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COVERING OF A SPACE BY NOWHERE DENSE SETS

Petr SIMON, Praha

Abstract: The estimate of the cardinality of a fami-
ly of nowhere dense sets which can cover a topological
space without isolated points is given by means of cofinal
subsets of ordinal-valued functions from cardinals. This
improves some of known results,
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Definition. Let X be a dense-in itself topological
space, ND(X) the set of all nowhere dense subsets of X. De-
fine n(X) = min {1QP) :Dc ND(X) & UD = X}and call this
cardinal invariant the Novék number of a space X.

Let us recall several known facts about the Novék num-
ber:

(a) (St¥pének-Vopénka [3V1): If X is a nowhere sepa-
rable metric space, then n(X) = @ g

(b) (Broughan [B]): If X is dense-in-itself metric
space, then n(X)& c.

(¢) (8t&pének-Vopénka [3V]): Let X be a uniformizab-
le space, let o« , 3 be cardinals such that @ £ o < oc*«
€ (3 and suppose that

1. X admits a uniformity whose base % is linearly
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ordered system of neighborhoods of diagonal with |U| = o s
and

2, each non-void open subset of X contains at least ﬁ
pairwise disjoint non-void open subsets.

Then n(X) ¢ &t .

(d) (Kulpa-Szymanski [KS)): Let o = 3 be cardinal
numbers, ﬂ infinite and regular, and let X be a topolo-
gical space satisfying the following:

1. X has a gr-base P expressible as a union of oc
disjoint families, and

2. each non-void open subset of X contains at least @
pairwise disjoint non-void open subsets.

Then n(X) ¢ 3 .

The purpose of the present mote is to prove the theorem,
which is the common generalization of all results above,which
gives a sharper bound for n(X) in some special cases and
which can estimate n(X) for many spaces X where the above
theorems are inapplicable.

Recall the following well-known notion: If (P,<) is a
partially ordered set and if Kc P, then K is called cofinal
in P iff for each pe P there is a ke K with p< k. The number
cf(P) is then defined to be inf{|K|: K is cofinal in P} .

Consider, as usually, a cardinal number as an initial
ordinal, ordered by € . The set of all functions f: e —» 6
(<, cardinals) is denoted by "‘[5 and ordered by f< g iff
f(§)eg(§) for all § € ¢ . The number cf("ﬂ) is then

taken with respect to the order just described.

Definition. If X is a set, (Q ¢ P(X) and xeX, then



pc(Q,x) is, by definition, [{Ae€ QL : x€ A3}! and
pc(Q) = sup {pe(A,x): xeX?.

Now we are prepared to state the main result:

Theorem. Let X be a topological space and let x, 3
be cardinal numbers, (& infinite, such that the following
are true:

(i) X has a gr -base B expressible as a union

U o @G §ecxd, where pc(ﬂ3§)<cf((3) for each § € o ,

(ii) to each B € B one can assign a family { B(7%):

€ 2} of non-void open subsets of B with pc {B(n):

:m € 3Y<cf(f3).
Then n(X) < cf(*3 ).
Remark. It is clear that (d) is a special case of our

theorem: it suffices to take B = P aml notice that the
choice < = 3 with ﬂ regular implies cf(“ﬁ) =03 . (a)
and (¢) can be easily deduced from (d); the implicatiom

(d) —> (a) has already been established in [KS]. The procf
of (b ) goes as follows: Each metrizable space has a 6 -
discrete base, each non-void open subset in a dense-in-it-
self Hausdorff space contains infinitely many disjoint open
non-void subsets, so the choice & = [3 = @ is all right

and cf(“w ) cannot be greater than c.

Proof of the Theorem. lLet o« , 3 , & ,35 (fex),

B(n) (Be&B,nepR) be given as assumed in the theorem.
For § 6 x and 7m € 3 define

xfﬂ= X-U4{B(L):meLsp,Be .'.Bs  « The proof is a
series of five easy observations, starting with an obvious

Observation 1: Each xi;’L is closed.

For fe"[s let X, =r\{x§’f(¥): ge % % . As an in-
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tersection of closed sets, each Xp is closed.

Observation 2, For each f e “/3 y Xp is nowhere dense.

let @4%UcC X open be given. JId is a or -base, so one can
f£ind some § €x and aB € 53; with g+ Bc U. For (L£(§),
Lt € (3 , by definition of B(L), #+B(L )cBcU and, by
definition of xf,f(f)’ B(L)n Xpc B(L )axi,f(g) = g. Sin-

ce U was chosen arbitrarily, Xp is nowhere dense,

Observation 3. Let f,g ¢ “[3 y f<g. Then XpC Xg.

(An obvious consequence of the definition xfr"l.')

Observation 4, For each x€ X there is an f e “/3 with x €
€ Xp. Fix xeX. For § € o define £(f) =sup {7 ¢ f3:
there is a B € %g with x€ B(7 )} . Notice that the assum-
ptions (i) and (ii) imply that the set of ordinals the sup
is taken from is of cardinality less than cf((3), thus f €
€ "[3 is well-defined, because f(§ ) € 3 . Clearly xe€X,.
Combining the last two observations, we obtain immedi-

ately the final

Observation 5: If K ¢ “/3 is cofinal in “/3 » then U4 Xo:
: feK§ = X, which completes the prcof.

Corollary of the proof: Let X, e , (3 satisfy the as-

sumptions of the Theorem and suppose that "‘/3 admits a
well-ordered sequence (by < ) of functions, which is cofi-
nal and of cardinality cf(“/& ). Then X can be covered by a
monotonically increasing sequence (of cardinality cf("ﬂ ))
of nowhere dense sets,

(Use the Observation 3.)

Examples. A. A nowhere separable Souslin line L may
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serve as an example of a space where (d) fails if one tries
to estimate its Novdk number. Recall that a Souslin line L
is a connected IOTS with ¢(L) = e , 4A(L) = w, . Since
or (X)= d(X) for any topological space, no ar-basis for L
is expressible as a union of less than @q disjoint sub-
families, necessarily o« 2 @j+ On the other hand, no open
subset of L admits more than countably many disjoint open
subsets, thus (3 € @ . Hence the assumptions of (d) can
never be satisfied in this case.
It is widely known that a direct computation gives

n(L) & @,. Let us give another proof of this fact using
our Theorem, Notice that L admits a o -basis B with |Bl=
= @) and pe(PB) = @ ., Set «c =1, B = B, (= U{iﬁf:
: §<1%), and assign to each B € 33 the family {B(7):

: m <w,3={B°e R : B'c B}{. The Theoren applies:
n(Léctta)) = ).

B, The inequality pc(33;)< cf(/3) cannot be replaced
by pc(.’)sf)écf((?,) in (i) of the Theorem., As usual, denote
by N* the space (3N - N, where N is a countable discrete
set. Clearly n(N¥*) > ¢, without any set-theoretical as-
sumption.

But assume ¢ = @, _ » which is consistent with ZFC.
1

Under this assumption N* has a or -basis B such that

| Bl =c and pc(B) £ @q, s0 let x=1, B = R . For
BedB 1kt {B(n):7 < c}{ be an arbitrary family of
pairwise disjoint nonempty clopen subsets of B, thus
pc{B(% ): m < c}=1TforeveryBe B .

Applying the Theorem despite the fact that (i) is not
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satisfied, one has (remember that ¢ = @, ) n(N*)écr(le) =
1
= cf(c) = @,, an obviously false result.

Remark. The referee has raised a question, whether the-
re exists a space X such that n(X)< ef (%3 ) for every pair of
cardinals « , (& suitable for using the Theorem. Though the
present author believes that such a space exists at least in
some model of set theory, he regrets that he is not able to
exhibit it.

References

[B] Kevin A, BROUGHAN: The intersection of a continuum of
open dense sets, Bull, Austral. Math. Soc. 16
(1977), 267-272,

[BPS] B. BALCAR, J. PELANT, P, SIMON: The space of ultrafil-
ters on N covered by nowhere dense sets (to ap-
pear).

[H) S.H. HECHLER: Independence results concerning the num-
ber of nowhere dense sets necessary to cover
the real line, Acta Math. Acad. Sci. Hungar. 24
(1973), 27-32.

[J) I. JUHASZ: Cardinal functions in t opology, Mathemati-
cal Centre Tracts 34, Amsterdam 1975,

[KeS] A. KUCIA, A. SZYMANSKI: Absolute pcints in BN - N,
Czech. Math. J. 26(101)(1976), 381-387.

[KS] W. KULPA, A, SZYMANSKI: Decompositions into nowhere
dense sets, Bull. Acad. Polon. Sci. XXV, 1, 1977,
37-390

(N) J. NOVAK: (a) On side points in compact Hausdorff spa-
ces, Proc., Internat. Sympos, on Topology and

its Applications (Budva 1972), Beograd 1973,
184,

(b) On side points in compact Hausdorff spaces

- 760 -



(to appear in Gen. Top. and Appl. .)

[8vl P, STEPANEK, P. VOPENKA: Decomposition of metric spa-
ce into nowhere dense sets, Comment. Math,
Univ. Carolinae 8(1967), 387-404, 567-568.

Matematicky tstav
Universita Karlova
Sokolovskd 83, 18600 Praha 8

Ceskoslovensko

(Oblatum 26,9, 1977)

- 761 =






	
	Article


