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A LARGE F, -DISCRETE FRECHET SPACE HAVING
THE SOUSLIN PROPERTY
V. V. USPENSKII

Abstract: By & theorem of G, Amirdzhanov, any 6-product
of closed unlt intervals (= the subspace of a Tychonoff ocube
consisting of all points having only finitely many non-zero co-
ordinate2§ contains a dense subspace of countable pseudocharac-
ter. We give a simple proof of a more general fact: any such
6 -product contains a dense subspace which is the union of
countably meny closed discrete sets and therefore has a Gy dia-
gonal. This answers a question (first answered by D.B. Shachma-
tov) raised by P. Simon, J. Ginsburg and R.G. Woods of whether
a regular space having a Gy diagonal and the Souslin property
can be of cardinality greater than exp e
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Classification: 54A25

Consider the following four cardinal inveriants of a to-
pological space X: (1) the Lindelof number 1(X); (2) the Sou-
slin number c(X); (3) the character X (X); and (4) the product
v (X)»t(X) of the pseudocharacter and the tighiness. The first
two inveriants are "global", the last two are "local". Suppose
one of the "global" inveriants and one of the "local" invari-
ants of a Hausdorff space X do not exceed a given cardinal m.
Is it true that X cannot be too large? It is well known that
the answer is yes for three of the four possible combinations:
(1) and (3) (Arhangel’skii), (1) end (4) (Arhangel skii (for
a regular X) - R. Pol - Shapirovskii), (2) and (3) (Hajnal -
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Juhdsz). In these three cases the cardinality of X does not
exceed exp m, see e.g. [1],[2]. In the fourth case, when c, ¥
and t are bounded, the cardinality can be as great as one choo-
ses it to be: for any cardinal m, the Tychonoff cube I™ con-
tains a dense Fréchet subspace X of countable pseudocharacter
(31, [2, Theorem 1.5.33]. For such an X, c(X) = y(X) = t(X) =
= %, and |X) is great if m is. We show that any Tychonoff
cube I® contains a dense Fréchet subspace which is F;-discrete.
A space is Fs-discrete if it is the countable union of closed
discrete subspaces. Since the square of mFg -discrete space is
Fs—discrete and since every subset of an E; -discrete space is
of the type Gy, any Fgz-discrete space has a Gg diagonal. So
our example answers in the negative a question of P. Simon [4],
J. Ginsburg and R.G. Woods [5, question 2.5], and A. Arhangel "-
skii [2, problem 16): is it true that | X| £ exp 5, for any re-
gular space X which has the Souslin property and a GJ diegonal,
The first to solve this problem was D.B. Shachmatov. Our con-
struction is much simpler than his and provides a space which
is additionally countably tight (in fact, Fréchet),

The closed unit interval L0,1] is denoted by I. Let A be
a set of indices. The points of the Tychonoff cube IA are writ-
ten in the form {x,:a ¢ A%, For xe 1A the set {a €A:x +0% is
denoted by A(x). The & -product of the family{Ia:aeA§ of in-
tervals is the set S -{XEIA:A(X) is finite}. The space S is
Fréchet [2, Theorem 1.5,27] and has the Souslin property.

Theorem. Any 6 ~product S of closed unit intervals con-

tains a dense subset X which is an FG-diacrete space,

Proof., Choose a sequence K1 ’KZ"" of pairwise disjoint
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finite subsets of I such that every nonempty open subset of I
meets all but finitely many of K, ‘s. Por example, each K may
be the set of rationals of the form (2k - 1)/2%, where k is a
positive integer « 201,

For every natural n, let S = fxeS:A(x) has precisely n
elements}. Define a subset X of S by the following rule: if e
point xe€ S is in 8 , then x is in X iff n>0 and all non-zero
coordinates of x are in Kn. Clearly X is dense in S (we assume
that the set A is infinite; otherwise S is a finite-dimensio-
nal cube and the theorem is obvious). We claim each X, =XnS,
is discrete and closed in X. For every natural n, choose & po-
sitive number d such that Ix - ylzdh for every two nonequal
points x, y which are in the union of n sets K1,...,Kn. For e-
very x<¢ X, the set Vn(x) ={yeX: for any a€A(x), y >0 and
lxa - ya|< dn} is & neighbourhood of x. Since the intersection
V.(x)n X, is empty for xe X\ X, and equals the singleton {x}
for xexn, it follows that each xn is closed and discrete. Hen-
ce X =U4{X :n = 1,2,0..% 18 Fg-discrete,

Corollary. For any cardinal m, there exists a Tychonoff
space X with the following properties: (1) X is Fg-discrete
(and therefore has a G, diesgonal); (2) X hes the Souslin pro-
pertyy (3) X is Fréchet; (4) [(XI>m.

I am indebted to Professor A.V. Arhangel ‘skii for point-
ing out that the construction described here - which was in-
tended originally to yield a space with a Gydiagonal - yilelds

in fact an FS -discrete space.
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