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THE BERRY-ESSEEN THEOREM FOR RANK STATISTICS
Marie HUSKOVA

Abstract: The natural rate of convergence for the dis-
tribution function of simple linear rank statistics to the
normal one was established for a rather wide class of score-
generating functions ([11,[21,(41,061,L7]), which however,
does not include one of the most usual score-generating func-
tion - the normal quantile function. The purpose of this pa=-
per is to extend the assertion on the rate of convergence to
the class of score-generating functions covering the normal
case. The null hypothesis is treated in detail while the as-
sert}on for the contiguous alternatives is stated without
proof.

Key words: Simple linear rank statistics, convergence
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1. Introduction and Statement of the Theorem under
Hypothesis

Let xl,...,xN be independent identically distributed ran-

dom variables with common tontinuous distribution function F.

Define a simple linear rank statistics
N

.1 Sy =i%1 in N (Ryy)s
where (clN”"'cNN) are regression constants, (aN(l),...

+ee,8y(N)) scores and Riy is the rank of X; in the sequence
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Xy oin vyigs

In the previous work on the rate of convergence there
were either imposed stronger conditions on the score-genera-
ting function or the obtained rate was not natural. If regres-
sion constants satisfy the assumption B given below the natu-
ral rate means 0&};1 lci“IB), i.e. the same as that for the
near sum of independent random variables 4:2.1 °ill‘f"(F(xi))'
Juretkovd and Puri (1975) assumed ¢’ bounded and obtained the
rate ; 2, iciNIJ N , > 0. B. von Bahr treating more gene-
ral statistics showed that the rate is

max ‘ciN i max IaN(l)I

1
which coincides with natural rate if
N
= deiyld i) = .
1‘m:\?_Nlc 0(“4 fesn!™, 4:‘?:!1 lay(i)] = 0(1)

Bergetrdm and Puri (1977) treated the problem for the case "
bounded and xl,...,xN independent with contmuous distribu-
tione Fy,...,Fy and obtained the rate -21 ie. N N‘fivar SN)'3/2'.
d > 0. Huskovd (1977) got the natural rate for the case of
square-integrable @ .

In the present paper we consider the following assumpti-
ons:
A. X;,...,Xy be independent identically distributed random

variables with common continuous distribution function F.
B. The regression constante satisfy:

!

Z ey =0, ‘:Z ciN-—l N=1,2,...

(this can be assumed without loss of generality).

C. The scores be either of the forms:
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(1.2) ay(i) = @(i/(N+1), i = 1,...,N,
ay(i) = Bguil)), i =1,...,¥,
with U{!) being the i-th order statistic from the uniform

(0,1) distribution, ¢ is the score-generating function defi-
ned on (0,1).

D. The score-generating function ¢ defined on (0,1) satis-
fy :

lgp(w)iek r(u)l/a'J , J >0 arbitrary,
I W& K rw3/49 | o > 0 arvitrary,
lg” (I& K rw) /4,

where @’ and ¢” denote derivatives, K is a constant not de-

pending on u and
1.3) r(u) = (u-u)™1, ue(o,1).
The main assertion is the following:

Theorem: Under assumptions A - D there exists a const-

ant d (not depending on N) such that

N
sup|P(Sy< x(var SN)'l/z) -9 x)é& di§1 lciN'J'

where ¢ (.) is the normal distribution (0,1).

The assertion of Corollary concerning the two-sample ca-

se in Hudkovd (1977) remains true under ass. A,C,D.

To prove the theorem we combine several known methods.
First, the score-generating function ¢ is replaced by the

function

(1.4) @y(w) = @), [N)/(N+1)£u<l - [N€] /(N+1),

@ ([N*] /(N+1)), O<u<[N¥] /(N+1),
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= g(1- [N9)/(K+1)), 1> u>1 -[ §€] /(N+1),

where 0 < o< d°/d + 8 and [ N*] denotes the iargeet integer
not exceeding N* , then 9'(&1/(11*-1)) by

P (F (X)) +(Ryy/ (N41)-F (X)) @y (F(X; )42 (Ry o/ (N41)-F (X, ))?

QN R g/ N+1)+(1= m DF(X,)), 04 7,y £1,
for [N*1« Ry #N-IN“], and by @u(F(X;)) otherwise, and at
last the modified method by Callaert, Janssen (1978) is ap-
plied to get the convergence rate for the leading terms S’,'l‘ +

+T,y+Toy defined by (1.9 - 11) below (see the proof of Lemma
5 and Theorem).

Now, we give some notations. Define
{[N*]/(N+1),1-[N%1/(N+1)> = I«
{Ry/(N+1) e IN"}= Aj, 1= 1,...,N,
(Rl eIy 1= B;, i = 1,...,N,

the complement of a set A will be denoted by A® and the cha-
racteristic function of A by I{A}.

The function
(1.5)  hy(X;,X5) = (u(X=X;)-F(X;)) ¢'y(F(X;)) =

= E((u(X=X3)-F(X ) @R (F(X; DXy,
where u(x)=l, if x20 and u(x)=0, if x<O0, has the property
(1.6) E(nu(ﬁ,xj)lxi) = E(hN(xi,xJ.)li.): 0, i#j=1,...,N.
Introduce i.i.d. mandom variables le”"'ZNN with the pro-
perty:
(1.7)  P(2Z,3=1)=Dg/N=1-P(Z,4=0), i = 1,...,N,
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N
where DNiZ | e,y 1337* | 0< <« (1/3-40").

To prove the theorem by the mentioned method it is sui-
table to decompose the statistic SN (1.1) in the following

way:

6
(1.8) Sy =Sy + Tin * Ton *, Z4 Vane
where

N
(1.9)  Sf = 1%, eyu(Py(RF(X))-Egy(R(X))),

-1 N N
(110) Ty ™ 2, X, 012 (1-2 5 dy( X, X,),
i
(111) Ty=(0D)™1.Z 3 o
131 Q;
3

N
(1.12) Vo= . F e n( @ (Riy/(841))= @y (Ry/ (N+1)))

N
(1.13) V= .=, &5y T4(Ajn By )3 (@ (R g/ (§41))= @ (F(X)))
-1 N 4 ,
(1.14) Vag= =(41)77 2 ey J.o (u(x=F(X;))=x) gy (x)ax
-1 N
(1.15) Veg= -2000)7H = o, P (X)) @ (P(X))
(1.16) Vgy= - &, ooy T (hgn By)®H (Ry/ (1) -F(X, ) g p(F(Xy )

(1.17) va‘sz'liziq cix A By (ni,/(nu)-r(xi))zq"u( 'ziNRil/
/(N+1)+ (1= )F (X)),

2. Some Lemmas and the Proof of Theorem

In the proofs of the lemmas the following simple rela-
tions will be used repeatedly:
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I BO{-1/0w1))22 o8 (r(3/(N+1)))79, 521,00, 4, where
U#" is the i-th order statistic from the uniform (0,1) dis-
tribution and b is a constant depending neither on i nor on
N (see [9]).

II. flu,(, (r@)P qu = o8I ¥B-1)) a5 5 0ca <,

-1 NN
III. N " =
4+ =L

N1 (171 )NP = o1~ B-1)y - g5 o

Dot < 1.

Ny
w. ;E if=o), y>1.

N N
3, y~1/2 3,1/3
v. zi',, lciul 2N _“mz:NlciN'é(;z;“ciN‘ ) g

Lemma 1. Let assumptions A,B,D be satisfied. If the sco-

res are given by (1.2), then

N N
(1.18) POVl 2%, 1 e;pl =00, =, legy1?), m=1,3,4.

Proof. In view of the Chebyshev inequality it suffices
to prove that

N
3)3
(1.19) E Vay = 0(CZ, fesu1?)3).

The relation (1.18) for i=3,4, follows easily by direct com-
putations for the random variables V3N and V4N are sums of
independent random variables with zero means.

As for Vjy we have by Theorem II.3.a in Hjek and Sidék
(1967), ass. B and relation IV:

N
E Vig< (-1"LE, (@(i/(N1))- gyli/ (1)) 2 <

-1 : : 2
4 (N-1) ‘/CZNMWIN.‘ (@ (i/(N+1)= @([N¥]/(N+1)))“ &

<2017 E, 10 [N‘J)/(]lf‘ﬂ)’:z (r(1/(N+1)))=2(-3/4+0%
[x -
< 25/2"2"}:‘3*2‘(»1)3’2'2"; z, 4-3/2+24, =3/2y

= O(N
QIE.D.
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lemma 2. Under assumptions of Lemma 1
3 s . 3

Proof. The vector of ranks (R)y,...,Ryy) and the vec-
tor of order statistics are independent under ass. A. Thus

one can write (see p. 160 Hdjek and Siddk (1967)):

N c
(1.20)  E VEy=B{EA(,Z, c;\T1ATE (Ryy/(N+1) -

v Rir)y v Rinh2vlezg <

PR | (1)_; 2 ,2.0(i)y, £
£(N-1) mzw)ﬂw Ef (V' i/(v+1)) gvufv )%,
Z(N-1)"1 sup 9'2(\1) z var v(i)

w & (0,0 i/(N+1) & Ty :

where V(‘)=(V(1),...,V(N)),V(i) denotes the i-th order sta-
tistic in the sample (F(Xl),...,F(XN)). The last expression

in (1.20) is by ass. B and relation I smaller or equal to
-1 -3/2+24° . s yN=3-0 (N~372
N-1 %/ (N = - = .
(N-1) ~(N®/(N+1)) LRy b i(N+1-i)N “=0(N )
Q.E.D.

lemma 3. Under assumptions of Lemma 1
5 3 y 3
Proof. Decompose VZN as follows

N
Vo =32, ciy TATH(@ (R o/ (N+1)= @ (F(X;))) +
N
*.E, cgy HFX)<INCT/(N+1)} (@ (R y/(N+1)- @pp(F(X)) )+
N
+,F, egp HF(X)> N-INT/ (N1} (@ (Ry y/ (N+1)= @pe(F(Xy)))=
= VontVontViR T -

Similarly as in the proof of lLemma 2 we have
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B VRBELE o)yl (R (91)- 95(P(x)0)? TASIAC R &

£(N-1)72 E( gpli/ (1)) =gy (vi1)))2 ¢

2/051)#1”‘
g4(N-1)'1:£: 1(1-181)2 (1) Zer(v g/ (1)),
-gR2(IN=] /(W1))= O(N"3/2),

To obtain the assertion on V;’,', we define the random variab-
les
Y;=1 if F(X{)< [N®1/(N+1), i=1,...,N,
=0 otherwise.

Obviously,

N
P(E, Y2 br)%e™ N (E eT1)Mee™N (1-[N<1(1-e)/(N+1))¥ 2
i1
£ exp{-bnf e(l-e)[K*]3 .

Thus choosing by= 5[N4]+1 we get
N = o(n-1/2
PLE Y32 By) = oN5),
Now,

) X 3. ]
(1.21) PUIVEIz = leyy! ):—P(i?_4 ;> by) +

121

N
o 3 -1/2
+ p(hzd Y < bN’IVZN Bi‘?? fesnl™) £ o(N ) +

+ ;f‘ =* P(IVA¥ |2 § ] c. |3/o (Ly 9000 ;35))
‘-31 (':1..',':") 2R 2=1 iN k"1 N
P(Gk(il’“"iﬂ))’

where Z* denotes the sum over all permutations of (l,60.,N)

and G, (i,,.00,ip)={Y, =...2Y, =1, Y. =,..Y. =0j. For the
k'71? N i i " ik+1 iy

conditional probability in (1.21) one can write

N
(1.22) 1>(|l_z4 ciN HHF(X) < [N<)/(N+1} (@ (R, o/ (N+1)) =
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N
- 9,,(1‘(:@1)))]251 by 1310, (214 crwqiy) =

p<| 2 o 4 PRy g/ (¥#1)- Pg([E<1/(N+1))) 2

1%1N
2 leggl3ha (dyseeesipg))e
CIearly,
P(RimN=Jle(i1,...,iN))=k-1 for j,m=l,...,k
=0 otherwise.
Thus by Chebyshev inequality the righthand side of (1.22) is

smaller or equal to

N
(1.23) (= legpt?) 20 lz o? N(z (@y(i/(41)) -

- ([N‘J/(N+1))))2+§ S e nC: wlk(k-1)"1
x m=1 721 CighCiE
wEm

b A&
12y 2, (@n(i/(N+1))- @y (IN€1/(N+1)) ( gy (s/(N+1)) -

rkA

- Pn(EN<1/(N+1))) .
Notice that
(1.24) =* z POy ee i) =((0) W1/ G,
(1- [N<] /(1)K 21,

L & N-2 <
(1.25) 02, F o yeg WO (iyyeenrig))==(i 2) w1/

min
/¥, (a-(nag /)N, k22,

Iy _
&?m.q.,q(k- ) k'l)-l(%) ( )N-RLN L

By definition of gy the expression (1.23) equals zero for
k£N% ., Thus combining the last inequality together with
(1.21 - 1.25) and recalling the definition of gy we obtain
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" N
PUIV,p12 2, logyl?) £oV2)a( 3, 165132 B-1)

N
h—.%qn {( k-1

-1 Y(§5)" o O o :z:M (py(i/(N41))-

N
- N9/ W)Y 20242 le;yl 32 bl

3 2 -1/2
DREEL . g N/ (WLD)- gu(Iia/ (1)) )P 2 0(7L/2) o

N
* GZ Loyl 63 N3l p)m3/2020 (y1/2)

The member Viy* can be treated in the same way. Q.E.D.

lemma 4. Under assumptions of Lemma 1
P( Vgglz N0 (w712,
Proof. Since ass. B and the convexity of the function
(raN?, 2 > 0, one has

E Voy € 47HE (Ryy/(1)-F(X ) 620y (R /(N1 )4(1- 1)
F(X))).1{A)n By33 £ 471 BA(R)/(N+1)-F(x)))4,

(7 (e (R g/ () 720 (1= ) (2 (FOX /) 108 A B S =

-1
= 4 (nmnnf(l"’lm)nnz)' 0£7mygl.

We estimate DNl and Dlz separately. The independence of
(Rll!""’RNl) ana v(+) and relations I and II imply

Dy £ BE(CRyyy/(N+1))-vBan) ) 4 (n (R 1/ (41 )) 772 A |vE =
N-L[N<]

;nEN‘J"4

N-
sv 13 "FM L)) 20 (32,
421+ [N%)

= §-1 BV L/t e )72 <
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Clearly,
E{(Ryy=B(Ryy) X, ) 4/7%33 £ (x(FOX)) TN (2 (F(X))) 7302,

(RIN forms for given Xl the sum of independent random vari-

ables.) Thus we have

Do« 22 (1) BI(RB(R g1 X ) 4(r(F(x)NT/2 1833 +
+BUr(F(X)N T2 (1-2F (x4 1B} 3 <

£231))™ Be(e(R(X))))%/2 TBFE+ (N-2) Ei(r(F(x)/2
I{B3} +o(N"3/2),
Q.E.D.
lemma 5. Under assumptions of Lemma 1
N i 13 N 3
PUTyy 12,2 lejy )=0(Z, legyl=).
Proof. Decompose T2N into three summands as follows:
- -1
Ton=(W1) - Z. eqnZiiy (%, %) +

-1
+ (N+1) 2, c iy (Xg, X)) +

-1 -
For Qll! we can write

N -1
(2 ey (X, X (H1)7h),

N N
QN un 2y G,

=1

where q,y are martingale summands (E(qiN!Xi+1,...,)CN,Zn)=O)
and, for given Xi and ZN’ N is the sum of independent ran- )
dom variables with zero means. Thus applying the theorem of
Dharmadhikary, Fabian and Jodgeo (1968) to Qy with » =3 and

then to q;y we obtain
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3 -3g & 12 4
(1.26) E‘{nloml Y2y} < (M)VB(Z, 2,075 2, Zoye

K 3
BLZ., cony Xy, X517 £
N N
-1 1/2 33372 3
LMD TG, Zyg) T 2y Zonl Oy N Elny (X, X;)1°.
Obviously,

. 1 1- »
Elng (X, X134k [ (u(-w) | gytw)? au=oen’ < (1/4-3

N 1/2  ooend/2u~1
B(Z, 23y ZJN-O(I% .
Combining the last two inequalities with (1.26) we get
N
3. (y-374 3,5/2
EIQ 1 =o(N > H( 2 Fegy 997790
Similarly,
N
3. 3/4 3,5/2
3o n-5/2( & 3.5/2
liQ3N| -O(N. (i§1 lcil!‘ ) )
The assertion of our Lemma now follows from the Chebyshev in-
equality.
Q.E.D,

Proof of Theorem. It suffices to consider the scores

(1.2) (see Lemma 2.4 in Hu3kovd (1977)). In view of the pro-

ved lemmas and the decomposition (1.8) it suffices to show:
1/2 o N 3

(1.27)  supl P(S*T < x(var SN 9= (1=0¢Z, I esy1°).

We will show it using the Berry-Esseen érgument in a similar

way as in [3].

Without loss of generality we may assume that

var S; = 1.
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! 3
Py =2 iyl

By Berry-Esseen lemma the righthand side of (1.27) is smaller

or equal to

(1.28) [ | E exp{it(s;;u‘ln);- E expiit 5;3“t-lldt .
'“‘1‘-’:9
* m{ g, NE i Si- expi-t?/23 ) t'lldu-o(Pn)
e

for any arbitrary fixed € > O,

Since S’;, is the sum of independent random variables with
Elgg(F(X )< + @

there exists €,> 0 such that

=1
|E expiit S*i- exp{-t2/23L1t ™ 1dt=0(py).
qu;“ €, oxp s;' P Pr

As for the first member in (1.28) one can easily get

EE(2, [20)=01)"2, 3 £ 62 B(1-2. ) (1-2 . )E h2(X, ,X.)+

1N/ZN = A5y o4 VNGl mag)s Dytag Xy
$i

+03 3¢ 3B (123 1) (12 )y (X; X )by (X5, X, Dp =0 (N7,

where Zy=(Z,y,...,2yy). Further, by direct computations (as
in Lemma 2.7 in [6])
IE T,y expiit S§31=0(p3/?).
Thus regarding
E(exp{it(s;ﬁ'.l‘m)}- expfit S;,})=E T, yexpfit SN}+2'1ETfN Ty

!¥y!%1, one has

.29) [ 1tTHIE explit(S{en f- E exptit $*yilar =
e pg 2
=0(pn).
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Put
N
s"m=i.§4 ¢ i ¢ PplF(X;))-E @p(F(X;))).

For the characteristic function of the summands of s“lN the re-
lation

- 2.2 313 17 3
= 1-t%eNZ /2% yylt chnlszBI?N(F(xj))-E(fN(F(XJ.))| /3!,
“Z.]l lél,

holds. Then recalling the definition of ZJ'N we observe that
-1 3,-1
for 1t)£ pyl (Bl g g(F(X]))-E g(F(X))13) 71372

IE((E expiit(Sg+T) )} -E expiit Sy3)/Zy)l=
=|B((E expiit S*m}.E exp{it(Tm+s;-S’i‘N)})/ZN)l &
N
. _ 2.2 3, 3
£ | B(E exptit S}y312y) =T B(1- 3 5NNt Tyn e n 7125k
3 , 2
E lcy,(F(xj))-E Pu(F(X)1°/31) £ expi-t*(1-
_ 3 3
=324 Lgmle gl T M E] g (F(X;))-E @(F(X5))1 °/3)Dy/2N } £
3 exp{-tznl/(m)i 5
Consequently, "
< - -1 5
wl 4 1B exmfit(SpR i~ Bexpfit SpilitT lat £
11" <kl£fy e,y
éexp{-pﬁlpll;flﬁlog ( &2p§1)=o(p“),
where €,=3/2 E|qg(F(X;))= gy(F(X)13.

Combining the last inequality together with (1.28 -1.29) we

can conclude that the first member in (1.28) is O(pN) and thus
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(1.28) is O(py) for € =min(&,, €5). Q.E.D.

4, Statement Theorem under contiguous alternatives

We will assume that

E. xm,...,xm be independent random variables, le!. have a
density f(x, ng) € 3 , where ejl! are unknown parameters
and ¥ is a family of densities f(x,6), @ € J (J is an open
interval containing zero) satisfying
a.f(x,8 ) is absolutely continuous in @ ;
b. the limit

#(x,0)= lim 07 L(£(x, 6)-£(x,0))

8->»0

exists for almost all x;

c. there exist 90 and a constant C such that for all |6l £ @

°
(£(x,0))2 '
x .
fml_ dx £C;
F. Unknown parameters 0,y,..., Byy satisfy:

$ 521 S
3T 058 33y YO

G. The score-generating function defined on (0,1) satisfy:

ig (w)l éKr(u)+1/4-J , d > 0 arbitrary,
e’ (w)l £ Kr(u)2/3'J o > 0 arbitrary,
lo” ()l £ Kr(w)3/2,

where r(u) is defined by (1.3) and K is a constant.

The main assertion of this section:

Theorem. Consider the statistic SN given by (l.1l).
Then under assumptions B,C,E,F,G there exist constants A and

@, (both not depending on N) such that for max Iﬁ‘wl € 0,
1£4 4N
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- N
e:plP(sN- ¢“g< x(var Sy) 12y % (;)|6A5§1(|cjnl+ ‘Gle)B,

N
where =2 c.
€31 %5m f'(.){;,())#o

ty’(F(xj,O))f(xJ-, 0 ;y)ax ;.

Remark. There is some flexibility in ass. E end G in the
following sense: admitting milder conditions on the distribu-
tion of xlN””’le we must impose stronger conditions on the
score-generating function @ and on the contrary.

The proof of the Theorem is omitted for it is very closed
to that under the hypothesis (it is easy to prove analogous

lemmas utilizing Lemma 3.5 and 3.6 in Huskovd (1977)).
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