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SINGULAR SOLUTIONS TO LINEAR ELLIPTIC SYSTEMS
J. SOUCEK

Abstract: Discontinuous solutions of linear elliptic sys-
tems with bounded measurable coefficients are studied. A cons-
truction of an elligtic system, which has solutions disconti-
nuous on a dense set, is given. Further it is shown that gene-
ric solutions of De Giorgi type equations are singular.
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In 1968 De Giorgi [1] (see also [2]) constructed a linear
elliptic system with bounded measurable coefficients, which has
a discontinuous (and even unbounded) solution. His construction
can be expressed in the following simple terms. Let 31 be a unit
ball in R®, nZ3.

Lemma 1. Let b = (b¥), 1,k = 1,...,n be & matrix of 1°-

functions such that

(0.1) Jp, vf@ 5 =0, V& e cr(m Y.

Let us denote (the summation convention is assumed)

x o
(0.2) a.li? = d‘iJth + '3""3‘

T
where
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(0.3) & - vk - u’;i, uen (B,,R%).

Let us suppose, moreover, that

(0.4) u -d = uﬁi &>o,
0.5) bed _ 2 n,
( 3;75-

Then u is & solution of the elliptic system

(0.6) f131 ayl uiiq, *X‘J x =0, Yde & (B ,RM).

Proof. By computation. The ellipticity and boundedness of

ai? follow from (0.5) and (0.4).

The example of Giusti and lliranda [2] corresponds to the

choice
(0.7) W (@) = x I,
(0.8)  bf = IxI7! (noyy + By x x, Ix172),

The solution (0.7) is discontinuous at the origin of RP,

In the first part of this paper we give a construction of
an elliptic system, which has solutions discontinuous on a den-
se set of points. This implies, in particular, that the vector—
valued quasi-minima for the Dirichlet integral [3, 7] need not
be even "partially" regular. In the second part we show that
almost every solution to the equation of De Giorgi type is sin-
gular, or more precisely, the generic solution is singular, In
particular, we shall give a sufficient condition on the bounda-
ry data guaranteeing that the solution is singular., The first
part of this paper was already partly reported in 3, T]. Ve
would like to thank M. Giaquinta and J. Nedas for discussions
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and inspirations in connection with this work.

1., We shall consider the following situation (and notati-
on)

(1.1) @) = o, -;3 , T =1xl, u.gi = r-1(°rk1 - n ny),

(1.2) o =N+ )y + gy my), FrO.

Then we have

F+1

-1
£ r I (Poyy + 6y n), 6= +1>0,

(1.3)  dk
(1.4)  aug =12 Fa-1),

(1.5) da-d=x2H, Ha=F(n-1)+ (F+ 1A
We see that the coefficients (0.2) are elliptic, since

2 k kh . h 2
(1.6) A 1%« Fy 855 €3 £ A AF
with

H

(1.7) ,7\,°+1, A1-1+m.
We shall use the following notation for translated functions
(1.8) u%y)(x) = Dy (y) (x) = u¥(x - ¥), T(y) ()=tx -yl

and similarly for bf( ), df(y).
Let w be a positive bounded Borel measure on B,. We can form

the superpositions using
(L9) @ = f ) ae), B = Sy, iy de),

and eimilerly for i, Pinally, let us denote by
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i
(1.10) ii?- d’iddkh+‘n_;_ié
Theorem 1. The vector-function WX is & solution to the el-

liptic system
<kh <k h L]
(1.11) f51°1;| gﬁq;xjdx.o, VY e c2,
The ellipticity constants A, A, of this system are related %o
2o+ A, fxom (1.7) by
(1.12) A, =1, A,&A,
Let us suppose that
©0
(1.13) = h§4 €y J'(,k). Ex”>0y Y €By,
lhe point y.

Then W* is disoontinuous at points y, and we can clearly choose
ihe set {y,} %o be dense in B,.

Proof. Let us define functions Gn(x). y,2€B, by

(1.14) l- 3’2(!) - lnk(y)(x) nk(‘)(x)\z.
Clearly, O £ 6’“41. Then we have

-1 -1
“&(,)’d(z) = r(y) r(z)(r(n-‘l) + GG‘")'

€115 1 1 2
4(y)d(z) = T(y) T(g)(H = 6" Fy,)

and this implies
(1.16)  TW+d = P(n-1)A + 6B, &.d = HA - 6?3,

where the functions A(x) and B(x) are defined by

(1.A7) A = [T deaa(e), B = [ x{)yr(}) 65,d@(auls).
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The best ellipticity constant _.7\-.1 can be expressed by

- 2
H-G3= B
(1.18) Ay =1+ oup, gy rdEr =) = o

The inequality X z O implies that A, £ A,

Remark. The optimal choice of F gives the smallest possib-
le ellipticity constant

i} JIT+A+1 . n-2)2
1sont Ji+a -1 -1 °*

which corresponds to the known regularity results [4 - 6] for

(1.19) A

systems with A, <A, opt*
’

2., Before stating the general theorem about singular solu-
tion, we shall consider its special case in R3; so from now on
n = 3. Let us consider the elliptic system (0.6) with coeffici-
ents (like in 12])

(2.1) 31;_? = Jy ¥t + 858, Bf - J, +2nm,.
We shall use test functions of the form

(2.2) % = 2(r)ny, tecP(0,),

where n, = xkr'1, r = |xl. We heve

(2.3) sz =r's Ohy + (t° - r"1r)nhnj

and after a calculation (using 1.1)), we obtein
(2.4) (e @ :a)xi = h(r)n,

where the function h(r) is a second-order differential expressi-

on in f(r) given by

(2.5) h = 10(£" + 2r~2°).
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Integrating equation (0.6) by parts we obtain
k
(2.6) fa1 unh dx = 0

Now we can introduce the spherical mean value of u

(2.7) w(r) = a!vdﬂ =2 f vds, ve uknk.

", Bn
Equation (2.6) then reads

(2.8) fB vhdx = f: r? n(r) dar a‘é v(r,Q2) dQ =0
1 "

= that, using (2.3), we arrive at the ordinary differential e-
quation for w(r) (using 2.5))

(2.9) j: r® w(t" + 2r7'2") dr = o, erc;" .

This equation is equivalent to
(2.10) 2w+ r w2 0

and the basis of its solutions is

(2.11) Wy = const., w, = const. 1,

The second solution w, does not correspond to the H1-function
(this is a general fact, that there is only one H’-solution. ot~
herwise the uniqueness in the Dirichlet problem would be viola-
ted).

Let us consider the Dirichlet boundary value problem with
the data

(2.12) uf = gk at 351

k

and let u” be the solution., If the data are such that

(2.13) W = a{ @ ¥ n, das+o,

1
then w(1) = o and thus w(t) = @ , Vte(0,1). It implies that
the solution uk cannot be continuous at the origin, as we shall
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show, If uk is continuous at the origin then we can write uk =

= u(0) +%, 1Tl < e in By . We obtain

Bk
(2.14)  w(d) éfga'axk uf(0) ax + 3 e ja‘Bd‘d.D-éce

and this contradicts w(¢o') = « =0,

Equations (2.7) and (2.11) mean that the mean flux of the

k

field uk through BBI_ is constant and thus u" cannot be regular

at the origin provided this flux is nonzero. The solution can

be regular only if «= 0., There are regular solutions, e.g.

(2.15) uf » ¢ klm 8y X, 8 = constents,

where e,klm is the Levi-Civita tensor., This raises an interest-

ing question: are all solutions regular, if w= 0 ?

Let us now consider the more general problem in Rn, nz3
for equation (0.6) with coefficients given by (2.1), where
(2.16) B 2 oy + Gn.n,, ¥, G = constants, F>0.

We shall assume that this equation has a radial solution of the
form

k
(2017) urad = g(r)nko

which is discontinuous at the origin,.

Under these circumstances we can state

k

Theorem 2. If u” is a solution to the system (0.6), (2.1)

k k
an o1 W= u ds#$ 0, then u 1s discon-
d (2.16) such that 1554 n, ds+0, then u" 1s discon-
tinuous at the origin.

Troof. It is enalogous to the one in 3-dimensional case
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discussed above., We write the equation (0.6) with the test func-
tion of the form (2.2)., Then we shall obtain equation (2.4),
where h(r) is a function depending on f, t’ and f", perhaps more
ocomplicated than (2.5). Equation (2.6) remains true end in the
equations (2.7) and (2.8) r2 has to be replaced by r® ', In this
way we get a second-order differential equation for w, amslogous
to (2.9) and (2.10). But g(r) from (2.17) must be a solution of
this equation, because the spherical mean w, . of “lzfsd is equal
to g times the area of the unit sphere. It can be shown that this
equation is of the Euler type, so that g must be proportional to

t4

a power r~ %, o¢c = O, We have already noted that there may be on-

ly one H‘-aolution; thus w is proportional to g. Then the discon-

tinuity of uk follows by the same argument as above.

Remark. If we parametrize solutions by their boundary data,
then the space of discontinuous solutions contains the open den-
se subset of the set of all solutions (the seme is true in the
H‘-norm on 31). Thus the discontinuity of a solution is a gener-
ic property.

Let R be a subspace of regular solutions to the De Giorgi
system (0.6), (2.1) and (2.16) with A,Z ai,opt' One could ge-
nerally expect that R is dense in the space of all solutions; in
particular, that the singular solution may be approximated by
regular ones (with H‘-norma converging to + o ). This is exclu-

ded by Theorem 2.

Conjecture:
(1) R is closed in ﬂ1-norm.

(11) R has a finite codimension in the space of all solu-

tions.
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[11

[2)

{3)

41

(5]

6]

7

(iii) This codimension is one if &1 is sufficiently small.

(iv) The standard Holder-continuity estimate is true on R.
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