#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1979
PURL: https://resolver.sub.uni-goettingen.de/purl?316342866_0020 | log7

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE
20, 1 (1979)

A NOTE ON CLOSE-TO-NORMAL STRUCTURE
HO DUC VIET, NGUYEN THIEP

Abstract: Necessary amd sufficient conditions under
which a convex subset of a Banach space possesses a close-
to-normal structure are established.
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Iet X be a real Banach space. A convex subset K of X is
said to have a close-to- normal structure if for any bounded
closed convex subset H of K with the diameter J(H)>0, the-
re exists x in H such that [ x - y Il < o"(H) for all y in H.
It is well-ln;own that the notion of close-to-normal structu-
re is useful in the fixed point theory. For instance, C.S.
Wong [ 1lhas proved that every Kannan map on a weakly compact
convex subsét K of X has a unique' fixed point if K has a clo-
se-to-normal structufe.(A self map T on K is a Kannan map if,

for all x, y in K,
ITx - yléd (lx=-Txb+ly-290) )

The purpose of this note is to establish some results
concerning the close-to-normal structure . Section 1 deals
with necessary and sufficient conditions under which a con-

vex subset of a Banach space possesses the close-to-normal
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The methods of the proofs of our results are similar to those’
of M.S. Brodskii and D.P. Milman [2] and of T.C. Lim [3].
Section 2 solves the following nroblem which naturally ari-
ses with respect to the result of C.S. Wong mentioned above:
Every weakly compact convex subset of a Banach space has a
close-to-normal structure. Simple examples are given to show

the independence of these qualities.

1. Some positive results. We shall say that a noncon-

stant bounded sequence ‘h%}a;:l is a strictly diametral se-

quence if there is an integer N such that

Axyyq,C0(Xy 00 esXy)) = FUHXIT)

for every n>N.

Proposition 1. A convex subset of a Banach space has a
close-to-normal structure if and only if it contains no strie-
tly diametral sequence.

Proof. Suppose that a convex subset K of a Banach space
X contains a strictly diametral sequence -ixn}‘::l . Let Ko =
= co ({xn}‘:::l)cl(. If x e K, then x, =‘.’§1 0C (X5, 65 =
ZoVi=1,..0,05 ;2 o; =1 and x,€ co (xl,...,xn_l)

Y m>p. Since {xniz’:l is a strictly ‘diametral sequence, there

is an integer N such that
Ay ,e0(Ky s eeesXy)) = SUXI), ¥ nSN.
Then |
J({xn}:=1) zlx, - x, Nz dEx35.,) Y m>p, n>N.
Hence, with y = xp_me K, we have

L
Ix, =y = FK) = I xginay)
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This shows that K does not have a close-to-normal structure.
Suppose now that K does not have a close-to-normal struc-

ture. Then K contains a bounded comvex subset H such that

d = J(H)>0 and for each x in H there is an other element

¥y in H such that || x - yll = d. Choose X1, Xp in H such that

| Xy - x2l = d. When {xl,...,ﬁ}c H have been chosen, we

. _ 1 &
take x, ., in H such that ly, - x, .,/ = d, where Yy = n’,'%f xiel

€ H. Proceeding in this way we get a sequence {)%};o___lc K. We

show that 4 }w_ is a strictly diametral sequence.
Xnfn=1 25

Let x€ co(xl,...,xn)/}:e arbitrary, x =L§‘1 oCi Xy,
x;Zo Vi=1,...,n; L=24°‘i = 1. Let o« = max (ocl,...,ocn).
We have:
B % x.“xl m ac,_xl m xl _ X
o R E e
nee ¥ noc =1 n  ne

ne i1 nec n noc

Then

_ 1 Z 4 g

d = Uyn - X4 Il £ ;;ﬂx = xn+1" +1:=z1 (;;- -”-1—2 ) “11 = Xl

1 1

-‘-‘E;'lx-xn+l||+d(l- m'—'o‘).

Hence
d 1

—_— f — =
me € ma 1% - %l
implies that
fl x - xn+lll = d.
Since x€co(x),..s,X,) is arbitrary it follows that

d(xn+l,co(x1,...,xn)) ; inf :“,‘l,x - :5“1] =d, V n.

€ cO(Xgpen

- 31 =



Thus {xn}z =1 is a strictly diametral sequence in X. This

completes the proof.

Proposition 2. A convex subset K of a Banach snpace has

a close-to-normal structure if and only if it doces not con-
: co =
tain a sequence{xn'in:l such that for some c>o, ﬂxn - xg =

= e, “)5‘4_1 - X, = ¢, for all nz1, m21, where X =

Proof. Suppose that K does not have a close-to-normal
structure. Then there is a bounded convex subset H of K such
that o~(H)> O and for every xe H there is a yeH aﬁch that
l-yl= J(H). By induction we construct a nonconstant se-
quence -txn'i’:___lc}l as follows: Take xl,xzeﬂ such that
Ix, - x, I = of(H). Let Xp,...,X & H be constructed with the
properties that

I x; - Xk“= J'(H), Vi,k=1,2,...,n and
Nxpp - %= o), Vik=1,2...n-1

We choose X, € H such that hx ,q - X, | = o'H). Now we show
that with this x,,, we have Mx .y - x = JH) Vi=1,eee,n.
Indeed, since lx ., - X 1 = o'(H),

oH) . X | - | — T
) = 0. S 2, F, i 2k, - Kl = .

e

From this it follows that

1 % _
K ;'.il‘ “Xn,‘__l - xil - J(H)-

Hence
Ix, - x 0= oS(H), Yi=1,..0,4n.

So the sequence {g,!:qcﬂ satisfies the condition of the
Proposition 2 with ¢ = J'(H).
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On the contrary, assume that K contains a sequence
-(xn]::]_ satisfying the condition of the Proposition 2. Let
x€ co(Xy,...,x ). Then

o m
x -&?.1 Aixi; A, 20 Vi=1,...,n; =

b Ay =1,

i
Let

&=mx(.’¢l,...,1n),

%=na,

X=A;-A, VYi=1,...,n.
We have that

0< 2} £ n;

% £ o Yi=1,...,n; and

Hence,
Fxpyy - xﬂétg{ Ai hxpyy = x = c am
- n
Uxp - xl2ilg (xpyy - TN -y Wi ixpy - x)h =

o
= % Mxpyy "X F i lxy - xl=c.

It follows thatlx ., - xl=c Vn, Vxe co(Xy,e00,%,). Hen-

ce

d(‘n+1'°°(x1"""n)) c= d"({xn}:=1).

_Thus -fx.n}::’:l is a strictly diametral sequence in K and hgnce
K does not have a close-to-normal structure by Proposition 1.
The proposition is proved.
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2. Examples. In the sequel we shall always denota by
T some uncountable set of indices. If X is a space of real-
valued functions on T' which is defined in terms of uncondi-
tional convergence, then we denote by KL[X] the bounded, con-
vex and closed set

{4x 3 p€ X X2 © Vo e T ’d.ezr' x %1% .

For the definitions of well-known spaces 2P(T), c,(T' ) with

their customary norms see [4].

Example 1. (1.1) The set kLL%(Me 22(T") is weak-
ly compact and possesses 8 close-to-normal structure.

Since £2(T) is uniformly convex, K [,?,2(1" )] is weakly
compact and has normal structure..It is obvious that a convex
set K has a close-to-normal structure if it has normal struc-
ture.

(1.2) The set K [21(1")] c ,el(T‘) is not weakly com=
pact and it has ho close-to-normal structure.

K [,Q,l(T' )] is not weakly compact simce the sequence

e 32 cKELNTIT, oy = (0,uens1, Opee) contains no
convergent subsequence. On the other hand, let

= - 1 " =
H=4x -{Jseo}‘epeK Le(r)l 'x?‘l‘x&_ 13.
Then H is a bounded, convex and closed subset of Kl'.el(]" ) |

with (H) = 2. I x =4x_ % op ¢ H, there is at least one
x, e T such that x"‘a= 0. Let y ={¥3aer'°ﬁ such!.that

{Oifecc:\",cx.#cc,
y =
w l1if x= &,

Then ye H and ix - yl=2 = d'(H). This shows that K has no

close-to-normal struc ture.
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(1.3) The set K[cg(T )] c co(T") is weakly compact
which has no close-to-normal structure.

If{y“'n§” =1C K[ CO(T‘ )] ={ x ={X‘ P co(-l—\ )

< €T
x 2z 0 Yoo ,“Sr, x, & 1%,

it is not difficult to see that there is a ye K[ cp(T" )] and

), my)
a subsequence {y‘m‘“’f a}’:=l of -iy("" }a;:l such that 4 y"h mk=_l

converges to y along co-ordimates ( by application of the di«

agonal method). Since co’"(l" Y& LT ), it follows that

e .

¥y ——> y as k—p» o . Thus KEco(T“)] is weakly compact.
On the other hand, for each xeK[c,(T")] let y = {yacich'

be defined as in (1.2). Then Ilx - yll =1 = (KLcg(T)]).

Thus K[ ce(T' )] has no close-to-normal structure.

Example 2. M.M. Say [5] has proved that there exists an
equivalent norm W e Wl of cq(T") which is strictly convex.
Let K be the closed unit ball in{c (T), Ml « W) . Then K has
a close-to-normal structure. (It is easy to prove that every
bounded closed convex subset of a strictly convex Banach spa-
ce has a close-to-normal structure.) But K is not weakly com-

pact because co('l") is not reflexive.
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