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ON EXTENSIONS OF UNIFORMLY CONTINUOUS BANACH-SPACE-VALUED
: MAPI’IP;GS
P. PTAK

Abstract: Suppese that for any uniform covering XL eof
a uniform space X there exists a partition of unity subordi-
nated to X which is strongly equiuniformly continuous (i.e.
such a partition of unity {f |« & I3 that {_"?J £, | JeIf

is equiuniformly continuous). Then &n{ uniformly continuous
mapping from a subspace of X into a closed ball of a Banach
space can be extended over X.

Key words: Partition of unity, Banach-space-valued uni-
formly continuous mapping.

AMS: 54C20, 54E15

Let T be a uniform covering of a space X. We say that
a family {f_ loc € I% of non-negative real-valued functions
is a strongly equiuniformly continuous partition of unity
(abbr. SECPU) suberdinated to XL if
1. for any xe¢X, accSI T, (X) =1 and the covering
{coz £ | e I3 refines I .
2, {‘gj f,| Jc I} is equiuniformly continuous ([ IJ,p.
62).

The notion of S8ECPU has been defined by Z. Frolik in [F]
(under the name of 1,~continuous partitiem of unity).

Dencte by < the cla.aa of all uniform spaces determined
by the property that, for any X ¢ &4 and any X ¢ X, there
is a SECPU subordinated to L ., We can see easily that ¥ *-
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a reflective subcategory of uniform spaces containing "fine®
spaces (e.g. locally fine and metric fine) and "coarse” spa-
ces (e.g. the spaces with finite-dimensional base). Recall
also that J does not contain all uniform spaces as was estab-
lished by M. Zehradnik [ Z) and will follew from our note, too.
It should be remarked that the theorem we are about to
prove has been proved for spaces with finite-dimensional be-

se by G. Vidossich [ V]. We have adopted some of his technique.

Theorem: Suppose that B is a Banach space and X a uni-
form space belonging to ¥ . Let u* (X,B) stand for the Banach
space of all bounded uniformly continuous mappings from X in-
to B. Then, for any Yc X, there is a continuous norm-preser-
ving extender e:U¥ (Y,B)—> U* (X,B).

Proof: We show firstly that any bounded uniform f:Y—> B
can be extended over X in such a way that the resulting map-
ping is bounded, too. We may and shall assume that f ranges
in the 1-ball B [0,1], which is centered in O. Let 73 be @

uniform covering of B [0,1] consisting of all 1; ~balls. Take

uniform coverings X = -fx:“ ’cC € I3 of X such that fIIn res-
tricted to Y refines f'l(ﬁn) and take a SECPU, {t: |ce 1%,
subordinated to X ,. Choose points y;‘e B[ 0,1] such that
yi: = 0 whenever X:n! = @, otherwise set )::e f(xan) arbit-
rarily. Suppose we have done that for all ne N. Now, put

n = n n oo n .
g (x) -‘gl fa(x) * Yo + Observe that the definition of g~ is

n

correct because, for any x¢X, the aerieat?-l 1;‘:(::)- b is
Cauchy in B[ 0,1] and so it has a limit £%(x). We shall prove
that any gn is uniformly continuous and moreover, ‘n tend
uniformly to £ on Y. As always, Il g(x) - g2(y) Il =

= n - . n L

= “«%x f:(x)y“ oy £y ye £ | % (x) f:(y)l and
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therefore ‘n is uniformly continuous in view of the fact that
{1’: |oc € I} is SECPU. Further, if xeY then )| £(x) - ¢n(x)l =
= 1.3 rlj_';m. £(x) - B 000 oy N e Z I | )20 -
= y:c‘ I £ ?1- . Therefore ‘n converge uniformly to f on Y. Te

conclude the first part of the proof, define mappings h:x —

—> B as follows: h™(x) = ¢n+1(x) - ‘n(x) provided || (nﬂ'(x) -
1 )-8 (x)
221 Mg (x)-g" (x))

It is easy to see that all h” are uniformly continuous,

ny,1 n_ ntl _ .n € .n
In?ll & T and h g &" on Y. Therefore m§4 " is
1

- X e %n—-T , otherwise set h™(x) =

a uniformly continuous mapping and m:é4 nt = £ - g on Y,

To conclude the proof, we will use the Bartle-Graves the-
orem the same way &s in [Lul. As the restriction operator r:
:U* (X,B)—» U¥* (Y,B) is a continuous linear surjection we
have a cpntinuous extender @:U#* (Y,B) —> U¥ (X,B) which can
be altered to a norm-preserving one by putting e(f) = €(f) as

long as Ne(E)(x)U £ £ll, e(£)(x) = —E&(E)(x) whenever
He(£) (x)N

le#)(x)l> N £l , The mapping e(f) is uniformly continuous.

Let us make two comments in conclusion. Firstly, note
that we obtain as a corollary another proof of the following
famous theorem (see [Lul): If Y is & closed subspace of a col-
lectionwise normal topological space X and B is a Banach spa-
ce then there is a continuous norm-preserving extender e:
:CX (Y,B)—> C* (X,B). Indeed, the fine uniformity on Y is
the restriction of the fine uniformity on X because X is col-
lectionwise normal.

Secondly, it follows immediately that 1, (N) does not
belong to ¥ . It can be derived from our Theorem and the

fact that there is a uniform mapping from a subspace of 1, (N)
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into a clesed ball in a Banach space which does not have an
extension over X (see [Ii], also [ Vi) for relevant comments).
Of course, this observation does not mean any discovery for
the time being as M. Zahradnik showed recently that even any
Banach infinitely dimensional space does not belong te <%,
[Z]. As Zahradnik ‘s procedure seems rather elaborate it would
be nice and should be possible to establish the full Zahrad-

nik’s result by our method. We have not been able to do so.
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