#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1982
PURL: https://resolver.sub.uni-goettingen.de/purl?316342866_0023|log71

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
23,4 (1982)

ANOTHER NOTE ON CLOSED N-CELLS IN RN
W. §. R. MITCHELL

Abstract: A question of Markl as to whether the region between two closed
N-cells mkwdﬂo:utimretncu to a boundary component is answered
affirmatively.
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m[ii]mrwmfolmmum.mumvumm
images of Int B such that T= B =V ; then 1f UCV, does ¥ - U deformation
m:acttoFrV?mdilmningthhqwﬂm,1thmturlltoumthnt
TeV, in order to maintain links with the anmulus conjecture (see closing remarks).
mﬂghuxttmsplpcnwinmothefouadngmuum:A:PrU,B-P:V,
R=V-U, S=V -0, Under our assumptions R is a generalized manifold with
boundary AuB, and S = R = A,
lekl'nq\mtimunifnddmnummmA,ormmtoB.m

addition we will discuss vhather S deformation retracts to B.

Lemma 1. The spaces A,B,R and S are all locally compact ANRs.
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Proof. This trivial for A and B (which are homsomorphic te S1), To prove

R is an ANR, it suffices to show that it is locally contractible, since it is
clearly finite-dimensional [7;V 7.1] . Local contractibility is obvicus if
x€SCR, since V& B" i3 an AMR. If x€ A, let Q be an open nelghbourhood of x
in R. Since A is collared in U, there is an open neighbourhood Q of x in ¥V
which deformation retracts (via p say) to Q. (Such a Q_is cbtained by addding
to Q an open collar of QnA in T ) As V is locally contractible, there is an
mmmmdpdmeMmmino+,uxdsomomo-p(o+).
By restriction to PAR, we obtain a contraction of the open neighbourhood PR
of x inside Q, as required.

Finally S is an open subset of R, and 80 is an ANR by [7;IIT 7.9].

If N2, by the Schonflies and Jordan Curve Thecrems it follows that
N-1
R¥® S x [0,1], and both questions have affirmative answers. Henceforth we

suppose N2 3, and 30 A and B are simply connected.

Ieswa 2. In the above notation suppose N>-3. Then:-
(1) R is simply comnected.

(11) S is connected,and 7TT,(S) ¥ 1 if A is collared in R.

Proof. As GCV, A separates K into two domalns, each with frontier A, and one
of which contains the complement of V. This easily ylelds connectedness of R
and S.

Since A 1 collared in U > B", there exists an open subset R_of ¥ which
deformation retracts (along a collar) to R, and such that R AU = S* X (0,1).

Applying van Ksmpen's theoren [6;p40] to R and U, mmlunqmtnyu-'
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hemtt!ctible,veobtdn-rri(m?‘l.mwtonhuq(s)fiuku

collared in R is similar.

Remarks. (1) Trivially B is collared in R, and 80 S is homotopy equivalent to
the interior of the generalized manifold R.

(2) Example 3.3 of Fox and Artin [5] shows that S can be simply connected
without A being collared in R. To modify their example to suit present needs,

delete the interior of a small tame 3-cell from Z,

Theorem. In the above notation assume N) 3. Then:-
(1) R always deformation retracts to A (and a&lso to B).
(11) S deformation retracts to B if and only if 1171(5) 1.

(111) There always exists a retraction of S to B.

Remark. We will utilise obstruction theory for maps of ANRs (as opposed to the
more familiar case of cell complexes). No convenient account of the theory in

full generality exists, but the reader may consult [10] and also [8;pp193-195].
However the proof of the first two parts can also be completed using [7;VIT 8.1]

since in the simply connected case there is no call for use of local coefficients.

Proof of the theorem. The cbstructions to the existance of a deformation
retraction of R to B lie in ‘r?‘(n,a;v‘rkﬂ})), where the coefficients are
tiisted by the action of TT(R) and the cohomology is Tech cohomology. By
Lesma 2,7, (R) ¥ 1 and 50 the coafficients are in fact untwisted. By [11] and

duality, for any cosfficients G we have H\(R,A;G) @ HX(R,B;G) % 0, and so the
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obstructions to deformation retraction to A and to B both vanish identically.
In (ii) the forward implication is trivial. The converse follows as above,
\/\
since the obstructions lie in ‘X?C(S,B;TF;C(S,B)) (k=0,1..), and these groups vanish

v N
by the proof below.of (iii). As for (1ii), the obstructions lie in Hkg,B;Trk__l(B))

N-1

where again the coefficients are twisted. Since B= S y the coefficients and so

the obstructions vanish if k<N. If k>N, since dim S = N the obstructions vanish

by [2;II.15]. Finally "T“_,l(B) e Z , so the only remaining obstruction lies in
‘},{N(S,B;\i\). We finish the proof by showing this group is zero.

By H, dencte singular homology, which by [2;V.12.6] equals Borel-Moore
homology with compact supports, denoted BHH‘: « By Y-X:: dencte Cech (=sheaf)
cohomology with cempact supports. By duality [2;V.9.3] H,(S) :‘Bﬂp{;(s) b~
\I{lz-i(RN,RN - S); this in turn is isomorphic to ‘l'-ll;_z(R“ - S) by the exact
sequence of a pair, where P is the support family cn(RN—S). As RN - S is the
disjoint union of U and RN - V, we find ‘l?;z(RN-S) = ‘{{:%(ﬁ)e‘g::jnﬂ_v)(kw-V) .
The first summand vanishes since U is compact and contractible, By duality
again the second summand is isomorphic to B"!'l;(RN,-V-), and this vanishes by the
exact sequence of a pair since RN and V are contractible. Thus H‘l(S) % 0, and
it follows by [6;p220] that Tri(S) is perfect. Since a perfect group can only
operate trivially on an abelian group, the coefficients are untwisted and the
obstruction group is ‘!{!N(S,B).

We finish the proof by showing that this group vanishes. Now:-

Wis,n) s WE-T,R" -, by excision [2;II.12.5]

"

mftgldl“"“)w - T, by duality [2.V.9.3]

B‘lﬂg(v’ﬁ) by excision[2;V.5.9]
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and this last group vanishes by the exact sequence of a pair. To justify the

first step, note that (RN M- (V-1 = RN - V. To justify the third step,
note that if K is a closed subset of n"-'nhymg in V - B, then K = Ln(Y - U)
where LCVCVC R" is closed, and so compact by the Heine-Borel theorem; thus

the support families are as displayed. This finishes the proof.

Corollary. S deformation retracts to B if (but not only if) A is collared in R.

Remarks. It may amuse the reader to attempt to prove (iii) using engulfing and
the fact that B is a neighbourhood retract.

Examples abound in which AT, (S) # 1. Let X be a crumpled cube, i.e. the
closure of a complementary domain of an (N-1)-sphere in SN. By the Hosay-
Liniger-Daverman theorem (see [3;supplement 7] for a convenient reference), if
N # 4, X can be re-embedded in S" so that SN - X has closure homeomorphic to
BN. If we take U to be S" - X and V to be the complement of a tame closed N-cell
in Int X, then by a van Kampen argument -“?.(S) = 'n;(x - Fr X), which in general
is non-trivial. For example, X could be the exterior of the Alexander horned
sphere, embedded in S° in the usual way.

The results remind us of the need in the statement of the anmilus
conjecture for local flatness of A and B. By results of Bing [1;thecrem 2] and
Ferry [4;thecrem 5] if A and B are 1-IC in R, then provided N # 4, they are
flat. By the annulus conjecture ([9] if N> 5,[1] if N=13) it follows that

R= Ax[0,1] if N # 4. The above results show that such lack of flatness may

often appear in the fundamental group of a suitable subset.
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Finally what happens if as in [11] we assume UCV, instead of UCY ?

Lenma 1 is unchanged, but S may no longer be cted. The proofs of Lesma 2(1)

and the first part of the theocrem are unchanged in essence. In the second part
of the thearem, the correct necessary and sufficient condition is now that S is
simply comnected. In the final part the conclusion is unaltered, but the proof
is complicated as one must work component by component to comstruct the

retraction.
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