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ON ORDER TOPOLOGY OF SPACES HAVING UNIFORM LINEARLY ORDERED BASES
R. FRANKIEWICZ, W. KULPA

Abstract: It is shown that a dense in itself topologi-
cal space X which has a uniformity with a linearly ordered
(with respect to star-refinements) base of uncountable cofi-
nality is an ordered topological space.
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A class of topological spaces which have uniformities
with linearly ordered bases (shortly, with uniform l.0. ba-
ses) contains all metrizable spaces. The topology of a metri-
zablé space is induced by a uniformity with a countable base
linearly ordered (with respect to the star-refinements of co-
vering;). Herrlich [1] has proved (and Lynn [3] for separab-
le metric spaces) that for each metric space X with dim X =
= 0, the topology of X is induced by a linear order. Our re-
sult can be treated as an extension of the results of Herr-
lich and ILynn., If a space X has a uniformity with l.o0. baseg
then X is metrizable or X is paracompact, dim X = 0, and X
is a dense subspace of the limit of am inverse system over
well-ordered set of discrete spaces [2]. Consequently, if X

is dense in itself, then the topology of X is an order topo-
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logy.

If a space X with a uniform l.0. base of uncountable
eofinality has "many" isolated points then we do not know if
it is true that the topology of X is an order topology. We
can apply proof that such a spacé is a GO-space, i.e. a sub-
space of an order space. The special case, every topological
group with linearly ordered base of neighborhoods of the ne-

utral element is orderable, was proved in [4].

Lemma 1({2). If a space % has a uniform l.o. base B
of an uncountable cofinality, of B>®,, then for each family R
of open sets with card R < of B , the intersection nAR
is an open set.

Proof. letx e AR . For each G € R 1let us choose
a P;€ B such that st(x,Pg)=G. Since card { Pg:G € R}< of
B, there exists PeP® such that PEPqg (P& Q means that P is
a refinement of Q) for each G eR . Hence st(x,P) c NR .
Thus AR is an open set.

From Lemma 1 it follows that if a space X has a uniform
1.0. base B with cf B > ¥, , then each G subset is open
in X, consequently, dim X =0 T23). Indeed, let 4V;:i = 1,...
ceeyk § bea finite furctionally open covering of the space
X. There exists a functionally closed covering{Fi:i = 1,00
...,k} such that F;cV;, 1 = 1,...,k. Bach F; is a Gy set,
so it is clopen set. Put Uy = Fy and Uj = Fj -Ui Ui;i<j§.
The family {Ui:i = 1,...,k§is an open covering of X, Uiccvi,

u;n Uj =@ for i J, 1,d = Lheee ke Thas dim X = O.

lemma 2 [2]. Each topological space which has a uniform

1.0. base is paracompact.
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Proof. Since each linearly ordered set contains a cofi-
nal and well-ordered subset we may assume that B = {Puo P <
<7t B & P/‘ iff «>f3 , is a well-ordered with res-
pect to the star-refinements uniform base for X. Let P be an
open covering of X. Define Q =4{st(x,Be , ):st(x,Pg Jc u, ueP,
x€ X¢ . The covering Q is a star-refinement of P. This implies

that X is a paracompact space.

Lemma 3 [2] . If a space X has a uniform l.0. base with
cf B > %, , then it has a uniform l.0. base B’ consisting of
open coverings of order 1.

Proof. Let B ={P, : e = x}, 2 = cf B, be a wellworde-
red uniform base on X. Define zero-dimensional base B’ =-{Qd :
P o < 3*§ . Since dim X = 0 and X is paracompact, there ex-
ists an open covering Ql &‘Pl arnd 'Ql is of order 1. Let us as-
sume that Qcc’ x<fl<yp , are defined. By Lemma 1, there
exists an open covering P such that Pt-* P{.i and P & Q“ ,x</3.
Let Q{S & P be an open covering of order 1.

Theorem. If a dense in itself space X has a uniform l.o.
base of uncountable cofinality, then there exists a linear or-
der on X inducing the topology of the space X.

Proof. Notice that T is an infinite set, then there is a
linear order < on T such that each xe T has elements x - 1 and
m + 1 in a sense of the discrete order < . Indeed, let < be
an arbitrary linear order on T, then the lexicographic order

on Tx Z , where Z is the set of integers is u discrete or-

der. Since card T = card (Tx Z), hence T has a discrete order

without the first and the last element.
Let B={P, : x < g%, ¥ =cf B, Bt Py iffx>f,



be a uniform well-ordered base consisting of open coverings
of order 1. For each xe€ X put x(c) = ueR, , such that xe u,
and for each u &€ P let ar(u) ={veF 4 ive u} . Since X
has bo isola ted point, without loss of generality we may as-
sume that for each uéeR, , card () =z %, .

Now, assume that for each ue P oy, c< 2 it is chosen
a discrete order < (without the first am the last element)
on or (u) and let us assume that jt is given a discrete order
< on each Pg, where @8 < 7 is a limit ordinal.

Define a linear order on X. For each x, ye€ X let us put
x<y iff x(ec)< y(oc ), where oc= min {8 < g x(B)4y(@ )3 s

Now, we shall show that the topology induced by the or-
der < is equal to the topology of the space X. Notice that
B*¥ = U B is a base for the topology of X..let.z£ UEP, 5 X<
< 7. There exist z(ec+ 1) = 1, z(oc + 1) + 1 e a (u). Choose
x, y€X such that x(ec+ 1) = z(ec+ 1) -1, ylee+ 1) =
= z(ec + 1) + 1. Notice that < x,y>c u. Now, consider an in-
terval {x,y) and z € {x,y> . There is the least o, A<z
such that x(ec)e€ z(oc) and z(B)<y(B). If « £ , then
z2(B)e<xy) . If f &£ , then z(ec) c < x,y) . But z(ec?,
z(f3 ) are open neighbourhoods of the point z. Thus the topolo-

gies are equal.
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