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ON DOMINATION PROBLEM IN- BANACH ALGEBRAS
Viadimir MULLER

Abstract: We give an example of a commutative Banach
algebra A with elements u,v,we A such that luxi&ivx| + | wxl|
for every xe A and there exists no commutative Banach algebra
B containing A as a subalgebra and elements b,c & B such that

= bv + cw. This gives the negative answer to the problem of
Zelazko [4).

Key worda: Banach algebras, ideals.
AMS: 46H05

Introduction. Let A be a unital commutative complex Ba-

nach algebra, let u,vj,..., (l1£n <o) be elements of A.

n
As in [4] we say that u is dgminated by elements vj,ee.,v,
if there exists a constant k>0 such that |ux|4k ";‘%4 Ivixl
for every xcA.
Let A, B be unital commutative complex Banach algebras. We
say that B is an isometric extension of A if there exists a
unit preserving isometric isomorphism from A into B. In this
case we consider A as a subalgebra of B and write AcB.

Let AcB, u,vy,.0.,V € A, Let u =4"§pi,, by vy for some bje B.
Then fux| .4=1%1 byl lvyxick -;_%1 lvix| for each x¢A, where
k = max (ib,! ,...,lbnl). So u is dominated by the elements

vl,... ,vn.
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In [4]1 (Problem 9), the question was raised whether the
converse statement is true. More precisely:
Let u,vyyee.,V € A, let u be dominated by v,,ee.,7,« Does it
follow that in some isometric extension B>A there are ele-
ments by,...,b, such that u 3;%4 bjv; 7 The answer is posi-
tive for n = 1 ([1]) and also for arbitrary n in special Ba-
nach algebras ([5]). In the present paper we give an example

that this is not true for n = 2 (and of course for n=2) in

general Banach algebras.

Lemma. There exists a unital commutative complex Banach
algebra A satisfying the following conditions:
1) There are (distinct) elements u, v, w, a3 (1,5 =0,1,2,.00)

in A generating A.

2) wW=vi=w =uv=uw =vw=0, a;.a_ =0 for every i, j
ij km y Jo

3) 8559 =85y 57 * 8 5V (i,j=z1)
85,0% T 8i-1,0

85,5 = 8, 5-1" (jz1)

v (ix1)

cx 532
) eyl = 2+ (4 5z 0, lag gul =1
5) u is dominated by v, w.

Conatruction: Let S be the free commutative semigroup

with unit 1 and zero element O (0Os = O for each 8€ S) and with
2

generators u’, v, w’,a:{:j (i,j = 0,1,2,...) satisfying u’s =

= v'2 = "2 s 0%’ en'y =gy = 0, ai'jaén =0 (1'j’k’- =

0,1,2,...)s Put iu’l = I.v2l= fw’l=1, lag;l = laij\xl =
‘. -(i+j)
1)
Let B be the zl algebra over semigroup S with this norm,

la

v = lai'jw\ =2 for every i, jzO.
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i.e. B is formed by formal linear combinations

©
1) x= A +ﬁ.1u +.2-v +J'\-v +4;‘z"o‘a‘ijai:j+

00 0 o0
(1) (2) (3)
i,fto (“'1,) 1,] * ,?Z-:o (“’13 aiJ + ‘,;é'..o (""1,) ai.]
where 4 A As (k)(k 1,2,3, i,j = 0,1 ) are
or°*cr A3 ij? (“'13 1€99y 1y plyece
complex numbers and
_ 3 = - iag?
\X‘ = ;go lﬂ;il +&’?=o|.ﬂ.ij|2 +
3 20
CoE LR et o

Clearly B with this norm is a unital commutative Banach al-

gebra. Let Ic B be the closed ideal generated by elements
ajju -85y v - J-l ¢t j71),
85 o < 81,07 (1_1) and a o,§% - J-l ‘Gz,
Denote A = BjI, u =u’ +I,v=v'+1,w-w +1, 85"

= a{j + I (i,j = 0,1,...). We prove that A satisfies all the
conditions required.

Conditions 1), 2) and 3) are trivial.
Let us notice that if xe B, x has the form (1), then

3 ) 22348
@ Txe Tl = B 1450 4 = a1 T e B

(1) (2) ¢ (3)

*Fo d0f leggaiet ¢ @il 0,50t ¢4 ia0 {31 *
3

+ vaju’ 'vaz-la ‘e w llel =3, 14,0+

@0 .
-(i+ ) (1) (2)
v o lagleT I . JBo P e+ @ g g

(3)
+ @5)5-1%, 51" -

(Here we put a,y = &, = 0 for min (k,m)<0.)
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From formula (2), the condition 4) immediately follows.
Further, it holds

2
) laggei =27 4 550

lag v! = 27@HD? (20, §22)

lay vl = @ (151, 520
2
l'i,o'| = laiﬂ_ ul = 27T (55 )

lao’J'l = lag jeul =2 -2 (Gzo).

It remains to prove the condition 5). Let x¢ B have the form
(1), y = x + Ic A, Then by (2),(3)

o0
lyu pl=lx + 1], = lau"+ T A ijz;“ +Il, = [ag+

1,3,:

-(i+J)
4‘-} 1A j|2

L4 @ ’ L
brvly = 1ov® + 20y = TAY" *, &0 2420 11, = 1ae

0 1y 2 0 : 2
=(i+j) -(i+1)
+:5 .5 1Ay ' I e "”’i,ol2 ’
lywly = lxw’ + Il = 14w’ +.E ﬂ.ua w + Il = jale
© o :
-(i+3)% | 2 -(§+1)?
“2 7?0 ij‘z +5§o 'a’ou’i'z ‘

From this imediately follows lyulz |yv| + |yw| for every

y€A, hence u is dominated by v, w. Note that u is not domi-
nated by v. It is |‘i. ul/la; v| = 2""'2/2'(:'“'1)2 = 221+l
which forms an unbounded aequence. Similarly, neither u is

dominated by w.

Theorem., Let A be the Banach algebra from the previous
Lemma., Let C be any isometric extension of A. Then there
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exist no b, ¢€C such that u = bv + cw.

Proof: I. Let k>0 be fixed. Let B, be the .£1 algeb-
ra over the free commutative semigroup with generators b, ¢,
with coefficients in A, i.e. B, consists of elements of the

€A (i,jZ0) and leBk

)

bde -% iJ wherex
orm Xx 5,520 :I.Jkk’ ij

00
i+j
= ?50 Ix ij Iy 7%

Algebraic operatione in B, are defined as follows:

. o0 <0
For y = ;45.0 i kck itisx+y = 1; (xiJ + 7lj)bk°k "

0
¥ Eyx ==, k°k(z.§,m‘ij’iq' ¢
3+3'=m
Clearly Bk is a Banach algebra, Bk: A. Denote g = u - b v -
-cyw. let J = sz be the closed ideal generated by z. Deno-

te d = 2; a. Jb °k where a. : are elements from the previous

i
Lemma, It holde

0 g ) i3 2 z 0 2
i+ =(i+j) i+ -n°,
\alg =; Folaysly - = 2,2 s ET e,
+ K®(m+1l) < c0 . So de Bk' We have
w Iy
i
dzs(Eo 1Jkk)(“'b"°q) =8 ou*,}g'l bk(.i,o =

o0 i j
- 851,07 "52:"4 °k‘°o,.i“ - 8,5-19) * 3 PxCiley b -

-85.,5" "8, ") = 8, oue Hence a, jued.

0,0
II. Suppose now on the contrary that there éxists a Ba-
nach algebra C containing A as a subalgebra and b, c e C such
that u = bv + cw, Chooae k?nax (Ibl,lcl). Define a homomor-
id
phism f: Bk——> C by f( Z xia k k) =, ;‘oxiab cJ. It is

lEx -k+j=

b
1.,3: iJ e l

o|xij Alb‘c 'c‘c -—%,.?=0 lxij'A
=1, Eo = el Bk‘
So the definition of f is correct and [f£| £ 1. Clearly
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f(by) = b, flc,) = c and £|A is the identical mapping (we
identify elements of A with the corresponding elements of B,
and C, respectively). It holds f(z) = f(u - bv - c,w) =

=z u-bv-cw=0, so £(J) =0, Hence f(ao’ou) = 0. On the

other hand, a, ucA and £|A is the identical mapping. Neces-

0,0
sarily 8,0% = O which contradicts the condition 4) of Lemma.

Remark 1: A Banach algebra B is called an extension of
a Banach algebra A if there exists a unit preserving topolo-
gical isomorphism of A into B. It is easy to see that the
words "isometric extension" in the Theorem can be replaced by
"extension". The proof in this case is the same. Note also
that every extension C of A becomes an isometric extension

after a suitable renorming of C (see [2]).

Remark 2: The following question still remains open:
Let 1 (unit element of A) be dominated by ViseeeyVy €A, Does
it follow that 1 -;'?".4 bjv; for some extension B of A and some
bj€B ?
This question is equivalent to Problem 5 of [4): Does every
non-removable ideal in A consist of joint topological divisors
of gero?

For related topics see also [ 3].
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