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METAMATHEMATICS OF THE ALTERNATIVE SET THEORY Ii
Antonin SOCHOR

Abstract: In the paper we continue in the investiga-
tion of metamathematics of the Alternative Set Theory which
we beggn in [S 11. We compare AST with formalizations of
Cantor s set theory as far as it concerns equivalence of a=-
xiomatic systems and interpretability of one theory in the
second one.

- Key wordg: Alternstive set theory, interpretation
KM , second an third order arithmetics,,equivalence of axio-
matic systems.
Classification: Primary O3E70, O3H99
Secondary 03H20

The alternative set theory (AST) as a formal system of
axioms was introduced in [S 1] where even an introduction
to the whole series can be found. We use the notions defined
in [V] and (S 1).

In the fourth section we demonsivate that ZFF
valent to the system or those axioms of AST which deal with

in is equi-

sets only, and that the theories KMFin and AST_5 + 1 A52 are
equivalent. Furthermore, we show some statements equivalent
to the axiom of GB-class (A4) and to the schema or regulari-
ty (A8). At the end of this section we point out one diffe~

rence between AST and the theory of semisets.
In the fifth section we investigate interpretations (L
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corresponding to models (L . We show that (L is an inter-
pretation of AST_g in TC + A6 + A7 + (L zfr"“n. Further-
more O 1is an interpretation of the prolongation axiom iff
Ct 1s saturated (assuming Cl = £ Vﬂin) and every fully

revealed model is saturated.

In § 6 we construct two particular interpretations us—
ing the ultraproduct construction and the method or trees
and we show that the theories AST, KM , A3 and TC + A51 + A61
are alike strong in the sense of interpretability. In the
last section we demonstrate that the theories KMFin and AST_5
+ A52 are strictly weaker than AST in the sense of interpre-
tability using the statement that if T is a theory stronger
than TC and if S is a recursive theory such that there is an
interpretsation of ZFyy + Con(S) in T then the formula Conp(¥)
is provable in T.

§ 4. Equivalence of axiomatic gsystems. At the beginning

of this section we show some statements which are equivalent
to the axiom of GB-class. The axiom A4 guarantees the exis-
tence of GB-class such that the universal class is its sole
m =-element which is nearly universal. The following state-
ments show that assuming A4l, the axiom A4 is equivalent to
the existence of the GB-class without oZ-elements which are
proper semisets. Further, the following theorem shows that A4
is even equivalent to induction for finite set-formulas i.e.
to the statement (Vg e FLy) (V= (g (0) & (VX)(Vy)( @(x)—~
— o (xuly¥)D)—(Vx) @(x))).

Lemma (BTC + A4l). The following statements are equiva-



lent:

(a) there is no nearly universal class dirferent from
v, i.e.

(Vx)(Nun(X) —X = V)

(b) axiom of replacement, i.e.

(VF)(Vx)(Set(F"x))

(¢) there is no proper semiset, i.e.

(V X) (sms(X) — Set(X)).

Proof. The implication (a) —>(b) follows from the fact
that Set(f"x) —> Set(s"(xLfyt)). If XSx then X = (Id P X)"x
and hence we get the second implication. To prove the remain-
ing implication (¢) —> (a) let us assume that Nun(X) & xe V-X
holds. Put ¥ = {ye X; y&x{. Obviously YSP(x) and the ass-
umption Set(Y) contradicts the axiom of finity since for e-
very y&Y we can choose qe& (x-y) (because x ¢Y) and from
this the formula yc (y u{qi)<c Y follows.

Let us note that the first two implications are provab-
le even in BTC, on the other hand for the proof of the last
implication we used two particular cases of the axiom A41,
namely the power-set axiom and the axiom of finity. These
axioms are even necessary since e.g. Godel-Bernays set the-
ory is an extension of BTC + power-set axiom in which the
negation of the axiom of finity (and hence even 1 (V X)
(Nun(X) — X = V)) holds.

Consequence (TC + A41). If S is a GB-class then the
following conditions are equivalent:

(a) (¥X 7 S)(Nun(X) —>X =V)

(b) (VX 7 S)(Sms(X) —> Set(X)).

Let the symbol Sat denote the satisfaction class wer.t.
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the model 1V,E,Idt" 1.e.
Sat = {((al,...,ak), ®>; g€ Fly 8 ViE ¢ (al,...,ak)}.
r

Theorem (TC). The class FLy < 103U Sat <11} 1s a GB-
class and each its 7) -element is an T -element of every GB-
class.

Proof. We have E = Sat" {xe y{ and a = Sat* {xc af.
Thus the well-knewn equalities e.g. dom(Sat"-[g;(x,xl,...
ceesmd}) = Sat"i(Ax) g7, (sat™ig (x),x,)1)7L =
= Sat"{¢ (x;,%))} and Sat"{¢} - Sat"{y? = sat" {@ &1y
show the first statement. The second one follows from the
Berneys' metatheorem.

Let us now summarize some statements which are (in TC +
+ A4) equivalent to the schema of regularity (A8):

(a) the schema of € -induction i.e. the schema with
the axiom (Vx)({Vyex)(d (y)) —> d(x))—> (Vx) d(x) for
every set-formula § ,

(b) the conjunction of the axiom of regularity (A8l)
and of the axiom of transitive closure (A82),

(¢) the schema of regularity for (formal) finite set-
formulas of the language Flv i.e.

(Vge FLV)(Vr: ((Ax) (g (x)— (Ix)(¢g(x) &
& (Vyex)(ag (y)))))

(d) the formula (3 S)(GB(S) & (VX n S)IX+0 —

— (AyexX)(ynx =0))

The equivalence of A8 and (a) was demonstrated in § 1

ch. ILV], the equivalence of (c) and (d) follows from the

last theorem. The proof (b)—> A8 can be found e.g. in § 1
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[S$ 1], where we claimed that A82 is a particular case of AS.
To be quite precise let us show it now: For every x with
(Vyex)(32)(Tran(z) & ye z) there is a set b with
(Yyex)(3zeb)(Tran(z) & yez) - it is sufficient to col-
lect sets with the desirable property and with the minimal
type. Putting e = P( U{ z eb, Tran(z)}) we get xcc &
& Tran(c). Further since V = 2 Fp, , the statement (c) is e-
quivalent to V=4 81 & A82 (the symbol Ai is used both for
metaformula and its formglization; this would not lead to a
misunderstanding) and moreover that last formﬁla is equiva—
lent to A8l & A&82.

Let us note that we have proved that the axiom A8 is e=
quivalent to the schema of regularity for finite set-formu-
las and in this point properties of the axioms: A4 and A8 dif-
fer considerably since we shall see later that the axiom A4
is strictly stronger than the axiom A4l. Further let us note
that in ZF the axiom of transitive closurg is provable (be-
cause the axiom of infinity is available) and hence as the
axiom of regularity is accepted the axiom A8l alone. On the
other hand, we shall show later that the axiom A82 is not
provable in AST_g + A8l.

Now let us investigate the connection between AST and
theories of finite sets which are obtained by formalizations
of Cantor’s ideas as far as it concerns .the equivalence of a-
xiomatic systems. Our first metatheorem asserts that ZFFin
is equivalent to the system of those axioms of the alternati-
ve set theory which deal with sets only.

Metatheorem. ZFFln is equivalent to the theory with the
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axioms All, A3, A4l and A8.

Demonstration. The implication from right to left was
shown in § 1 ch. I LV], Using the equality x u iy} = Ulx,{y3}
we see that the axiom A3 is g trivial consequence of the
pairing and sum axioms. To prove 441 in ZFFin let us assume
that ®(x) is a set-formula and that there is a set x such
that the conjunction $(0) & (Vy)(Va)(d(y) — $(y v
vig¥)) & 1P (x) holds. Put z = {y; ycx &&(y)§, such a set
exists by the power-set axiom and by the replacement schema.
Evidently O¢ z and moreover for Y<¢ 2 we have x=y 1 0. There-
fore for every yec x we can choose q with qe (x-y) and by the
definition of z we get yc (y u{q})c z which contradicts the
axiom of finity.

Hence using the last statement and the first lemma of
this section we see that the theory TC + A41 + A8 +
+ 71 A52 (BTC + A4l + A8 + -1 452 respectively) is equivalent
to the theory KMp, o (GBFin respectively). But we are able to
prove more, namely

Metatheoreg. KMpi, 18 equivalent to AST_5 + 7 A52,

Demonstration. We have to prove the axioms A4, A6 and
&7 in KMFin‘ The first required statement follows from the
first lemma and the first theorem of this section. Let us
proceed in KMFin‘ There is an one-one mapping of V onto N
(cfe § 1 che II LV]) and thus we get A6 because N is well-
ordered according to -1452. Moreover we have Count(V) (cf.
the definition of this notion in [S 1)) and hence there is
no uncountable clnss and thence the axiom A7 is satisfied

trivially.
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AST admits proper semisets and in this aspect this the-
ory is similar to the theory of semisets (TSS, see [V-H]).
In TSS (with an axiom of regularity) the statement
(X)) (Vx)(Set(Xnx)) — (Vx)(Set(dom(X}nx))
is provable. Since the formula (%) is simpler than our axi-
om A4 it seems to be convenient to strengthen AST assuming
the axiom (% ) instead of A4. Unfortunately, this is impos-
sible since such a theory would be inconsistent as the fol-

Iowing result shows (cf. [So 3]).

Theorem (AST). For every o € (N - FN) there is an in-
creasing function F with dom(F) € « & - Sms(rng(F)) such
that we have (VY x)(Set(xnF)).

Froof. The class £ of all ordinal numbers was defined
in § 3 ch. II LV] in such a way that - Sms(fl), Let
« € (N - FN) be given. Then the class R = {3;( VneFN)(3+
+n<oe)} is a a-class. This class has no maximal element
and hence it is no set. Therefore according to the last theo-
rem of § 5 ch. II [V] we can by induction (ef. § 3 ch, II[V])
construct an increasing function G such that dom(G) = Q &

& \JG"Q = R, Moreover, by induction, we can construct an in-
creasing function fn for every f3 e Q) so that

8) fp = B=G(f3)

) fp = £ v <B,6(B]

ce) (VYye(p nQ))(fyr-' f(( MO dom(f?,) +1)).

In faet, if 3 is a limit ordinal (i.e. (Vy e D) (y+
+13 (3)), then we put Z =4{x;(3 £)("f is an increasing func-
tion" & e 3=xG(B) & (Vyex)(y = £M( U dom(y) + 1))} and
X =dx;0+xcif,: (B nO)} & Fin(x)}. Thus X is a coun-
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teble subsemiset of Z which is directed and Z is a set-the-
oretically definable class. Hence by the theorem on count-
able directed semisets (see § 4 ch. I[V]) we are able to
choose x€ Z so that {f .;y¢ (BAf)ic x and put fn = Ux.
Finally we put F = U{f,3 ;s €% . Then dom(F) €
and U rng(F) = N and, moreover, F is an increasing func-
tion. Therefore we have only to prove that the formula
(Vx)(Set(xn F) holds. Let xC N° be given. There 1s 3 & L
with rng(x) € A and using the properties of functions fz. >
we get (E‘-fﬂ )JAnx = 0 and thence the class Fnx = f/a N x is

a get.

§ 5. Interpretations. Let AOlL denote the formula
(Vx,y,2)((x =y & xez) — yez). If ¢t =4{4,%,T4"1s a
model then for every X we define X,y ={y;(I xeX)((L = x =
= y)§ (the saturation of X). Let us recall that the interpre-
tation (I was defined in § 3 [S 1]. For every X we have evi-
dently Clsa'(xm) and, moreover, if (l i= AOl then
Claa"(f"{z}) for every z€ A.

Lemma (TC). If Cl = AOl & All & A3 then Fina'(x
= (3% (Fin(x) & X%= X,/ ); and further Count(X) —>

a)E

—» (Count “(xm)vpm"'(xu‘)). Supposing moreover the axi-
om A6l we get even Count A(x %) — (3 X)(Count(X) & X ¥=
=Xy)e

Proof. If Fin(X) & Fino“(X‘OL) then the class iq;q <
©x & -1 Fin%(q )% 1s not empty and hence there is a mini-
mal (w.r.t. S ) element of this class which contradicts the

assumption Ul = A3.
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hssuming Fin® (X%) we put Z = 4yc a;E"iyic x Vg
I (AY(PIn(Y) & Bviys = Yy X If there would exist no X
with Fin(X) & X%= X then 240 & Cls %(2) & (z<p(x &))2 ,
Thus there would be ye 2 with (V 2) (E"{zy c Bv iy} —s z2¢2)
which contradicts the definition o1 Z.
If RS Az is a well-ordering of an infinite class X

which has finite segments only, then
{x; (3y,2) ({y,2>cR& Oli=x = 3y27) & (Vu,v) (U =y

=uéz=v)—=>({yu>cR&<z,v>ecR))}
is an Q4 -well-ordering of the class XC‘L and, moreover, this
ordering has only (| -finite gegments by the first statement
of this lenma and thence Fin% (X(/t)vCounta’(XOL). Let us
note that if T is a partialization or identity, then we have,
moreover, Count(X)—> Count® (X,

Let R be an QL =well-ordering or an A -infinite class
xl having (, -finite segments only. Put Z = {< x,n7; (3 y)
(y=n +1 & (v'zcy)(z“ Fyy = fz;((z,x}eRa’)u‘}) &
& neFNt. Evidently X%= rng(z) & dom(z) = FN & (V ne FN)
(Vx,y) (({x,n>c2 & {y,n>c2) —> U 1= x = ¥). Therefore, ac-
cording to the axiom 461 we can choose F& Z with dom(F) =
and for this function we get (rng(F) )Ol= x

Lemma (TC)., If (t ~ A0l & All & A3 then for every set-
fornula ¢ of the language FL and every 8299, C A we have
(v - g‘(E"{ali,...,E'{a W% s - g (al,...,a )%
In particular, if ¢ 1is a formalization of a set-sentence $
then <j> =W i= ¢g-

Proof can be done by induction. In fact, (Vi E"{al} €
¢ E"{a §) 3 E"{al} el E"-(az} (:193(,E"{32§)(E"{al§
= " 4a ’g) = (ﬂa3c F"-{az’;)( Clk=a) = 83) = ( 183)( - 8 =
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= a3 & ajc¢ ay)= (1 i= e ¢ ay. Further we have

(Ve (3x) @ (x,E{a)t,...,B4a3N% = (30 (Virg (x,E%aj ,
..”ﬁqﬁﬁ”)w E(ﬂaeAHVh@(ﬁqaL§Waﬁ,“.
...,f"{ank)a’z (JacA)(CL Izcy(a,al,...,an)) =

=C = (Ax) ¢ (xy87,00058,).

Metatheorem. (L 1s an interpretation of TC in TC +
+ Ol = AOL & All & A3. Moreover, the formulas (UL = &41)->
— A4a’, 46 —> 6% and (a6 & A7) —> AT% are provable in
the later mentioned theory.

Demonstration. Let us proceed in the theory in ques-
tion. According to the definition of (L -classes we have
(VX,Y,2)((X =Y &Xez)—>Yez)¥. 1r xex%- % then
ﬁa{x} e Xa’. Assuming iﬁ{xl ea'Ya’ we would get a set ¥y
with ye Ya’&'ﬁ"{y}= E"{x} and hence 1t would the formula
UL+ x = y hold, which contradicts the definition of Q. =
classes. Therefore we have proved Ala .

The formula AZO’ is a trivial consequence of the axiom
A2; the statement A3a’ follows from the assumption (UL = All%
& A3. The last lemma implies the implication (Tt = A41) —
—> A4a’ according to the fourth section. If < is a well-
ordering of V, we put R =4z;(3x,y)(x£y & Ul = z =
=(x,y> & (Vu,»)((OL}= x =u& y=v)—>(x2u&y <
<v)))$. Evidently C1s % (R) and R is an ( -well-ordering
of V& . This shows the implication A6 —> A6 %,

1f X% and Y% are ( -uncountable classes then by A6
we are sble to choose minimal X, Y with X, = x4, ¥, = v%
and, moreover, X and Y are uncountable by the first lemma

of this section. According to the axiom A7 there is a one-
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one mapping F of X onto ¥ and thus the class F% = {z;
(2%,5)({x,y>eF & (L = 2 =<x,y>? 13 an (L -one-one map-
ping of Xa’onto Y,

Let us note that in particular the previous results
show that (L is an interpretation of TC + A4 in TC + (L —
= ZéﬂFin and therefore even in ZF + r=23'Fin.

Following the definition of "#?l-saturatued models™"
which is usual in the model theory in ZF, we define:

Definition (TC). A model % ={A,E,T3" 1s saturated
iff for every sequence 1 n;neFN} of formulas of the lan-
guage FL, we have (Yn)(Ixea) (L = goo(x) & eee &

& @ (x)) > (IxeANVn)( U = @ ,(x)).

Theorem (TC + A61). If U= ZF 4, then (L is satura-
ted 1ff the formula A5% holds.

Proof. Let us assume at first that the formula A5 %
holds and that (vn)(3xea)( & = Polx) & v & o (x)).
For every ne FN we can choose an 0O -natural number Cp 80O
that the formula ( IxcA)( O = xe?(dn) & @ (x) & ...
ies & (pn(x)) holds. According to the last results Q. is an
interpretation of TC + A4 + A5 + A8 in our theory and hence
there is an (L -natural number o¢ with (V n)( CL = X< <ec)
by the second theorem of the last part of § 4 ch. I LV) and
by the first lemma orf this section. Put xl?:‘f ¥ (L= y ¢
c Plt) & Go¥) & ... ‘& g n(y)}. Since (11- Lo oy we get
(Set(xf}) & xxg"‘f- o0& x#,,lc. xna')n for every nc¢ FN. Thus we
obtain ) { xg' ;nc FNSN A1 0 by the fifth theorem of the
last part of § 4 ch. I[V].

On the other hand, let us suppose that (1 is a satura-
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ted model. According to the first lemma of this section for

every F4 with Countd (FQ) there is a countable class X
el
with X, = F

with (Y yex)( L = yea & fecla)) and thus there is acA
with (¥ xeX)( U = (fne(a) & xca)) from which Flct E"fal

o Furthermore, for every x=X there is ac4A

follows.

The following notions were defined in § 5 ch. IT [vi,
§ 2 (S=V 1] and § 2 [S-V 2]: A class is revealed iff for
each countable YS X there is a set u so that Ycu<X and a
class X 1s called fully revealed iff for every normal formu-
la «(z,Z) of the language FL the class i{x; ¢ (x,X) ¢ is reve-
aled. A class X 1s called a revealment of a class ¥ iff X is
& fully reyealed class such that for every normal formula
¢ (2) of the language FL we have @ (X) = @ (Y), Let us note
that if & is a revealment of a model Cf then (£ and %
are elementarily equivalent. In [S-V 2] it was shown that in
AST every class has a revealment; in particular, there is a

lot of models which are fully revealed.

Theorem (AST). If L= AOl & All & A3 is fully revea-
led, then the formula A5% holds.

Proof. If Count® (F4) & Fnc%(F %) then by the first
lemma of this section there is a function G of FN into A
with Fl= (rng(G))UL « According to the prolongation axiom
there 1s g2G. The class {oc e doxu(g);(:'lxf:'A)((g"OC)U6 c
=% E"ixt & UL = Pc(x))} 1s revealed and it contains FN and
hence we can choose o & FN and ac4 with (3"“)0(, c® En{alg
& Ul = Fne(a), from which (Set(E"{a}) & F4c Eia} &
& Fe(E{ay )% follows.
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Theorem (AST). Every two elementarily equivalent sa-
turated models are isomorphica

Proof can be done using the usual model-theoretic ar-
gument (cf., also the first part of § 1 ch. V LVI), If U7 =
= 44,5737 and % =(B,E],T]#" then A and B can be well-
ordered by type L since there is no countable saturated
model. By induction we are able to construct s sequence
{Fo(. ;¢ e L% of countable functions so that for every «< ,
B el it is
(a) dom(F,) (rng(F.) respectively) contains first < ele-
ments of A (B respectively)
(b)) o< B —> B, < Ey
(¢) 1if @ € FL and if Xyyeesyxp€don(F ) then
A @ (xpyeeayxy) = B g (B (x)heen, By (x))

Let us note that the countability or functions F

‘o en-

ables us to code these functions by sets and hence the usual
induction works. In fact, if ac A-dom(Fm) is given, then we
define T = {¢ (z,al,...,an);gc FL & a),...,8 ¢ dom(F ) &
& U F g (a,ay4e+0487)5. Then T' is countable and if formu-
las Scl(z,al,...,anl),..., gk(z,al,...,ank) are elements
of " , then
- (A Cg (5, F (a)) 000, Py (anl)) & e &
& G (x,Fo Ca)yees, By (ank))) thus using the fact that
is saturated, there is bc B so that ¢ (z,a;,...,a ) c "
—> -+ ¢ (b,Fy (87)y0.0,F, (8 )). This enables us to ex-
tend the mapping E, .

Consequence. In AST + A5% + as® s i K';]Fi +

n
+ (1 - & we can prove Q)CL - 3% for every (even non-
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normal) formula § .

Demontration. In the theory in question we are able
to fix an isomorphism H of ¢4 onto X% . Further, by in-
duction, we can show ?’m(xla,...,xna) = yB (H"(Xfl),...
oo ugHP (X0,

§ 6. Interpretability. At first we are going to imi-

tate the usual ultrapower construction (see e.g+ [B=S)) in
TC with the following two assumptions:

(a) a6 & 0L =44,E,T 1 & ¢t + A0L & A1 & A3

(b) All functions of FN into A are 7n -elements of a class
B =Kx{0}usSxi1}.

Let us realize that a class B satisfying our second
condition can be fixed in TC + A51 for every countable A.

In fact, Ax FN is countsble in this case and hence there are
X and G with (V YSX)( y)(Y = yX) & Fne(G™)) & G"X = A gN.
Therefore, all subclasses of Ax fN are 7) -elements of the
class V<{03u{<z,y0; zeG"(Xny)Ix {17, Further let us no-
te that all functions F<S Ax FN are 7 -elements of the class
Vx40¥ U 4 < x,£>; xe £MEN < {13 4n TC + A5 and that both
AST and KM~ are extensions of the theory in question

(KM™ - A5 according to Set( <) and according to the replace-
ment schema).

Using the axiom of choice and our assumption (b) we can
construct as usual (cf. e.g. § 4 ch., II[V]) g non-trivial
ultrafilter Z with &N M 2, i.e. a class Z such that
(1) (VXY MIUX7 28&Y52)- > (XnY) n 2},

(11) (VXS (X Z- -1 (FN-X) 5 Z) and
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(111) (Yme M) U@nn>miy 2).
We define

>}

= {xc K;Fnc(S"tx}) & in;S"™{x¥ndle A}y Z7¢
E={<x,»;x,y¢ & &{n; & = S"ixi(n) es"{yt(n)sn Z?
T =4<x,»;ix,7€ A &{n; O =s"{x}(n) = s"iyt(n)} n 2%
and we put 4 ={%,E,T¢7 = u1( L ,B,2).

By induction we can prove Lo$ ‘s theorem (cf. e.g. che 5
[B-S]) and hence for every G < FL and every xl,...,xncx
we have & = gp(xl,...,xk) iff {n; L = q(S"{xl}(n),...
ceeyS"xE3(n))i g 2.

We are going to repeat from the proof orf Los ‘s theorem only
the nontrivial step concerning existential quantifier. Let
in; & = (3x) @ (x,8"x3% (n),...,S"{x3(n)) } % Z. By the
axiom of choice there is F with dom(Ff) = FN and such that
in; & = @ (F(n),S"ix53 (n),...,S"{x,3(n))} 7 Z. Since all
functions of FN into A are 7 -elements of B, there is xe€@&
with S"i{x} = F and thence by the induction hypothesis we get
ad = P (XyXyyeeeyXy)e

Now we show A5% . Let (Count(F%) & Fnc(F% )%, There is
X ={apy;ne FN}S & with FO = Xz according to the first lemma
of the last section. Put Z, ={m2n;(JacA)(Vk<n)( U &=
= Fnc(a) & S"{a,¥(m) ¢ a); for every n< FN. Evidently 20224
and NA{ Z;n¢ FN} = 0 and moreover Z,7 2 because F% is a
@, =function. Furthermore, there is a function G such that
dom(G) = FN & (Vx e (Z=Z 41 (V< n) (L 1= S"{a, }(x) €
e G(x) & Fne(G(x))). By our second assumption there is ac A&
with (VneFN)(S"{ai(n) = G(n)). Evidently Cf |— Fnc(a) and
for each nc FN we have {m; (% = S"fa }(m) €S"ta¥(m} 2
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2 val Z from which % = a €a follows. As a consequence
of the last statement we get F %< E"fal which finishes the
proof of the statement ASU‘.

By § 3, % is a countable model of '2,‘3'F . Thus

in
the previous considerations and results of the fifth section
show in particulsr the following statements.

Metgtheorem. There is an interpretation of AST in TC +
+ A51 + A6 + A7 (and hence even in KM~ + A6 + A7).

Now we are going to construct an interpretation of KM~
in TC + A51 + A61 (and thus even in AST). In the constructi-
on Gandy s and Zbierski’s ideas are used (see [Z}).

Functions F and G are called isomorphic iff there is a
one-one mapping H of dom(F)uU rng(F) onto dom(G)u rng(G) such
that (Vx,y)(y = F(x) = H(y) = G(H(x)).

According to the axiom A51 there is a countable class A
with (VX<cA)(3a)(X = anA4). Since the class FN° is countab-
le, we can enumerate A so that A ={an’m;ms FNt and interpre-
te an , a8 a code for {n,m>. We put ’a"={<n,m);an’me at and
let A% denote the class of all a such that
(a) % is a function which has no non-identical automorphism
(b) (3 !n)(ne (rng(&)-dom(¥))

(c) ¥ is well-founded, i.e. (VX cdom(d))(X+0—> 1 X<E"X).

The element n with ne (rng(3)-dom(%)) is called a-maxi-
mal and elements x for which a8(x) = n are called a-almost ma-

ximal. For ae AT we put & M x =& My;(Anec FN) (S;CL.r.(é.(y)

. n-times
ees) = x} and at the end we define E® ag the class of all

ordered pairs {a,b) ol elemenis oi ATsuch thit there is bh-

almost maximal element n such that B M} n is isomorphic to @
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and I¥ as the class of all ordered pairs < a,b> ¢ (a%)2
such that & and b are isomorphic.

Lemma (TC + A51). If a,becA¥ have the same # -ele-
ments (i.e. (E¥ )" {a% = (E¥)"{b}) then <a,b> e I¥.

Proof. Under our assumption for every a-almost maxi-
mal element n there is a b-almost meximal elemen;c m so that
EM n and BN m are isomorphic. This element is determin-
ed uniquely according to our requirement (a); from the same
reason there is only one such isomorphism. Therefore we can
extend these "partial” isomorphisms to an isomorphism of &
onto b.

Lemma (TC + A51). If X is a subclass of A¥ which is
either finite or countable, then there is acal which # -
contains exactly all elements of X, i.e.

(Vbea# )Kbyad>e E¥ = (AceX)e,bde 1),

Proof. Let 4 be a well-ordering of X and if X is coun-
table then we require, moreover, that < is a well-ordering
of type @ . By induction w.r.t. £ to every ac X we const-
ruct a) € a# so that for every b<a, @ is isomorphic to ‘51
and we have (4) 0¢(dom(3’1) v rng('a‘l)), (11) if
n¢ (dom(él)u rng(a;))n (dom('gl)u rng(?l)) then @) M n =
='51N‘ n and (iii) if 8 M m is isomorphic to B M n
then & Vi m =’51 M. We put F= LA 858 X §u{<0,x);"x
is a;-maximal for some acX"f. Thus F satisfies the above
formulated conditions “a) = (¢) if we write F instead of &,
By our assumption which # has to satisfy there is ac a¥
with @ = F and we are done.

We put (¥ = fa¥ E¥ I#37 . Let us note that ¥
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depends on the choice of A and an enumeration of A, but we
shall neglect this dependence since all models of the form
we deal with are isomorphic.

Metatheorem. (% 4is an interpretation of KM~ in TC +
+ AS51 + A6l and of KM + A6 + AT in AST.

Demonstration. We have ({¥ = 401 by the definition of
E¥ ana 1# and the formula % = All is a consequence of
the last but one lemma. For every ac ¥ there is XcA¥
which is at most countable and with Xy = (E¥ )*{a} and hen-
ce the (* -pairing, ((*-sum and @ -infinity axioms fol-
Iows from the last lemma. Using the previous results, we ha-~
ve only to show the aj'-exiom of replacement and ABPQ” .
If Fdf with Fncaﬂ (FO) and ac a? be given then by A6l we
can choose Y< A* which is at most countable so that Y 4 =
Fa& and thus even the ¢ -axiom of replacement is a con-
sequence of the last lemma. If (#* |= (Vxca)(dyca)lyex)e
& (Ix)(xca) then we can construct Xcdom(E) with E"X = X
which contradicts the condition (c) of the definition of A¥ .

We have shown that there is an interpretation of AST in
KM~ + A6 + A7 and vice versa. Let us remind that in [NM-S] an
interpretation X of KM  + V =L + V = HC in KM~ is const-
ructed in such a way that there is a well-ordering of x -
classes (represgnted by a formula) such that every initisl
segment of this well-ordering is codable as a x -class. In
particular, there is an interpretation of KM~ + A6 + A7 in
KM~ and thus even the theories AST and KM~ are alike strong
in the sense of interpretability. Furthermore, considering

the well-ordering in question, we get an interpretation of
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AST + A62 in AST where A62 is the axiom corresponding to
the schema of choice use e.g. in the second order arithme-
tic:
A 62 Schema of choice. For every formula & (z,Z) we ac-
cept the axiom

(Vner)(IX) & (n,X) — (3Y)(¥YneN) & (n,t"{n}).

Moreover, the previous considerations show also which
axioms of the alternative set theory are for this theory
specific in the sense of interpretability. As convenient we
accepted the axioms of TC which express the essence of the
theory of sets and classes and which are not specific for
the alternative set theory since they are accepted e.g. in
Kelley-Morse’s axiomatization of Cantor s set theory. We
have shown that there are only two candidates for really
proper axioms of the alternative set theory = some kind of
the prolongation sxiom and some kind of the axiom of choice.
We shall see later that some kind of the prolongation axiom
is even necessary, but the essentiality of the axiom A61 re-
mains as an open problem. The axioms of GB-class and the a-
xiom of cardinalities sre only auxiliar in the sense that
the theory with these axioms can be modelled in the theory
without them. Therefore, in particular, these axioms can be
consistently added to other axioms of the alternative set

theory (cf. the claims in § 1 and § 6 ch. ILVI1).

Remork 1. The countable model {Def, EnDef?$’l is e-
lementarily equivalent to the model {V,E}n ; on the other
hand there is a lot of countable models which are not ele-

menterily equivalent to {V,E}"l . Every countable model can
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be reconstructed in t¥ as a¥ ~get. The composition of
interpretations & and Q% ( XK , say) is an interpretati-
on of AST in AST depending on the parameter (f (we have
defined L as U1( U1 »B,2)). Thus we can fix the parameter
a so that there is a set-formula & such that the for-
mula & & 7 ¥  holds. On the other hand, we are able to
choose (U so that for every set-formula ¢ of the langua-
ge FL we have (V t=go) = (V= @ )* and in this case the in-
terpretation x is feithful (ef. [V-H]), i.e. for every for—
mula ¥ we have AST — ¥ 4iff AST — ¥ ¥ . To show this we
ere going to demonstrate AST — ¥ = ¥ * , The model {V*,
E*,I*{ 1is elementarily equivalent to {V,E3}" , we have
A5, A5* and V = z"fFin' thence it suffices to use a result

of the last section.

Remark 2. We have demonstrated that KM and AST are mu-
tually interpretable. Using the same ideas we are able to show
thet GB™ and AST_, + A21 + A22 are alike strong in the sense
of interpretability, too. In fact, . is an interpretation
of AST_, + A21 in GB™ + A6 + A7 + (=2 . and further-
more FN* 1 the minimal (w.r.t. =) class X such that
(VxeX)(3yeX)(T = y =x+1) & (IxeX)(L =x = 0) &

& X =Xz

By [Sh 1] the theories GB~ and ZF are equiconsistent

and hence even AS'l'_2 + A21 + A22 is equiconsistent to ZF .

On the other hand, there is no interpretation of AS'J.‘_,2 +

+ A21 + A22 in ZF since such an interpretation would give
an interpretation of GB~ in ZF which is absurd. (In detail:

GB™ is finitely axiomatizable and therefore there would be
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a finite theory TSZF such that GB and T could be inter-
preted one in the second one. Further, ZF 1is a reflective
theory and thence there would be in ZF 8 model (which would
be a set, of course) of T and thus there would be even a mo-

del of ZF , which contradicts Godel s theorem.)

Remar, . We dealt with set theories, but, of course,
we can reformulate previous results to statements concerning
arithmetic . Pesno arithmetic (Al) is mutually interpretable
with ZFFin (this statement goes back to L.Sk] where a one-one
correspondence between natural numbers and finite sets is
constructed). KMg;, and the second order arithmetic (A,) can
be interpreted one in the second one (this follows e.g. from
[ M-St] where mutual interpretability of KM, with the schema
of choice, ZF-, Az and Az wi thout schema of choice is proved
using the results of [ Z] and [ B-H-F] (cf. also LE]) because
the interpretations of the last theory in KMFin and of KMFin
in KMFin with the schema of choice are trivial). Furthermore
even the theories A3 and KM~ are alike strong in the sense of
interpretability (A3 is mutually interpretable with KM with
the axiom and schema of choice by [ M=St] and the same is true
for the lastly mentioned theory and KM according to [ M=SJ).
Let us note that a result of this kind concerning interpreta=-
bility of GBp,  1is described in [Ri].

Thus AST is mutually interpretable with A3 and AST_2 +
+ A21 + A22 1is equiconsistent to Ay, but there is no inter-

pretation of AST_2 + A21 + A22 in AZ'
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§ 7. Non-interpretability. We are going to show that

there are no interpretations of AST in some theories using
the following result.

Metatheorem. Let T be a theory stronger than TC, let
S be a recursive theory and let % ©be an interpretation of
ZFpyn * Con(S) in T. Then T+ Conp(F).

Demonstration. Assuming that < 1is an interpretation
of All & A3 in T we define in T

0,(k,8)= (VyeK)(set® (s"{y}) & (V2)((zecy =(zek &

& S"izk e¥S™yY) & (Vz¥)(JzeK)(z¥ ¥ s iy} —
—zX¥ =¥ s"{z1))))

O (x,X) = (3K,8)(O;(K,S) & xeK & X = S"{x})
and proceeding in T we get the following statements.

(a) (VxeFV)(3K2x)(IS) Sl(K,S).
If ©,(K,S) & (VxeP(n))(x R m— xeK) then according to
43* there are K;,S; with ©,(X;,S)) & (VxeP(n))(x X m+l >
— xeKl). Since even formulas with the symbol x form
classes, our statement can be shown by double induction.

(b) (xeXnKNEV) & 9,(K),s)) & 9,(,,8,)) —
—>s;"{x7 =* s,"{xt.
Let us suppose that our statement holds for every ye x and
let y* % Sf'-{\x}. Then there is y<x such that y* =%s,"{yf
according to the definition of @1 and therefore y* =%
=¥,y 2¥S,"{x} by the assumption and thence
y*eX 82”{1:} according to the x —equality axiom. Thus
(Fy*)(y*e*s;"{xT=y* e $,"(x}) and hence our state-
ment is a consequence of All¥ ,

(e) For every restricted formula b (Zyyeeey2Z;) we ha-

ve
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(Vxl,...,xnew)le,...,xn)((e(xl,xl) & see &
& O (xp, X)) —> (P (xg4000,%)) = BH(XpyeeerX)))e

If x,ye FV then by (a) there are X, S with ©,(K,S) &
& x,ye K and by the definition of &, we have S"ixj e *
€*s"{y¥= xey. For every X, Y with ©(x,X) & O©(y,¥) we
have X =* §"{x} & ¥ =* $"{y} according to (b) and thence
X €*Y= xey is a consequence of All* and > =-equality a-
xiom. Thus our statement can be shown by induction w.r.t.
the complexity of the formula § .

If X 1is an interpretstion of ZF‘in in T and if we
are able to fix a constant d such that in T we have "d is a
finite proof of inconsistency of finite s = & " then de sV
and K 1is an interpretation of ZFpin * -1 Con(S) by (a) and
(¢) (let us realize that if § is a restricted formula and
if xe IV & 8 (x,x*) then (3 ) & Ge,y¥ ¥ = (Aye M) 3 (x,y)
and (3yeFV) § (x,y)—> (Fy*) d*(x*y*)), Thus if x is
an interpretation fulfilling our assumptions then either T
is inconsistent or we cannot fix a constant d as described
above.

Consequence. Let T be a theory stronger than TC, let S
be a consistent recursive theory stronger than TC and let
T h—ConE(%f). Then there is no interpretation of T in S.

Demonstration. The composition of the interpretation
%7  and such an interpretation (restricted to sets) would
give us an interpretation of ZFpip * Con(S) in S. Hence ac- -
cording to the last metatheorem we would obtain S |— ConF("d’)

]
however, this contradicts Gddel’s theorem.

Theoreg (TC + A51). The theory K Mpyp is finitely

consistent.
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Proof. The class FV is at most countable since
Ngjr = FN and according to the fact that F7“ is an inter-
pretation of KMFin in TC and KM ~ ¥ X N. Hence according
to A51 all subclasses of FV can be coded by sets. Therefo-
re the existence of a model of the theory dg’”?in follows
from the metathecrem of the third section.

Thus combining the previous results we see that there
is no interpretation of AST in KMFin‘

In the last section we showed that AST has an interpre-
tation in TC + A51 + 861 and further in § 4 we saw that the
difference between AST and KMEin lies largely in the fact
that in KMFin the negation of the axiom A52 is provable.,
Therefore it is natural to ask whether the axiom A52 is not
strong ennugh for constitution of the alternative set theory,
in particular, whether there is an interpretation of AST in
TC + A52 + A6l. The following result shows that this is not
the case (it can be proved even in the theory AS’I‘_5 + A5l
and therefore there is no interpretation of AST_5 + A51 in
AST_g5 + A52).

Theoreg (AST). The theory (19’?7_5 + 452 is finitely
consistent.

Proof. Fix o € N-Fn and let T be the theory with the
language € , = , « and as axioms of T we accept all sta-
tements of this language which are true in the model {V,E}? .
Thus T is finitely consistent and hence there is a model

Lt = 44,E,I,&i® of I so that A is countable. Every
subclass of A can be coded by a set using the axiom A5 and

hence it is sufficient to realize that (L is an interpre-
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tation of AST_5 + A52 in AST. This follows from the first
metatheorem of § 5 since FNa'ga' E"{x¢ and 7Set®(Fnd),
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