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Abstract: Sutton [8], Berliand [1) and Marchuk [61] have
studied the dispersion of gas exhalations over a flat surface.
In this paper, we consider the dispersion of gas exhalations
over a wet hilly surface,
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Introduction. The main goal of this paper is to study a

question of the existence, unicity and regularity of the "very
weak" solution of the boundary value problem describing the air
pollution in the case of the wet hilly surface. The case of flat
surface was considered by many authors (e.g. Berliand [1} Mar-
chuk [6], and Sutton [81). The case of a hilly surface was con-
sidered by Hino [4] and Berliand and collective [2] (under mome
simplifying assumptions). As far as the author knows, the pro-
blem of the dispersion of gas exhalations over general hilly
surface has not been considered.

Under the assumptions formulated in part I the process of

exhalation dispersion corresponds to the Dirichlet problem for
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an elliptic equation of the second order with the right-hand
side given by Dirac distribution. So we must seek the solution
of the boundary value problem in the "very weak" sense (see De-
finition 3). Its existence and unicity is proved in part II,
Part III deals with the regularity of the "very weak"solution.

I. Formulation of the problem. The general continuity equ-
ation has the form
9¢

(1 -a-; - div (K.grade) + (¥ ,gradc) + 6c = f(t,g)
where ¢ = c(t.§) is a concentration of the exhalations,
ky 0 (o}
K={ 0 l:y 0
0 0 k,

18 a matrix of the coefficients of turbulent diffusion, W =
= lvx.vy,vz] 1s & vector of the wind velocity, f = £(t,§) is
a density of a given source of exhalations and (.,.) is the in-
ner product in R3,

Agsume that during the process of exhalation dispersion the
following conditions are satisfied:

1. The earth hilly surface over which the exhalations are
extended is described by a twice continuously differentiable func-
tion z = & (x,¥).

2. The exhalated gas reacts chemically with the atmosphe-
re, The loss due to the chemical reaction is characterized by a
non-negative constant € .

3. The source of exhalations is situated in the point go =
= [0,0,h], where h is its effective height and Q is its emission

for time unit.
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dc
4. The process is stationary, i.e. a— = 0,
t

5. The earth surface is wet., It means that the most of
exhalations are absorbed by the earth surface. Thus, the ade-

quate boundary condition is
c(x,y,c(,(x,y)) =0

for every [x,y1 e Rz.

6. The wind velocity satisfies the mass conservation law

Te The concentration of the gas exhalations vanishes in

the infinity, i.e.

1lim c¢(x,y,z) = O.
Ixi+inglez >0

Under those assumptions we can formulate the following

boundary value problem
Lc = - div (K,gradc) + ((?,gradc) + 60 = ch'E (g)
o

1lim c(x,y,z) = O,
Ixi+ lgl+z o0

c(x,y,(x,¥5)) = 0.

II. Existence and unicity of the solution. We consider

our problem in the bounded domain O c LIx,y,z1 € IRB: z >
> o (x,y)% for which:
(1) 99Xl 1is a twice continuously differentiable bounda-
ry, 80 = v PZ‘ where [, is described by the function
z = &(,y) and f‘.l = 9L - P2'
(11) go e {1 &and O is sufficiently large. It enables

us to put, approximately,

C\r\1 = 0,
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In the domain f) our boundary value problem is the Diri-
chlet problem in the form
(2) Le = - div (K.grade) + (V,grade) + 6€¢ = Q J° (g)
o

(3) clan =0

By the symbols W5(0L) and #5(0) we denote the Sobolev
spaces (see [3)).

Let A be an elliptic differential operator defined by the
relation

3u

9z,

2 3
(4) Au=-_ Z —x—(aﬁ(g )
i

du
x

3
F) +%§1 bi(g )

431 9 +e(§)u'

Define a bilinear form

% du dv 3 du

v +
Xy

+ j‘n a(§ )u
for every u,ve w;(n).

Definition 1. We say that the function ch;(.Q.) (resp.
ue ﬁ;(n) is & weak solution of the differential equation

(6) Au = £
(resp. of the Dirichlet problem

(n Au = 2,
(8) Ulgg =0

1 for all ve¥)(Q) the relation
9) ((u,v)) =<£,v>

holds, where <.,.> is the duality between W;'(Q) and W)(2).

Proposition 1. Let £ be & domain with a twice continu-
ously differentiable boundary and Q, Cﬁ,‘ cQul , where I
is any open part of 91 , Purther, let the following condi-
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tions be satisfied:
(1) There exists 7 > 0 such that

=l 1 2 é‘:";‘s:d 21505 ) my g < 7linl2
for a.e. E €0 end everym = [1’,1,112,113) % 0,

(ii) The functions &y have Lipschitz derivatives of the
first order and bi' a eare Lipschitz functions on L .

Then every weak solution u of the equation (7) with the
right-hand side fe 1.2(.0.) which on " is given by some functi-

on u, from '%(.Q1), i.e.
Au = £,

un = uo‘r ” uoelg(.(l1)
belongs to Wg(.().1), while for every subdomain Q,c .H.ZC.Q.lu r

there exists a constant M = M(.Q.1,.Q2) such that the following
inequality holds:

full «M(D,4,0,)(02N Ru Ul )e
Higiag X B2 ey it

Proof (see [51).

Theorem 1 (Existence and unicity of the weak solution).
Let the following conditions be satisfied:

(1) There exists a constant o > 0 such that the inequa-
1lity

a2 (g)m2 + ki (§)Im2 + k(55 < lin)?
holds for a.e, % € ) and every 1 = ["lx"'ly"'lzl # 0.

(11) kx'ky'kz have Lipschitz derivatives of the first
order and vx,vy,vz are Lipschitz functions on o .
Then the Dirichlet problem

(10) Lc = £,
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°lan
has one and only one week solution ¢ for an arbitirary right-
hand side few;(_a). Moreover, if the functional f belongs to
I,(0.), then the week solution cc®l (0) = W(Q)n #(0) ana
9

the inequality

(12)  Hell < M(hell + lel )

2@ L, @) L, (@)

holds, where the constant M is independent of f.

Proof. The existence and the unicity is an immediate con-
sequence of Lax-Milgram ‘s Theorem, because under the assumpti-

ons on the coefficients kx,k ,k_ and v

yr¥x x,vy,v‘z our problem is

coercive,
The inequality (12) follows from Proposition 1.
Analogically we get the following results:

Theorem 1* . Let the conditions of Theorem 1 be satisfi-
ed. Then the edjoint problem
(10%) L¥c* = ~ div (K. gredc¥) - (V,grade¥) + € c*t¥*

(11%) =0

“aa
hes one and only one wesk solution ¢* which belongs to Wg’o(n,)
for an erbitrary right-hend side f‘cw? (1), while the follow-
ing inequality is satisfied:

(12#)  Ne*l WS(Q) & ( |lf*||L2m_) + \lc*lle(m).
The constant M is independent of f¥.

Remark. According to Theorem 1, the Green operator
x 2
GF 1 L(0)—>W; (Q)
is detined by the relation

G¥ ¥ = c¥*,
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where c¢* 1is a weak solution of the problem (10¥)-(11¥),
Let Q1 be & subdomain of {l such thet § & .ro Iioc..ﬂ.-
Denote
2
W(_Q.o) = Wz(ﬂo)n L,(Q2),
equipped with the norm

“u “ = “u“ + “u“ o
2
W(.ﬂo) wz(n ) La(.O.)

(]

Definition 2. The problem (8)-(9) is called W-correct, if
for every feL,({l) there exists ome and only one weak solution
u from W(Q ).

Now, let v¥ be a weak solution of the adjoint problem

2 _3 o v* v
(79 Mwr = o 2 ey (8) T E vy(g) 3 v evn

(8%) =0

o

with the right-hand side f*e L,(f2) and u is a weak solution of
the problem (7)-(8) with the right-hand side fe WE‘ (fL). Accor-
ding to the definition of the weak solution we have

((v¥u)) = (£¥,u)
((u,v¥®)) = {L,v*) .

We have easily
(u,£¥) = {£,v*> .

Taking account of the notation introduced in Remark, we can

rewrite the last relation as

(13) (u,t¥) = {£,6¥ £*) .

From this we go to
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Definition 3. Let the boundary value problem (7T*)~(8*) be
W-correct. The function c€ L,(Q) is called & "very weak" solu-
tlon of the problem (7)-(8) with the right hand side fs'*(ﬂo),
if for every ft¥e I,(Q) the equality (13) holds, where Loge?
means the duality W"(.Q.o) and l(ﬂo).

Proposition 2. If Q is a domain with Lipschitz boundary
then the imbedding of the space I%(.Q_) to C(1) is continuous.

Proof (see [ 71).
Lemma 1, Dirac distribution d"§ belongs to '*(_D.o).
o

Proof. It is obvious that c]"g e C¥( ﬁo). Proposition 2
o =
implies that the imbedding of the space C*(.Q.o) to WX ‘Qb) is

continuous. From this,our proposition follows.
Lemma 2, If we define a function
3
n 2 2
22(8) = Py e {- Mg - 5 02]
for every ne N and g € |R3, then the sequence -ifn"; converges to
the Dirac distribution J‘E in the space W*(.Qo).
o

Proof. The statement follows both from the continuity of
the imbedding of the space C“(ﬁ_o) into W*(Q ) end the conver-
gence of £f 3} to Jﬁ in C*(ﬁo).

o

Theorem 2 (Existence and unicity of a "very weak" solution).

Let the conditions (1),(ii) from Theorem 1 be satisfied. Then
the Dirichlet problem (2)-(3) has one and only one "very weak"
solution ceL,(Q).

Proof. Let {rn"; be a sequence of functions introduced in

Lemma 1. According to Theorem 1, for every n€N there exists a
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weak solution of the problem

(14) Lo, = £,

(15) C = 0,
2 lon
Since S is a weak solution, it is also a very weak solu-
tion of the problem (14)-(15). Then

(16) (cpst¥) = <Qf ,G*2%)
for every n end f¥c L,(Q1). Moreover, we have

(7 1<Qr,6* 1>l < QI £, wA(g,) Ila*f'llw(_%)

= Q el yarn yCNGREN ) + e et || )
(a, LAGW Lo (0,
According to Theorem 1* and the coerciveness we have

(18) HG*!*I\'Z(Q , £ M( “"‘Lz(n) + llg¥e* “1'2“1))
2%

<M \2¥) L, (Q)*
Prom (16)-(18) we get
l\onll L,(Q) “ M, llfnll "(Qo) .
The last inequality implies convergence of the sequence
{cn’; to some ¢ in L,(fL).
It is easy to show that c is a "very weak" solution of our
problem (2)-(3).

Unicity follows from the definition of the "very weak" so-
lution.

ITI. Regularity of the "very weak" soluticn.

Proposition 3. Let {9:3 be a sequence of distributions
such that oFf —» ¢* in () end
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inP ?'nul?(ﬂ.) <K
for every neN. Then DP ¢* ¢ L,(2) and
B
IpP @* “Lz(n) &K,

Proof (see [T1).

Theorem 3 (Regularity of the "very weak" solution up to
the boundary). Let the assumptions (i),(1i) of Theorem 1 be sa=-
tisfied. Then the very weak solution ¢ belongs to Wg(.(l1) for
every subdomain {,cQ - ﬁo, 51 n.(—lo = g.

Broof. Let ¢ be a "very weak" solution of the problem
(2)-(3). Choose the subdomain -Q'1 in such a way that _Q.'1 c
cQ -.S-)-.o, :5_1CS1'1 vdf) and §'1nﬁo = g.

Let c, be a weak solution of the problem (14)-(15). Accor-
ding to Proposition 1, there exists a constant M = M(.Q.1, .0.'1)
such that

I cn“w2m1) £ M(Q,,0 (e I 10y * el L)

2
holds.

This estimate together with the choice of the sequence
{fn'i and the convergence of the {'cn": in L2(_Q_) yields our pro-
position.

Propogition 4. Let the assumption (i) from Proposition 1
be satisi‘ied. Let further, the functions aij have Lipschitz de-
rivatives of the k-th order and functions bi, a have Lipschitz
derivatives of the order (k-1) in (L (for kZ1).

Then every weak solution u of the equation (7) with the
right-hand side fe€ Wg'1 (1) velongs to W12‘+1(.Q1) for any 9.1 c
cf,c L . There exists a constant M = M(Q,) such that
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flull k41 g éu(ﬂ1)(l\u|\'1m) + el

)
w3, W)

2 2
holds.

Proof (see [7]).

Theorem 4 (Interior regularity of the “very weak" solution).
Let the assumption (i) from Theorem 1 be satisfied and let the
coefficients kx'ky'kz have Lipschitz derivatives of the k-th o-r-
der and the functions vx,vy,vz have Lipschitz derivatives of or-
der (k-1) in Q. (for k=21).

Then the "very weak" solution ¢ belongs to Ig” (‘Q'Z) for e-

very subdomein _Q.zc.(_lzc o - ﬁo such that ﬁa nﬁo = g,

Proof. Let f1', be a subdomain of Q such that A, co)c
(= ﬁ'zc Q- ﬁo and let ¢, be a weak solution of the problem
(14)-(15). According to Proposition 4 there exists a constant M =
= M(2,, ') such that the inequality

an Ne N < M(Q,, Q)N | +
n W§+1(Q_2) 2 2 n w§—1(n02)

)

+ | °n | W;(ﬂ'z)

holds for every n. Moreover, let { = ¢ (§) ve an infinitely
differentiable function such that

1 for e Q'
g<g>={ e

0 for E € _()_"2
where (', c Q" c ﬁ"zc 0 - ﬁo.
From the coerciveness we obtain
(18) Ilgcnnw;m) é((?cn,?cn))

€ 1oy, fog)) = (o, F2e ) + Hley, g2 )] .
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The definition of the weak solution gives

(19) Moy §20 )1 = 1(2y, §20) 1 = 1(F2,, o))

Performming an easy computation, we obtain
(200 1((Fop, Fop)) = (e, §2e0)1 £ 0 1) onugzm,.

From the choice of {f } and the convergence of the fo,3
in I.2(_.Q_) and by means of (17)-(19) we get

e I £ M,
n +1 =
@)

for some constant M2 independent of n.

From this and from Proposition 4 we get the assertion.

Corollary., If the coefficlients kx,ky,kz and vx,vy,v‘ are
infinitely differentiable, then the "very weak" solution ¢ is
infinitely differentiable with the exception of the points

where the sources are replaced.

Proof follows from Theorem 4.
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