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ULTRAFILTERS WITHOUT IMMEDIATE PREDECESSORS
IN RUDIN-FROLIK ORDER
M. BUTKOVICOVA

Abstract: We desoribe a construction of an ultrafilter on
the set of matural numbers not belonging into the oclosure of any
countable disorete set of minimal ultrafilters in Rudin-Frolik
order of pN-N., We use the technique of independent linked family
developed by K.Kunen.
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§ 0. Introduction. Petr Simon has raised the following
question known as Simon’s problem [1] : Does there exist a non-
minimal ultrafilter in Rudin-Frolik order of AN-N (shortly written
RF) without an immediate predecessor ?

Let us ocall suoh an ultrafilter Simon point.

Two simple lemmas translate the property "being a Simon
pPoint" into the topological terminology.

Lesmma O.1: An ultrafilter p e AN -N is nonminimal in RF iff
there exists a countable discrete set X S(3N-N of ultrafilters
such that peX-X .

Lomma 0.2: An ultrafilter p €AN-N has an immediate prede-
cessor in RF iff there exists a countable disorete set X of
minimal ultrafilters in RF such that p € X-X .

Therefore, Simon point p is an ultrafilter in (AN-N for

which there exists a countable discretp set X such that peY-X
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and if Y is a countable disorete set of minimal ultrafilters
in RF then p ¢ Y .

The main result we want to present is the following

THEOREM., There exists a Simon point in OGN -N .,

One can easily see that a Simon point p has to be in the
closure of a countable discrete set of Simon points )(1 . Since
each point of X, 1s a Simon point, there exists a countable
discrete set X, of Simon points such that X, Q‘)—(;—Xz, and so on.
Therefore, we shall construot countably many countable discrete
sets X, ~eco of Simon points such that X, & 7(:.4 Xy

The original proof of Theorem needed the assumption thgt
every set of functions from “c) of cardinality smaller than 2%
is bounded modulo fin. We are grateful to Petr Simon who has
suggested us to use Kunen technique of independent linked family
[3] to avoid this assumption.

We would like also to thank Lev Bukovsky for his manifold

help and enocouragement,

§ 1. Preliminaries. We shall use the standard notation and
terminology to be found e.g. in [4],[1]. If ¥ is a filter then
Z"is the dual ideal, If G is a centered system of sets them (G)
denotes a filter generated by this system. F refers to the

Fréchet filter,

Definition 1.1: due to K.Kunen [3]. Let ¥ be a filter on N

and ¥2F, A, SN .

w €
a) Let 1¢m<co. An indexed family {A, ; 7¢J} is precisely
m-linked with respect to (w.r.t.) ¥ 4iff for allce[J J"“,.‘ﬂ‘rA~L ¢F*,

€

but for all cel[J]™") [ An  ies finite.
€
b) An indexed family {A.m , 1eJ, mew} 1is a linked
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system w.r.t, ¥ Aff for each ~v, {Af’,n; 7 €7} is precisely
m~linked w.r.t. ¥ , and for each . and 7, Amm CApmet-

o) An indexed family {Aqg,,‘,,‘ 1€d, §€l, mecw} ds a J by I
independent linked family (ILF) w.r.t. ¥ Aff for cach {el ,
HYE,, i Te€d, mew) s a linked system w.r.t. 7 , and

§ * T e <co o
Qf('Q"EAQNE) ¢ ¥ whenever T €[1] , and for each
§€T, 1€ mg <o and 0p €[J]7E .

Remark 1.2: If {A,El,,,; g, 7€J,m€w! is indepondent

linked family w.r.t. ¥ 2 F, C€ ¥, Te [11°% 7 € (718 ™
.‘T‘

led, mecut

and B2/ (N A{,‘g YA C , then (Al ;gel
is independent linked family w.r.t. (¥ v {B}),
K.Kunen [3] has also proved the following
Proposition 1.3: There exists a 2 by Z“ independent
linked family w.r.t. Fréohet filter.

~m,eco} of filtexrs

Definition 1.4: A countable set {7,
on c> is discrete iff there exists a partition of co (into
disjoint sets) {An sew} such that A, €%, for each €.

Definition 1,5: A filter ¥ is in a closure of a discrete
set of filters (%, ; m€c} iff for each A€ ¥ the set
{wec A€y} 1is infinite.

Definition 1.6: A set of filters (%, ,, ; =, mecwl 41

stratified iff
(1) the set {Z'V,m ; mveco) is discrete for each v €2
(2) the filter %, ,. is in the closure of the set
{%u.e ; £ecol for each v ,weEcCO ,
Definition 1.7: Let {%,. . ; w,m€cw} be a stratified

set of filters and C be its subset, We define
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co =C

C(-c)='y‘C(fb) y if £ is limit,

Cert)=C)vi, ,, | IBEZ, ,, such that
{Zwum i3 eg;-ﬂ,c} < )}

and = UC(«),

<<co,
¥e shall need the following result proved by M.E.Rudin [4].

Lemma 1,8: If X,Y are countable disorete sets of ultra-

filters and pé€ XAY then peEXnY uXn(Y=Y) u YNn(X=X).

§ 2., Construction of a stratified set. The proof of

Theorem will be done via a construction of a stratified set
of ultrafilters with properties desoribed in the following
proposition,

Proposition 2,1: There exists a stratified set of
ultrafilters (g_w,m ; v, e} on co satisfying for each
partition {D. ;éeca} of ¢o the following property (P):
Let C={qm,,,m [(Foew)(Dg €g,,,,,,,)}. Ir 7‘.¢¢5 then there
exists a famlly {¥U, ;<€ 2%} < J4,e such that for each
© €c> and for emch o, <L,<,.. Ly u,c‘nu‘zn.,.nu,‘, N D
is finite.

For to prove the proposition we need some auxiliary
results,

Lemma 2,2: If [?,,,’M; v, mEw} is & stratified set
of filters, of = {A‘fzh i £ €1 IIl>e, 7<24é} e ILF w.r.t.
Y,'mw for every m ,m€co and BSco then there exists

a stratified set of filters {%, ., ; #,mecw} and
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f={Af, f€l, 7<2%, becw}  an ILF worete Fuom
for each v ,.mv€Eco such that £ ,. 2 , B or cw-B

belongs into ., ... T <l anal-1 is countsble.

Proof. Let us consider the sot
C =1 37},4' ; of is not ILF w.r.t. (K;IJ‘ u {B}}.

If 5-,,- belongs to the set ( then there exist sets "5:,!' e (11°%
and Ee€ g""l' such that P NE nff]u‘" Q’; A{uf’; P, t.e.
©-B2EAf O Afwi :
Bvidently {Al, | feT-T;;, 1< 2% kew} Ls IUF wor.k.
(‘f;,," v {co-B}).

Ve demote 1=1-U (‘fg," i 9.,€C} . Therefoxe,
:-_F'={A5u' CfET, 1<R¥ , hcw)l  1a ILF wer.ts
(%e,f v {cw -B}) for 95',. €C .xf 7, ¢C then oA
is ILF w.r.t. (%, , v {B}).

It remains to show that of 1is ILF w.r.t. (§3 , U (co-B})
if ?A-.z eC-cC . Suppose the opposite in order to get a
contradiotion, Let A be the lesst ordiuml cuch that
Fae € C(B) and f is not ILF w.r.t. (7, , v icw-bh.
Hence there exist sets E € ¥, , w®nd T € 1717 satisfying
EntoBnfl O Ahay =9
and %, € C(B-1) . There exists such a filter. Then ot

. Teke %, containine &

is not ILF wer.t. (% ,, U {w"Bl) . This is a contradioticn
with the minimality of (* .

Accordirg to the forsgoing <dsoussion we denocte

£ U 108 sor % ¢ C

Ty

= T
S e { - . n
(4. o iwmil) otherwise.



c o o ecol} is a stratified set

Lemma 2,3: If {-’fm,,,,,., p

of filters, of = { AL, ;

. fel, 7<2% #<col} 1is ILF w.r.t.

3:,,,,,,., for each »v , »w €c0 and D= (D,;;JJGW} is a partition
of ¢> such that D, orc-I; belongs into %, ,. then there

A nv,vaw} and

Py
exists a stratified set of filters { %, ..

A
of = LA—g‘, ; fé/l'\, 7<2%, <o} an ILF w.r.t. ?,:,,,., for each

;-\ Pas
m, mv €20 such that %, ., =2 ?',,,’,m, i ?,:Vlm possesses the

P o~
property (P) for the partition ® , I €I ana I -1 is

finite.

Proof: Let us consider the set
C= [.‘7}',1 i (3&6&:)(D¢/E\S’}lc)} 3
If 91‘ e?C we put Z,t = 5@.{.

Let %, #C . Take €] and define (similarly
as K.Kunen does)
Uy =Y af D4, T=1- 10
ana %, = (%, v {u, ; 1<2%}.
Uy EAgl mi@k(w -D.), therefors A is ILF w.r.t. ?,M .

To verify the property (P), let A, < 3,<...</ < 2%,
The set uﬂ,‘ N ’U@in.. .nUs, ND, is a subset of
A,{‘m n A/{qun-.. n A,g‘, 4.4 which is in fact finite.

The set {/?;.,,m., ; m, mew} 1is stratified by the
definition of C .

q.0.d.

Proof of Proposition 2,1, We comstruct ultrafilters

v, meco by the transfinite induction in 2% stages.

?w,m i

<
At each stage £ < 2% we will construot filters %, ..
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and ¢ o =‘gw f;:w . At the even stages we emsure that

Gm,m §  become ultrafilters and at the odd stages we
ensure that Qm . S will not belong into the olosure of any
countable discrete set of minimal ultrafilters, Simultaneously,
at each stage we ensure that ?,,,.,,,n, will belong into the
closure of the set {c]_,,.,,,lc ; €eco} .

Let ({B,; «<2% & even} emumerate all subsets of co
and {9;; «<2% £ odd} emmerate all partitions of co,
2, = (D, ; #€x} , in such a way that each partition
ococurs <°° many times in this emmeration.

Let £A'§M,? §<2%, 1 <¢2%, £ <co} be independent
linked family w,r.t. Fréchet filter F .

For each { , the system [A,gu ; 1<2%} dis almost
disjoint, Put B, . =A,’,,,-'L‘I“A‘"4 . Lot {Cn; meaw} De
a fixed partition of ¢0 on infinite sets. Suppose B, ,,.

B, ¢N(Ami —‘,‘L’/m A;‘;‘)
Aff mv €C, , For each meco, the system (B, ., meEw} is
pairwise disjoint,

Let %.,, be a filter generated by Fu {B, U

is Qefined for each m<co . Put 3B,

'4,4'-_

U Lco-Bp,4¢;l60) Tor each w,meco  and I,=2%-co.
The set £A£;b i §€l,, 1<2%, <l is ILF w,r.t.
5,7;:’” for all .~ ,smec> acocording to Remark 1,2. (For

each B € §° ~  there exist 6 €F .nd,A,",4 ,/Sm+4

satisfying 32 Gn.‘nA!“.,, ). The eystem (%, . ~ m el
§<me{

is evidently stratified.

By the induotion on £ <<% we construot filters
L ey and an indexed set I, with following properties:

”~wemv
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1) If £ 1w even, we put sl =5 ama I, =1,

(using Lemma 2.2 where B =B, ).

2) If £ is oad, O, ={D ,;4€c>} is a partition of co
and assume that:

(A) for each . €co there exists << , 5 even such that
D,is =Bg , £ being the first odd ordinal with this
property, Hence for each < € we have D . € 9,;:,,”
or co-D o, €57 ,,.

N -~

Then we define ¥, .7 =%, , I,.,=1, (using Lemma 2.3

where D, =92 ).

If the oondition (A) does not hold true, we simply set

‘?:'V‘,::rv = ?;‘m ana I .., =I..

3) If £ is a limit ordinal we set Ze =ugh

and I =551I¢ s

o
Finally we put g, ,, = U $ i
Lo g

It remains to show that the set {7_,,,,,,,,,; v, v Eco}
satisfies the property required in Proposition 2.1,

Clearly, this set is stratified.

Assume that I is a partition of <> , Since each
partition of c» oocours R%e many times in the enumeration
{D,; €2 £ 0odd} there exists a suffiociently large odd £
such that 9 =3, and the condition (A) is fulfilled. Now,
we denote C={g,,;(3é€co)(D.y €7‘"¢)} « If Qo ¢C
ana 5%, ¢ C.  wvhere C. = (%7, ; (JoewXDus €57, )}
then the family ('Il1 { 7¢A%} used in the construction of
#.'r,  acoording to the proof of Lemma 2.3 is the family

desired by the proposition. Thus it —~<<° g to show that
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£Or Qo ¢C  also g.,:”‘, ¢ 2;; .

In order to get a contradiction we suppose that there
oxiots G, ¢ C ana £, € Co0B) where (& 1is the
first ordinal with this property. Clearly, 2 #0 . By the
definition of C.(3) , there exists B € sl S -
such that B={%.5, ;B &, ,}<C. (@-1) . By the minima-
lity of 3 , each 7""‘4,€2$;::,G €8 1is an element of ( .
This is a contradiction with the assumption of G . . ¢C.

qe.0.d.

§ 3. Proof of the THEOREM., Now, we are ready to prove
the main result, Theorem follows immediatelly from Proposition
2.1 and Lemma 3.1,

Lemma 3.1: If {?ﬂ:m ;/w,mvew} is a stratified
set of ultrafilters with the property (P) (of Proposition 2.1)
then each G Y, v € GO is a Simon point.

Proof: Since the set £7,,,.‘,,,,, jw,meEw} is stratified,
each G . ,n is a nonminimal ultrafilter,

It remains to show that G .m, . ¢D whenever
b= fJ’¢ ; ¥€w} is a ocountable disorete set of minimal ultra-
filters in RF, », mec> , Let (D¢ ; ¥€w} be a partition
of < suoh that D € 1o for each # €C> , Let C be as
in Proposition 2,1, We show that ZhbD=¢. Clearly, C(OInD=0.
We proceed by induotion. Suppose that C(<) nD=¢ and
there exist <, f € such that g ; €Cl<+ 1D . By Defi-
nition 1,7 there exists a set B € g/ with property
{i0are i BEGivs,e JECW) . This means that G.;, € CInXgny .

_Hemce C(<)nX;,,nD#@ . But, this is imposible by Lemma 0.1
and Lemma 1.8,
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Thue, if 94, €C  then Que ¢D.

Assume mow g, , ¢ C  ana {U;«e2®}c F4,¢ be
such that for each < €CO and for each «, <«;<...< Ly ,
U, 0 U, N0 U, ND; 4s finite (the existence of U
follows from the property (P)). Then for each « there exist
at most c-71 values of £ for which %, € j,; « Thus there
exists an ordinal £ such that 7%, ¢ fi for each <€co ,
This yields ?Ml ¢5.

q.e.d.
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