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TOPOLOGICAL PROPER SEPARATION THEOREMS
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Abgtract: In the last 15 years new algebraic separation
theorems have been found. The goal of this paper is to show
that some of these theorems admit a topological version, too.
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l. Some notations. Let V and W be two subsets of a real
linear space L. A linear functional £ on L is said to sepg-
rate V and W properly (or frankly) if there exists anr e R
and an ue VUW satisfying £(V)2r<£(W) and f(u)#r.

Say that a set 9 of linear functionals separates V and
W properly if there exists an fef separating V and W. This
definition excludes the case (W) = £(V) =r.

Let I be equal to 10,1,...,n7%.

A family {Vi\ie I} of subsets of L is properly separated by
a family {f;|1€ It of linear functionals if there exists a
family {24 l1€ I% of real numbers, a keI, a ueV, an
Le 2‘(',\‘JIV1), the affine hull of ;Y V;, such that

1) <2,

(2} £4(Vy) & Ay and £3(2) = A whenever 1€ I,

(3) =, f3=0and ;Z; 2y =0.
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In this situation we also say that ix geparates { ¥yl 1€ I3 pra=
perly if fic'f. (1e1).
A point ve V is said to belong to the core of V with res-

pect to g linear subgpgce Y of L if for each ye Y there exists
a positive € such that v + o yeV for each 0 £ d'< & , This

1Yy (gee L91, p. 36).
Let c(V) be the gore of V with respect to L.

set 1s denoted by

The core of V with respect to the linear subspace parallel to
the affine hull of V is called the intrinsic core of V and is
denoted by ie (V). The linear hyll (affine hull) of V is deno-
ted by Span (V) (&(V)).

Now let V be a subset of the topological linear space L. int V
denotes the interior of V, intv V denotes the interior of V
with respect to the minimal flat Fo V.

Let 1int V (intrinsie interior) denote the interior of V¥ with
respect to the minimal closed flat Fo V. Then iint Vc intv V
and if iint V30, then iint V = intv V; intv Vcic V and if
intv V40 is convex then intv V = ic V.

Let I be the set {0,1,...,n}.

Let 1* denote the set of all linear functionals on L and if
L is a topological vector space, let L_' denote the set of all

continuous linear functionals on L.

2. Separatjon and finite deficiency:

2.1. Theorem (see Bair, Jongmans [ 2], p. 475). Let V¥ and
W be two convex subsets of a real linear space L. Let W and
the intrinsic core of V be nonempty and disjoint. If the de-
ficiency of V with respect to Span (VUW) is finite then L*
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" separates V and W properly.

[4], p. 263, [6], p. 11 have similar results. A continu-
ous version of this theorem is mentioned in [4], p. 240 and
p. 253. .
The following Lemma is well kncwn.

2.2. Lemma: Let H be a closed flat of s topological 1i-
near space L with finite deficiency. A iinear functional £ on

L is continuous if and only if f is continuous on He

2+3. Theorem (1 similor result is Lempio [6], pp. 31-32).
Let V and ¥ be two convex subsets of a locally convex linear
space L. Let W and the intrinsic interior of V be nonempty
and disjoint. If the deficiency of V with respect to
Span (VUW) is finite then L separates V and W properly. This
is a consequence of Theorem 2.5.
If Span (VUW) has finite deficiency with respect to L, the
theoren 2.3 is correct for any topological linear space. Now

look at the case of a finite number of sets Vi:

2.4, Thecrem (see 3air [1], p. 13). Let V, be a convex
nonempty set; let {Vi;lie IN{03% be a family of convex sets
with nonempty intrinsic cores and of finite deficiency with

respect to Span .L%I Vi. If

13
LA r[}f__\'1 ic (V;j) =0

then {V4\ie I} can be separated by IL¥I properly.

A continuous version of this theorem is

2.5, Theorem. Let Vo be a convex nonempty set.
{Vil1e IN\L0%3 be 2 Pamily of convex sets with nonempty int-
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rinsic interiors and finite deficiency with respect to
Span iL‘Jl Vye It -

Vo n‘}Q4 iint (V5) = 8
then {V; 116 I} can be separated by LT progeriy.

Proof: Since ic (V) = iint (V;) (1€IN403), by Theorem
2.4 there are ifilieIS separating {V4l1€ I3 properly. Because
iint V4 is nonempty, fi is continuous on £(Vy) and £(V,) is
closed (1 e IN{0}). Hence fi is continuous on Span -;‘:-./IVJ by
Lemma 2.2 and by extending fi continuous to L we obtein conti-

nuous linesr functions f£3(ieIN10%1). Define

. - m
£ = =i Tar
fo is continuous, too.

On Span i,\glvi we have £, = £, because ;.:’;-xfi = C,

3. Exte n T r 5

3.1. Propozition: Let A and B be two closed flats of a
Banach space L and ¢ be a linear functional continuous on A
and B, If Span (AUB) has finite deficiency in a closed sub-
space H then there exists s continuous linesr functional £ on

L satistying £ (L) = #(£) for all Le H.

Proof: Derfine Hy: = Span A, £(A) has deficiency O or 1
with respect to HA' Let G be a subspace of H such that
Span (AUB) + G = H and Span (AUB)NG =103, vefine Hy =G +
+ Span B. Because G is finitedimensional, B has finite defi-
ciency in HB. Now we have H = H“ + HB. Lemma 2.2 proves that
¢’ is continuous on H, and Hp. Jefine

0,: ={heH,| ¢ (n)>0% and
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Og: ={heHylr (n)>03.
They are open with respect to HA and BB respectively. Because
H, H‘, HB are closed, H, H‘, HB' HAxHB are Banach spaces.
(H,x Hy has the product topology.) h( £, 45): =4£) +2£, is

a continuous linear surjective functional h:HA*HB—> H, +

+HB=H.

The theorem of Banach-Schauder (see e.g. [5], p. 170(2)) shows

A

that h is open. That is why OA + °B is open with respect to H.
Since f'(OA + 08)70, £’ 1s continuous on H. Because £’ is
continuous on H, we obtain a continuous linear functional f

(by extending £° on L) with the required property.

3.2. Lemma: Let f,f;,...,t’r; (nZ0) be linear functionals
satisfying
% .
g®. oy Ty
Let Ho,...,Hn be subspaces of L and
v (=]
LY HicHg (N, By =31,
Let £, be a linear functional satisfying fo(h) = f';(h) for all
heH . Then there exist £5,...,fy such that £;(h) = £{(n) for
all heH; (1eil,...,n}) and
m
£= 20

Proof: For n = O the conclusion is easy.
Now assume that the lemma is correct for n and assume the ca-
8e of n + 1. On the subspace Hn*l holds
Roey 0 Ho € .75, (B 0 Hy)
By the assumption we find £lreeesfy defined on H
ing £4(h) = £/(h) for all h&H , N uy and

ey Satisfy-
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, m
£= fne =33 f1 00 By
The condition £y = f{ on H; extends £y on Hn-r-l + H:l

(1€ §1,00.,n3) . Let £4(1¢4l,...,n3) be defined on the whole
of L by extension. Now define

m
fael ==, 2,10
Now holds ¢ f‘;d on Hn+1 because

£ -t =;g° £y on H ...

ntl

3.3. Lemmg : Let HycL (i€{0,...,n}) (n>0) be subspa-
ces of L. }f for each i,J€40,...,n} (14 j) there exists a
closed subspace Gij such that Hi + HJ has finite deficiency
with respect to GiJ then there exists a closed subspace G such
that
has finite deficiency with respect to G. We may choose

m
G =4 Y0

Broof: 1) Let M, H, G be subspaces of L. If Hc G has
finite deficiency in G then MNH has finite deficiency in
MNG: Let B, be a basis of MNH and BOUB2 a basis of MNG,
We have to‘ show that the number of slementsof B, is finite.
Since HN(KMNG) = MNH, there is a basis B UB, of H satisey-
ing Bt)UB]_UB2 is a basis of (MNC) + H = (MNG) + (HNG) =
= (M + H NG, Let B,UB, UB,UB; be a basis of G, Because H
has finite deficiency in G, the number of elements of 82UB

is finite.

3

2) If n =1 there is nothing to orove. Now assume that

the lemma is correct for n and assume the case of n + l. Let
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G" be a closed subspace such that

" .’
Ho -0-‘,‘f_\1 Hi has finite deficiency with respect to G°.
Then

my1 m
Hy +i'r=\4 Hy = (R, + Hn+1)“ (no *:’C\ Hy)
has finite deficiency in (Ho + Hnﬂ)ﬂG' since 1). And since

1) (H, + H,1)N G’ has finite deficiency in Go,ne NG = :C.
3.4. Proposition:

Let f‘;,fl',...,f‘; be linear functionals
on 2 Banach space L such that

;go £y
is equal to a continuous functional f. Let fi' be continuous on
the closed flat Fy (1¢40,...,n}) and assume that for all i#J
(je40,...,n}) there exists a closed sut;space GiJ such that
Fy + F; has finite deficiency with respect to G:I.J' Then there

exist continuous linear functionals fo,...,fn gatisfying

"
iZofL =t
and t’i’(h) = f£;(h) for all he Fy (16%0,...,n%).

Proof (ty induction with respect to n). The case of n=0
is easy. Let n be larger than zero and assume that the conclu-

sion is true for m< n. By Lemma 2,2 f; is continuous on
Span Fo. Becsuse

m , m
£, =t ':.2;'4 fj» T, is continuous on 1) Span Fye
Rv Lemma 3.3 there exists a subspace G such that
mv
span Fo +zf=\4 Span £y

3.1 ¢

has finite deficiency with respect to G. Then by Froposition
[¢]

is ccntinuous nn G. cefine £,(8) equal to f't;(g) for

all g'e(i and let Py be""a continuous linear rfunctignal on L
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(extension theorem). By Lemma 3.2 there exist £1reeeyfy 88~
tisfying
m ’
20Ty =f and £5(n) = £;(n)
for all he Span Fy. The assumption of our induction completes

the proof.

4. Symmetric separation theorems. A similar result to
the next theorem 4.1 you find in Klee [4], p. 253 and a proof
of this result in Lempio [61, p. 11.

4.1. Theoren (see Bair, Jongmans [2], p. 475). Let V and
W be two convex subsets of a real linear space L. Let the in-
trinsic core of V and the intrinsic core of W be both nonempty.

L¥ geparates properly V and W if and only if (ic V)N (ic W) = 9.

Theorem 2.3 is a word by word translation of the theorem
2,1 in the fopologienl gituation. Such a translation of the the-
orem 4.1 is not correct. It is correct in a locally convex li-
near space if and only if the sum 31 + H2 of any two elosed 1li
near suhspaces Hl and Hé is closed itself. This is fulfilled
for the strong topology. It is not fulfilled for Hilbert spa-
‘ces. We are able to prove the following result.

4.2. Theorem: Let V and W be convex subsets of a Banach
space L. Let the intrinsic interior of both sets V and W be
nonempty. If there exists a closed subspace H in which
Span (VU W) has finite deficiency then L’ separates properly
the sets V and W 1f nnd only if iint VN iint W =&,

This is a consequence of Theorem 4.4. An elementury proof is:

Brogf: "¢= " By Theorem 4.1 we obtain a linear functio-
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nal £’e L* separating V end W. £  1is continuous on .£(V) and
A(W) since 1int V and iint W are nonempty. By Proposition 3.1
we obtain a continuous linear functionsl £ on I with the re=-
quired properties. R
"> " Now let L” separate V and W. Then there exist

feL’y r € R , ueVUW such that £{V)£rZ¢eiw) and flwr,
Assume ue V. Hence f(u)<r. That is why £ (iint V)< r. Becau-
se £(W)Z r, (iint V)N (iint W) = 0.

Theorem 4.1 lesds to a separation theorem for finite fa=—
milies which is due t» Vlach [11].
e quote o versicn of Baire. Note that there is an interesting

symmetric proof of Vangeldere [101, p. 157.

4.3. Theoren (see Baire [11, p. 13). If 5 facily {vylie B
(I =41,...,n}) of subsets of a real linesr space L satiaries
the conditions
(a) Vv, is convex for each i€ I,
(b) ic (V;) is nonmemrty for each i1e1I,
then the *amily {V,| 1€ I} can be separated properly by 1 ge
and only if

.1.’21 ic V; = #.

A continunus version of this theorem is:

4.4, Theorem: If a family {V4|ie€ I} (I =40,...,n}) of
subsets of a Banach space L satisfies the conaitions
(a) V., is convex fer each i€,
(b) iint (Vi) is nonempty for each i€ I,
(e) for all i,jeT (14 3) there exists a closed subspace G

i3

such that 3pan ';viu Vi) has finite deficiency in G“,
- LS
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then the ©-mily {Vil i€ I} can be separated properly by LT ip
and only if

M, iint Vi is empty.

16l

This is a consequence of Theorem 4.6. We look now at a somewhat
more general situation.

Let Ty, S4 be subspnces of L. Vangeldere 1101, p. 148 defines
that &Tilie I3 (I =4C,...,nt (nZ1)) has the property of inter-
section relative to {SylieIf if

&Ql (si - Ti)=#b for oll s;€$; and i€ 1.
Let S; now be equal to the subspace of L parallel to E(Vi).

Vangeldére proves the

4.5. Theoren (see Vangeldere 1101, p. 157). Let '\lej eI’
be a fami., subspaces of L (I = {i0,...,n}) hﬂ%r% the pro—
perty of intersection relative to {S‘jljslf. If J Vj#t for
all jeI, the family {VJIJE I3 can be sgparated preperly by I

if and only if
i(r,)
J -
@Ql vy =0,
This theorem is more general as all other nontopological sspa-
ration theorems in this paper. Define now

in(T)y ={veV|veiint [(v + T)NVI3i.
A continuous version of Theorem 4.5 is:

4.6. Theorem: Let {TJ\JG I3 be a family of closed subspa-
cea of the Banach space L having the property of intersection
relative to {leJeH. For all i,JeI (i j) let exist a closed
subspace GiJ such that Ty + 'J.‘.1 has finite defieciency in Gij’ and

that V,U VJ < GiJ'
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in(T,)

1r J V%0 for all JeI, the family {VylJe I} can be se-
parated properly by L'I if and only if
in(T,)
) -
-701 vy =0.

Proof: "< " By Theorem 4.5 there exists a family

{fic L¥| i€ I} of linear functionals separating {V;lie I}

iu(Ti)

in(T ,
properly. Since 1 Vy+0, £y is continuous on £( Vi).

That 4is why fi is continuous on Ti' Because

S == XL PP .
£y e fdpfixs continuous on :,Q«',TJ

Since Lemma 3.3 Ty +,./); T; has finite deficieney in ;’046“.
Now since Proposition 3.1 £y is continuous on .;Q%Gid' Deri-
ne Fy: =4}Q%Gid' Fy + F, has finite deficiency in Gy, becau-
se
Ty c’.‘ny_‘.'Gi\1 =F; and T, CF.
By Proposition 3.4 there exist continuous fo""’fn satisty-
ing
L= fi =0
and

£4(h) = £4(h) for all he Fyo V,.
"=>" is proved by Theorem 4.5.

If we restrict ourselves to Banach spaces, this theorem 4.6
is more general as all other topological separation theorems:
in this paper.

Especially Theorems 2.5 and 4.4 are consequences of Theo-
rem 4.6 in the case of Banach spaces.

We are interested in hearing about the following
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Problems:

a) It would be useful to ask if there are continuous se-
pération theorems for other definitions of separation. See
Deumlich, Elster, Nehse [31, p. 276.

b) We think, it could be that the assumption of Banach

spaces in the theorems of chapter 4 is too strong.

Acknowledgement: This paper is based on the first chap-
ter of the author s thesis and many useful hints of J. Bair
(Liege), V. Klee (Seattle), F. Lempio (Bayreuth), M. Vlach
(Prague), J. Zabezyk (Warsaw), J. Zowe (Bayreuth).
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