof: Clearly
ran)T . "y

and the existence of the expectation of (IT!)-‘I implies the
existence of the expectation of ¥, Using (1') and (11) of ¥ we
conclude

B (ﬁll) =E(B + P‘C/’) =B ; 1i.e. (4).

Further we need a result for conditional expeotations of random

matrices. Let A, be u, x v random matrices for J=1,2,3,4 and

suppose that ﬂ,' and A3 are measurable with respeot to the G -al-
/ gebra generated by Al& and Ve = Uy, v, = uj.

Then

By By A5/0,) = g E@y/A,) A, (8)
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provided that the expectation of A2 exists.
It is easy to see that

@B-8) @-8)T -ygg" ahHT. (9

Using now (3) and (8). With A1 -/A3 - ¥, A, =gg ) » Ay = ¥ the
statement (5) is an immediate consequence. Putting

-+
M = IN -¥X
we can write
(¥n) 2 «gTMen truegeT).

Applying again (8) with A1 =M, A2 =£g T, 13 = Iy and A~ = ¥ we
get
(¥-n) B(SY W) = tr (M B(EE T2) = (Kom)er

as N is idempotent and (6) is established. For our next purpose
the maximum likelihood estimate of B of a sample of size N is
written as I% .
Theorem 2: For ZGNVn_H we take a sample of size N.

Then the sequence of utilatea{a(')}il consistent to B.

Proof: From theorem 1 and remark 1 the estimates 6(1') are unbiased.
Then for the consistence of {B(")} it suffices to show that

1im trfoov (s("));- 0. (10)
No>oo
From theorem 1 and (7) 1t follows
A 2
trfcov (B)}= ﬁ‘__21
hence (10) is valid.

3. MULTICOLLINEARITY AND ITS CONSEQUENCES

As a measure of the dependence of the regressors X we use the de-
terminant of the correlation matrix mxx of X, namely, the regressors
X are said to be multicollinear of degree & y 168, 1t

! Q.
lmxxl
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In application there are no possibilities giving a‘bound d:, for
the degree of multicollinearity in such a way that for d'LJ',
the properties of the estimate B are scarcely influenced by the
multicollinearity but for f)‘; this estimate is not useful. The
only way to study the effeot of £ is to investigate its influence
on the estimate. From theorem 1 we see that cov ﬁ) depends on
the degree of multicollinearity. Note that also the statistics t
for testing the hypothesis HO: B, = 0 are dependent of & . The
larger the degree of multicollinearity the smaller are tj.
The complicated dependence also of parameters like 37[” of the
multicollinearity is now studied in the following simple example.

Example: Conasider ZENV with n = 2 and var (Y) = var (X1) =
var (Xa) = 1. Then

v % S
Z o= 6y ! $23
$31 S32 4

and X = (X1,X2) is multicollinear of degree 4 if 923 = % .

E S

In this case it follows for 6( &) = GY/X

1-(82, + s’fa ) + 2 $12813Y01-6)8 12 §,.20
6%d) =
1- (82 4+02)8 -2 o g
(932+ €14) 912 ?13 (1-8)8 it $23 0 .

Because 2. 1is positive definite we have 91124 1, 3’$3L1 and
923 13 (&yb)

with ab = £, 852 1- 62, - 35+ 855 9%

Only for 912 = §’13 we get b = 1, Further, put

1
— for az0
A= {1—3

1 for a<0
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and

1
pr L PR P
B =
60 for §yp% £y

It is easy to see that

0 for a>o
g’u+)-{ -

1- (95, +85)) foraco

and
for £4, * ¢

0
6(B-) = { 5 13
-85 for §1, = €45

In order to study the behaviour of 6*(S ) we have to distinguish
three cases: (1) a z0, (41) b £0, (441) a <0 4b.

~ ~ ~
As the transformation £, = - ?12, 5"13 = 913. 923
variant for 6%, we only have to consider the case a z0 or a<0<¢b
and 923 20. Then the function 6*(d ) is monetonously increasing in

(A,J;) and monotonously decreasing in ( &,, B) where

€95, 859
AN GRS TIE AL U ST S

195, - 8351

oo

= - ?23 is in-

for ?12 = ?13 .
The function 6*(d )reaches its maximum 1- max (5"32, 953) at J'o.

This example shows that GJY(/X depends on the degree of multicolli-
nearity as well as on the correlation structure. If -941/5:” goes
to one then J;tends to infinity and consequently, high degree of
multicollinearity may be combined with great GIY/X .

A sequence of simulation examples of more complicated structure

have shown us the same effect, see Jahn [1984] .

From these examples we get the intention that the mean square
error of the extrapolation of the regressand by n regressors
would be reduced using only m<n regressors with a greater deter-
minant of correlation matrix than the one of the original re-
gressors. In this way the subset regression is a method to re-
duce the degree of multicollinearity and therefore to improve
the estimate B.
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With problems like this have among others alse delt Oliker
[1978], Akaike [1970, 1973, 1974, 1977, 1978 ], Bierens [1980],
Mallows [1973] , Hooking [1976] , Shibata [1981] .

4. DRTERNINATION OF THE DIMENSION

In this section we study the subset regression for the linear mo-

del with stochastic regressors (2.1) with Z& “n+1‘ Suppose that

we select the regressors xk1,...,xk ; 16m $n, and remove the re-
m

gressors xh1,...,xhn_- and put k = (k1,...,k-), ky <... <k, and
h = (h1,...,hn_.), h, ¢ ces <h o . Moreover, we set
X = (X yeendy ), BOE) = (B 1,...,13,‘11')"'.
Then the model (2.1) can be written as

Y = X(k) B(k) + X(h) B(h) + € . 1)
Ta;ing a sample of size N>n we denote its result by

7-(Y, W), ¥b) ;
hence we have

¥ = 2(k) B(k) + ¥(h) B(h) + & . (2)

The main object of regression analysis is to extrapolate Y(EB)
by a random vector X(E) which is independent of ¥ and Z(EB)

and each row of 7 are identically distributed. As above the re-
striction of X(B) to the variables k is denoted by X(B,k).

The maximum likelihood extrapolation of the future observation
on Y(E) at X(B) is given by
Y (B,x) = X(B,k) Bw).

For fixed k and h the covariance matrix ZXX is partitioned as

Zkk zkh

I = =

hk hh

where 3 1s m x m and zhh is (n-m) x (n-m).
kk
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Por simplioity put
-1
Z ok ™ Ean - S Bk T

-z
Pu/ e wh
Theorem 3: If N> n+1 then
3[xm) - T (3,2 20, 23,507
- 13,0 a" 1) @0 8w x,, , Bk 67T+ 67y

and
3 - 2Ee? - (1 v i 65 BT, B0 ()
In particular,

“lm w0 - 78,6002 = BWTE, BB + 67y (")
Proof: From (1) and (2) we conolude

Y(B) - T(B,k) = X(B,k) B(h) +¢ - X(B,k)¥* (k) ¥(h) B(h)
- Xx(3,k) YY) g.

As X(B) and € , & and ¢ , as well as X(B) and € are independent
we then obtainm

2 [(x(®) - 18,2/ 2,x(®)]
- B()TX(R, 1) X(E, 0B+ 67 5 (1 + XE, @) XR, 0T)

+ (®(n) B(r)) T(x(B, 1) ¥HTX(E,K) ¥W)I( X(h) B(h))
- 2 B(m)Tx(8,n)TX(3,0) ¥(k)* X(h) B(n) (5)

-zI1+12+13-ZI“.

From the usual normal theory we can derive the following conditio-
nal expectations:

B2, mTX(E, B [X(E 0] = Z ), ) + By X(BOTX(RK) B, (6)
B[X(B,h)|X(B,k)] = X(B,k) B, ™
Ble(n)/¥(x)] = (k) By, (®
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and
3[3) B BT ¥(m)Y x0T

=BT X, B Iy + ¥ B(r) BT . 9
Now we are able to study the conditional expectation of I1,I3
and I, under ¥(k) and X(B,k). By virtue of (6) we get
3[1,/x3,0] = w6, 12,07 X(3,0) By, B}

+ B E ), B (10)

Note that
B[ 1,/%(k),X(B,k)] = B(h)T B [X(B,h)/X(E,k)]

"X(B,k) ¥(x)* B[ ¥(h)/¥(k)] B(h) .
In according to (7) and (8) we derive
B[ 1,/¥(k),X(8,k)] = B(h)T 'Bhp:T X(8,10T X(B,0) B, B (1)
Finally using (9) we see
B[1,)200] = B[ tr{ X(8,1) ¥()*}T {X(B,1) ¥)*} .

“¥(h) B(h) BT ¥m)T/ wx) ]

- X300 FYE)™ x6,0T BMWTE ,, , B
+ B(h) mh/kT X(, k)T X(B,k) By B(R) (12)

From (5), (10), (11), (12) the statement (3) follows immediately.

Now we show _(lo). Using remark 1 we conclude
BLX(8,k) (x0T 2! xT(3,00] - and statement

(4) follows.
Next we give the expected extrapolation error if all n re-
gressors are applied in regression.

Corollary 1: If N> n+1 then
E [(1(®) - ¥(&,00)%] ¥, x(B)]

(13)
= Syx [1 + x@®E™™ 1@
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and

B (X(B) - T(8,8))% = 6 (1 + =l ) . (1)

In order to consider a sequence of linear models with stochastic
regressors we start with a sequence (Xj jéN) of regressors and

suppose that we select from it m,nerely X(k) = (X 500 ) with
k = (k1,.. k'a) and m>1. As before we assume &(k) = (Y, X(k))eHV -
and

Y = X(k) B(k) + £(k) (15)

with B(k) = (Bk1,...,Bk )Te B™
m

In other words we obtain this model by putting in (1) B(h) = 0 and
n =® ., This means that the selection of regressors k is strongly
connected with parameter /1B, Further put

6tk) = GY/X(k) .

Taking a sample of size N>n we denote its result by Z(k) = (¥,¥(k)),
i.e. we have

Y= ¥(k) B(k) + €(k). (16)
For an m x 1 random or not random vector c¢ put

lcr* = et xaoTe@) ¢

rer; = cf Za c.
Using remark 1 we get

EIB-BO) =) B - ua(k)l/ F R 67 =: Mk, N). “n

Obviously, for all selections k, B - Iﬁ(k)r converges in proba-
bility to [B - IB(k)//l:as N — o . Now we show even that this is

valid uniformly for all k from the set
a

€
me {k:km‘ }

1
where 0 « §2 .
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Theorem 4: For all 047 2« 1 we have

lim P{NB -@(k)ll";vu -T) M(k,N) ¥k ek
N >

provided that for all N
2
I - BCe) 0,
—_— % 4 oo

m,N§ } = 1

R“ = gup
ey, N§ 6x)

For the proof of theorem 4 we need following result.
Lemma 1: Let]ﬁ be a 7("randon variable with n degrees of freedom.

Then for any 04% < n , we get

2 h AN
Fon-%) := P(X 2¢n-)ce (1-7) (19)
Proof: Using the moment generating function of)(ﬁ we see for t 20
-1 b
(1-2t) 2 = § o pax)
° n
n-q
z § of% F(dx)
. 2 n

> et(n-1) F(n =7) ;
t.e. Bn-g)< et (1 4 )-n/2

For -1
t ey

the upper bound of the last inequality is minimal and (19) is
established.

Proof of theorem 4: Obviously, we have

ay 1= PUB - BOOI 2 (1-T M, Fkeky y o) &

£ pae - BaoP=(1-T)ma, M) &
N,f

’

e = P ( B(k) - B(k e—m _ THUN)
keKp N, ¢ &(k) Nem-1  &(k)
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3 a
It is easy to see that |[B(k) - S(k)ll /6(1:) is x‘diltributed
with m degrees of freedom.Hence, it follows

S- M(k,N
‘nék ‘ ’m(n-:q't X )
ek
n,n,g

vhere
d 5 m _ M(k,N )
Ko, m,§ " {‘“Kn.n.f i == A HJ >0} .
Applying nov lemma 1 for n = m and
m M(k,N
@ = oo + T ~ +m=

1
N-

= m(1 - ;_11-)4»1’

we see that for kel(:n‘“'s

i M(k,N)
e B i) )

2
e n/2 ( “1;_71 - Il: - ekgkw, )m/2 < 91/2(“1:'1)1/2.

80 we obtain by definition of Rll and n

= -
a, %= (&) eicm“ - Nlm-t‘l')*znnj [105 Nlm-l g ‘] *

N
1-f 1-T
As V = N andlogm + 1 <0

for sufficiently large N, we see

P R AN $=(r - 5507 [ -log B + 1+ log(1-7) +o(1)]

oL een[Bom - fe OS] e300 - 2D [0
lor(1-T) + o(1)] ¢

1-% 1-T
sl 4 5 = T - ) (1 ¢+ log(1-%) + o(1)) =

!
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-m& + o(1)
= N LQ01) = o(1)

and the statement is shown.

Acknowledgements

This paper was a lecture on the third Prague conference on a-
symptotic statistics. The authors thank for discussion and for

the helpful comments of the reviewers of the CMUC.

REFERENCES

And¥l, J. (1982): Fitting models in time series analysis, Math.
Operationsforsch, Statist., Ser. Statistics Vol.13,No.1,121-143

Akaike, H. (1970): Statistical predictor identification, Ann. Inst.
Statist. Math, 22, 203-217

Akaike, H. (1973): Information theory and an extension of the m 1
principle in 2nd Int. Symposium on Information Theory,
Eds. Petrov, Csaki. 267-281 Budapest; Akademiai Kiad§

Akaike, H. (197h): A new look at the statistical model identifica-
tiom. I.E.E.E. Trans. Auto Control. 19, T16-T723

Akaike, H. (1977): On entropy maximation principle, Application
of statistics., P.P. Krishnaiah ed. North Holland, Amsterdam
27-41
Akaike, H. (1978): A Bayesian analysis of the minimum AIC proce-

dure. Ann. Inst. Statist. Math. A30, 9-1k

Bierens, H.J. (1980): Consistent selection of explanatory variable,
Stichting voor Economisch Onderzoek der Universiteit van

Amsterdam, Seo Overdruck 1

Eaton, M.L. and Perleman (1973): The nonsingularity of generali-
zed sample covariance matrices, The Annals of Statis-
ties Vol. 1 No. 4, T10-T717

.. = 1760 -



Hocking, R.R, (1976): The analysis and selection of variables in

linear regression. Biometrics 62, 1-49

Jahn, W, (198k);: Dimensionserniedrigung von Parameterr&umen im
linearen Modell mit stochastischen Regressoren. To appear
in: Sitzungsberichte der IGMS der Math. Gesellschaft der DDR

Kshirsagar, A.M. (1972): Multivariate Analysis, Marcel Dekker,
New York

Mallows, C.L. (1973): Some comments on Cp, Technometrics 15,
213-220.

Okamoto, M. (1973): Distinctness of the eigenvalues of a quadra-
tic form in a multivariate sample , The Annals of Statistics
Vol. 1, No k4, 763-765

Olikwe, V.I. (1978): On the relationship between the sample size
and the number of variables in a linear regression model,
Commun. Statist. AT(6), 509-516

Park and H. Sing (1981): Collinearity and opt. restriction on re-
gression parameters for estimating responses, Technometrics
23, 3, 289-295

Schwarz, G. (1978): Estimating the dimension of a model, The An-

nals of Statistics Vol.6 , No 2, L61-L6k

Shibata, R. (1980): Asymptotically efficient selection of the order
of the model for estimating parameters of a lin. process,
The Annals of Statistics Vol. 8 No 1, k5-54

Shibata, R. (1981): An optimal selection of regression variables
Biometrika 68, 1, 45-5L

Stein, C.M. (1969): Multivariate Analysis I, Technical report No L2,
Dep. of Statist., Stanford University

Stone, M. (1979): Comments on model selection criteria of Akaike
and Schwarz, J.R. Statist. Soc. B U1; 276-278

Sugiura, N. (1978): Further analysis of the data by Akaike
Commun. Statist. A 7, 13-26

Karl-Marx-University Leipzig, Department of Mathematics, 701
Leipzig, Karl-Marx-Platz 10

(Oblatum 15.2. 198L4)

- 761 -






	
	Article


