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CONSTRUCTION OF MEDIAL SEMIGROUPS
Reinhard STRECKER

Abstract: Every medial semigroup, satisfying a certain
condition, 1s & subsemigroup of & medial semigroup, which is
constructed by means of commutative semigroups and their com-
muting and idempotent endomorphisms.
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Let (H,+) be & commtative semigroup and @, ¥ its idem-
potent permutable endomorphisms, ?2 = g, qrz =Y, @y =
=Yg . By the definition
(1) &b = @ (a) + y(b)

we obtain a mediel semigroup (H, ), that is, a semigroup satis-
fying the identity uvxy = uxvy. Moreover (H,¢) is satisfying
the implication

(x) ab = cd =5 axb = cxd for all a,b,c,d,x6H (see [4)).
It is easy to see that not every medial semigroup with () can
be constructed in this way ([4)). In the case of groupoids the-
re are several theorems giving conditions for a '.-dial groupoid
to be constructable from commutative groupoids by the defini-
tion (1) (111,{21,03),(5]). We prove in this note that every
medial semigroup, satisfying (%), is a subsemigroup of a medi-

al semigroup (H,+), obtained from a commutative semigroup (H,+)
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by its idempotent permitable endomorphisms @ and ¥ , where the
multiplication is defined by (1).

1. The lemmas, Let ({xi}, i€I;+) be a medial semigroup
satisfying (% ). Let T2 Y be the following relations

x:l = X, or there are Y9seees¥6X, Nn>1, ang o
xj 3 X & permutation ¥ of the numbers 2,350s44n with

xj = Jqse+0,7, @d x = y,yﬂ(z),....yﬂ,(n).

x‘.l = X or there are Yyseeey¥p€X, n>1, end a
xd T & permutation ¥ of the numbers 1yeee,n=-1 with

IJ =¥ recesYns Xy = yﬂ(‘l)”"lyﬂ(n_‘l)yn'

There are Yy9eees¥yp€ X, nz1, and a permutation

Xy T R JU of the numbers 142,000,n with
xd - y1|"'uyn, X = yar(*])"-"y_"(n)'

Lemma 1, a) The relations T » ¥ » 7§ are reflexive,
symmetric and stable with respect to the multiplication.
b) ¥ &Y end 37 ¢ T -
c) x4 T o= X4y = 5y for all yeX,
xJ = X = yx:, = yx, for all yeX,

xd T xk-_—_}xdy ¥ %Y end yx'j e yxy, for all yeX,

The transitive closures of T o T s ¥ are congruen-
ces and we denote the congruence classes containing y by [y]1,
[y]r and [ylt respectively.,

Lemma 2, From [31]1 = [y2]1 and [x.']t = [1:2}t it follows:

[Y1x1]1 + [1212]1. From [y11r = [32]1. and lx1]t = lx2}t it fol-
lows [x13,) . = [x,3,) re From [yly = [y,); ema [x,]r = Ix) . 1t
follows Y% = ¥oXse
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For a given medial semigroup (X,¢) = ({xi'{, 1€ I;e) let
PFu (Fot) = ’(‘1"’1""1"1)' ieI, be the free commtative semi-
group with the free system of generators { aiiu{bj_} u{oil vi d,} ‘
i€I (PNX = @), We denote the elements R, S of P by formal in-
finite sums
R = Ecciai + Byby + ¥yey + J,4,, Zoci + By 7+ JiZI.
Let ~~ be the following relation on F
(1) R~S&»R =S or
(2) R= Xd,4, and 8 = X d"idi with [ﬂxid‘ijt = [T xd:i] 4 OF
(3) R=b, +E*F,a,, s = by + =* 4" a, with
[thT"x:"i}1 = [xa T\"xiil1 or
(4) Rmcy +Zda,s= oy + ¥4 q, with

* d‘:l. ‘r.i 1
(= Mz ] | = [(T*x, )xgd . or

(5) R =Dy +o, +3*,4,, 5 = by + oy + =* d"id’_ with

* J 4 6.1
x 1 xijxk - xd“' " x.

By the starlet at the sums or products we denote the possi-
bility of being empty.

Lemma 3, Let T w,d, ~X w,4,.
a) If R~S according to (2), then X (dJ + w4, ~

Z(dYy + p')a.
b) If R~S acoording to (3), then

By * EH(SY + s~ by + BRI ¢ e,
c) If R~ S according to (4), then

op + ZX(Jy + Myl ~ oy + =* (Y L
d) If R~ S according to (5), then

by +op + ZXI, + @) by + op + EX(EY + @,
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2 o
Proof, We know [T xii] £ = E;I.T xii ]t‘

a) We havc [Trx i] = [T xiil 4 and therefore
Iy ] J'i ""i] 'fi+(“i]
(“ 11 ] [TT xi t = [TI xi ] t [ﬂ xi t = [TT Xi £

i+0"i
[mx, ] t
* Ji X J':L
b) Using Lemme 2 from [x, T x,*1 1= [xJ Ll x; J 4 we have
J‘ +P Jl c‘l
x_ 101 * 71+ U4
[xJTT x; ]1-[::3“:1 ]1.
c) analogous to b)d‘ J'
d) We have thl xi x, = x4 g ] fd xi; X With respect to
the condition (k) it follows xy, m* 21 ‘]T"xi Xy
sy “y
= x4 ™ xi x xm This is by Lemma 1 equal to

(u.
xy T*x, t7i*y, 1 Xy &nd because of the mediality of X we ha-

1‘“’ e =3y T "'*“1

~/ we define a relation -/-\- on (F,+):

ve x, T* xy X,. Using the relation

R= Z otyay + Byb, + ¥yoq + Jya —S-chia +B'yo, +

+ 7ic1 + 61"1 1f? there exist Ajsece,A, A1,...,%e(1’,+)
with R -.E. Aiy S = Z Ai and ‘i’\"i'

The relation L 44 mflexive, symmetric and stable with res-
pect to addition. The transitive closure = 18 a congruence
on (F,+). By [R) = [ & %8y + (3,b, + Yyey + d;] we de-
note the class containing R= X Ljay + (3 1by + ¥ieq +

+ d'idi'

Lemma 4. a) [a] ={al.

b) If a= by + ¢, + =¥ d'idi and A= B, then A~ B f01-

lows,

Proof. a) Since a is an element of the free system of
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generators of F, from a 2R it follows a ~R and therefore a =
= Ro
b) Let AZLB; then there exist AjyecesA, A'1,...,A'n with
A== Ay, B = = A‘.‘l and AJNA"_) for § = 1,...,n, b and c  are
elements of the free system of generators and therefore only the
following two cases are possible.
1) One of the elements Aj, say Ay, is of the form Ay =
* ] * 0
= by + oy + T Md;. It follows A} = b + op + =¥ 4.4, and
ell other elements A; are of the form X Ayd5. In view of Lemma
[} ] U
3 we can write A = Ay + Ay, B = Ay + A, where A2 = Zaeidi, Az-
a X ’ae'idi and A, A'2. Agein in view of Lemma 3 we get A~/B,
2) One of the elements AJ' sey Ay, 1s of the form A, = bt
+Z*@, 4,, another, say Ay, of the form A, = c, + Z*2,d;. Then
Ky = by + E*Mia, and &) + o + £* 2d;. In view of Lemma 3
we may write A = A, +A2+A3,B=-A'1 +A'2+A'3, where Ay =
= =¥ Midy, A'3 = Z"?Jidi and Ay~ A'3. We have
¢ 'y *_ 4 i
* * ] *
(x, T x; ]1 -[ka‘ x4 ]1, [ Xy xn]r' [m xy xn]r
li a’i
M .
and [T‘"‘xi 1, = [Tr'xi ). Lemma 1 gives [meT'xi iﬂ'x:]' ]1=
wy Ny
=[x, x;  TMPx; ], and Lemma 2 the equality

“ A 2 % o' A 2

* 1 Tr* i i * 1 = i = "1
e L R R L L T L AL
therefore we have A~/ B,

The relation ~s is transitive, therefore from A= B it follows

A ~ B,

2, The theorems, We define homomorphisms %o and 'qro from
(F,+) into (F,+) by
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©) @olay) = byy @olby) = by, goley) = 4y, () = a,
(7) Wo(ai) s ci. Vo(bi) = di' "’ro(ci) = ci’ ‘qfo(di) = diu

Lemma 5. =a) The endomorphisms ¥, and ¥, are idempo-
2 2
tent and permutable, Do = For Yo = Y, end PoW¥y = Yo Por

b) R =S implies @, (R) = %o(8) and Y, R) = ¥, (D).

Proof. &) Easy, since the conditions are satisfied for
the system of free generators.

b) It suffices to prove that RAs S implies goo(R) ~ g:o(s)
and qfo(R)N‘qfo(S). This is clear for the cases 1) R = S and
2) R=Xdyd, s =X ¢';d;. Let R~ S according to (3). Then
we have ¢ (R) = R, P5(8) =8, ¥ (R) = 4, + =¥ d"idi,

Yo(8) = d.'l + =* d"idi. In view of Lemma 1 we have Y €Y end
thus ‘I’O(R)’V \VO(S). Analogously we prove the case 4), R~sS
according to (4). Case 5, let R~ § according to (5), hence

d. s
thT*xi i X = x4 'ﬂ*xi & Xy We have ¢ (R) = b, + 4 +
+ Z*d"idi, P, (8)= by + d + Z“‘d"idi. The relation
J d;
@,(R) ~ @ (S) follows from [xhxk T x, | g =[x, T* x; ixk]
(] 1

g d
= [xd T\"‘x1 1 xm] 1= [xdxm ﬂ"xi 1] 1* ¥oR)~ vy (S) follows

1=

analogously,

We know by Lemma 5b) that the endomorphisms 9, 8nd vy
induce endomorphisms @ end ¥y of F/= , satisfying again the
condition (6) and (7). From this we have by en easy calculation:

Theorem 1 (see [4]))., P/= is a medial semigroup with res-

pect to the multiplication [R1([8] = [ (R)] + Ly (S)].

d
1t xh'IT‘ Xy : X, = X, then we denote the class
Loy + o + =* d'44; by T.. By the lemmas 4 and 5, this notation
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does not depend on the chocie of the representatives,

Theorem 2, &) The set
T ={ley) : x;4 X°fu (UD)

is a medial subsemigroup of (F/= ,-)
b) The mapping @
[a.) 1f x, & X°
pep =1 ) L e
Tj if xj € X
is an isomorphism from X onto TE F/=

Proof, &) Let xy end x & X2, We have [aj] [ak]= ?(aj)+
+xy(ak) = bJ + ¢, and thus this expression is of the fomm (5).
Let xjdi Ia, T, = [bl + o + Z*d’idi]. We have [aj]Tn =
=glay) + V(b + ¢ + =Xy = by +d) + oy + z*"ridi and
thus this expression is of the form (5). We have T, L aj] =
=@(by + o + TFaa) + way) = by +ay + S¥a 4 ¢y end
thus this expression is of the form (5). Further we have

X ' x*
mt E Iyad =)+ 4 + T4,
+dy+ oo+ Z*d‘idi and this expression is of the form (5).

(b, + ¢, + Z*d‘idi] [bJ +c

T is a subsemigroup of F/ = .

b) @ is & bijection. Let x x = x,.

b1) Let x ,x ¢ x%. We have e(xy) =lad, p(xy)) =[a],
el [as] =lg(a) + yw(a)dl =lb, +c ] =1

b2) Let x ¢ X°, x € X°. We have @ (x) = [a) and @©(x,)=
=T, = [bl +op + Z*d‘idi], with xl'ﬁ’xii X = Xg. It holds
PlxpE(xg) =ladr, =Tb) + [y (T )] =[b, +d) +c +

o

+ Z*d'idi] = T,, because of X X, ﬂ'*xii Xy = XX o= Xy

b3) Let x.¢ Xa, xs¢ X2, We have P(xy) =T =[by + ¢ +

J"
+ = d'idi], where xlTT*xi 1 X = Xpo It holds e(x)p(x)) =

=T .lad =(by + 4 + £*¥dy4;) + ey = Ty = E(x.x.), because
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i
of X% Xy X, = X Xy = X4
b4) Let xr,xjex2. We have ;o(xr) =T, = [bl +cy +

>y
+ Z*d’idil, (oo(rxs) =T, = l'_b:j +o 4+ Z‘Jidi with xlTT*xi 1xk=

= Xps Xy ™ x; 2 X, = Xg. Hence, ;‘o(xr)p(xs) =TT, = ¢(T,) +
* YTy = Dby 4 a + T e 44y 4o +E S g )0, -

= @ (xrxs).

Theorem 3. Let X =-{xi, 1€ I} be a medial and archimedean

semigroup. Then (F/= ,-) is archimedean, too.

Proof, Let A = = oCjay + b, + Ticy + 944, and
BaZX ®,8, + Aibi + Mjcy + Vydy. Since X is archimedean,

there exist a natural number n21 and elements X, and Xy with

Ly+By+y+Iy - x“i*"i*‘“i“’
1

erf xi IE = (

‘Po‘Vo(drAds) =d, + = (ey +{31 + 7y +Ji)di +d, ~

i)n. Therefore we have

) n
n> (ae1 +-7ti + Uy o+ vi)di = gvow.yo(B ). From this Bd AdB =

n+2

=B and consequently (F/= ,:) is an archimedean semigroup,
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