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REMARK TO THE GHARACTERIZATION OF THE SPHERE IN ¥*
Karel SVOBODA, Brno

Abstract: We get nn4examp1e of the global characteri-
zation of the sphere in E' using the existence of a parallel
vector field in the normal bundle of a surface.
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In [1], p. 62, A. Svec has mentioned one possibility of
characterizing the sphere among the surfaces in 34. In this
contribution we give an example of the use of this idea.

To give it, we have chosen one theorem, mentioned in [1],
concerning the Weingarten surfaces in !3, and translate it
to the analogous theorem valid for surfaces in E‘.

Let M be a surface in the 4-dimensional Buclidean space
E*. Let the system of open sets {U_ 3} cover this surface in
such a way that in any domain U_ there is a field of ort-
honormal frames {l;vl,vz,vyv‘} such that v,,v,¢ T(M),
V3,7V, € N(M) where T(M), N(M) is the tangent and normal bund-
le of M, respectively. Then

(1) QM = wlvl + 0272,

2
avy = @ry + 0wy + vy, av, = -0l + @y + oy,
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dv3 = - wivl - w%vz + wgv“ dv4 = - 1\71 - “’3‘72 -
4. .
- @ivs;
(2) dwl = wJAwé, dwg=w’i‘/\wg,
wi+ol=0, 0= wt=0 (1,5,k=1,2,3,4.

Using the well-known prolongation process, we get the exis-
tence of real functions a;,b; (i =1,2,3), x4 (31 (i=1,2,
3,4) in each U, such that

3) wi = olwl + azwz, w% = aaml + a3a>2,
w{ = blrol + bzcoz, cog = b, wl s b3w2;
(4) da, - 2a2a>§ - blco;' = eclaal + ocaa)z,

dl2 + (al = a3)w§ = bza); = ocawl + o£3dl2,

da3 + 2.2«:% - b3a);' = ac_-,al + oc‘wz,
av, - Z'bzcoi + '1“’; = ﬁlwl + (szw"',
ab, + (b) - by)wf + mad = g0l s B2,
db3

+

2 4 _ 1 2

Let n = xvy + yv, be a non-trivial, parallel normal vec-
tor field on M (see [11). We can choose the field of ortho-
normal frames £ \; ¥1:¥2:V33V4} in such a way that v3 and n
are dependent. Thus we have Y = 0 and hence dx = o, xwg = Q
on M, so that 6); = 0 and

k= (a; - 113)122 = (b - 173)12 =0
on M,

Denote as usual
() H=(ay+ap¥e b+ b2 kmaga; - als byb, -
2
- bZ
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the mean and Gauss curvature of M respectively, and define

the functions

(6) Hltal+a3,Hz=b1+b3

1

2 2
(7 K a8, - aj, K = byby - by

Consider another field of orthonormal frames { M; ?1,72,73,7‘3
such that v3 and n are dependent. Then
V)= €3 c080.F) - sinp. ¥, vy = 9'2,73,
5 - 2 2
vy = €, smso. 71 + cos ©. 72, V4 = 4 €] =€, = 1.
We have according to [1]

g = ez[alcosz@ + 2a,sinpcosg + naainzsoJ ’

&, =-¢2,¢, [(a; - a3)sinpcosp + az(ninzso - coazgo )1,
8y = szfalsinzgo - 2a8in@cosp + a3cer§aJ o
B, = b1°°’2§° + 2bysin@cos @ + b3sinaso s

ol
n
L}

- clf (b1 - b3)sin§> cos@ + bz(sinzso - coezgo )],

o1
w
[]

. 2 2
blem ;b - 2b201n¢ coaso + b3cos ®
and it is easy to see that

fl = enl, &2 =g
28 ’

=k, B=g.

Now we are going to prove this

2

Theorem. Let M be & surface in E* and 9 M its boundary.
Let M satisfy these conditions:
(i) K> 0 on M;

(ii) there is a non-zero parallel normal vector field

in N(M);
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(iii) there are functioms F(x,y’,G(x,y) such that

(8) P2+ xF o+ y!';>0, a2+ x6,0 + yo§>o
for each (x,y) and

(9) ral,xh) =0, a@%,8®) =0
on N;

(iv) O M consists of umbilical points.

Then M is a part of a 2-dimensional sphere in l‘.
Proof. We use the method of integral formula based on

the Stokes theorem.
On M, consider the l-form
T =[(ay ~a3) e, + (b - b3) 3, - ay(ecy = ocq) -
- BBy - Bl et v Ly - adeg ¢ (b - by 3y -
- ayley = «ty) - by( By - 4,0 02,
Using (5) we get by exterior differentiation of
(100 dv =-[20 + (H - 4K)K - 2k% ] wl A o2
where
(11) J = «,(x, - ocy) + xcglocy = ocy) + BBy - B,) +
+ 33035 - 3,).
Now, consider the equations (9). By differentiation of

these relations we obtain
(12) Pjan’ + quax! = o, P,an? + Qa = o
where we denoted
P = 3F/9H', Q) = 9F/3KL, P, = 20/0 K7, Q, = 3u/0K2,
Using (4),(6) and (7) we have

anl = (ecy + ec3)w1 + (@, + x4)a)2,
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a2 = (B, + BPwl+ (By+ Ba’,

dl(1 = (alec3 - 2a2a62 + n3oc1)w1 + (‘1°C4 - 2a, oy +
+ -accz)wz,

K2 = - + by 3wl + (b - 2b +

¢ (by B3 = 2by B3 + by Blaw™ + (by 3, 233

2
+byfy)w
and hence the equations (12) yield

(13) Py(ecy + oa3) + Ql(aloc3 - 28y Xy + 83 ocl) =

[l
o
-

I
o

Pylecy + ) * Qylag oy = Baycty & myecy) =
Pe((31 + [33) + Qz(b1(33 - 2\>2ﬁ2 + b3 (31) =0,
Py(By + 34) + Qplby 3y = 2by 33 + b3 35)

let me M be an arbitrary fixed point of M. Consider that

0.

the orthonormal frame of M in the point me& M is chosen in
such a way that a, = 0. Thenwe can put b2 =0 at me M and
the equations (13) have at me M the form

(P + @3Q)) oy + (Py + 8,Q)) x5 =0,
(Py + a3Q))ec, + (P) + &)Q)) e, = O,
(Py + D3Q,) 3) + (P, + DyQ,) 33 = 0,
(Py + D3Q,) B, + (P + D1Q,) 3, = 0.

Thus, there are functions @;, &; (i = 1,2) such that at me M

X1 = PPy +8)Q)), x3= - @) (P + a3Qy),

%y = 67(P) + 8Q), o, = - 6,(P) + a3Qq;),
Pr = (P + 11Q), 33 = - @,(P, + byQ,),
i = 6,(P, + b1Q,), (3, = - 6,(P, + b3Q;)

and hence from (11)
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2 2 2 2 2 2 2 1
2+u3+/32+33+(Sol+€1)(P1+HP101+

J = o
2 2 2y p2 2
+k1d) + (93 + 62)(22 + %P0, + K2QD)
at me M,
The assumption (ii) implies k = O on M as mentioned,

i.e. relation (10) has the form
dv = -[20 + (H - 4K)K Jw A 2,

Further on, from the condition (iv) it follows that =~ = 0
on 3 M, Thus, the Stokes integral formula yields

1 2
14 2J H - 4K)X = T=0,
(14) J;A[ + ( 4K ] o A w [

As J2 0 at me M because of (i),(iii) and m is arbitrary, we
have from (14)
20 + (H - 4K)X = 0O

on M and hence
H-4K= (a -ap)?+ (by - b3)% + 4a3 + 402 = 0.

Thus any point m M is umbilical; this completes our proof.
Remark that we proved in fact a more general assertion
which is obtained from the theorem replacing the assumption
(1ii) by
(iii°) thete are functions P;yQ: M— R (i =1,2)

such that
2 o il 1.2 2, 2 -y
Py + B'P)Q + K°Q) >0, Py + HP,Q, + K°Q5>0

1 1 2 _
PjaH" + Q ak! = 0, P,aH® + QuaK? = 0
on M ,

In the following, we introduce tnree corollaries imp-
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lied immediately by the proved theorem.

Corollary 1. lLet M be a surface in E satisfying the
conditions (i),(ii) and (iv) of the theorem. Let further

(iii) HL = const 5 H® = const, on M,
Then M is a part of a 2-dimensional sphere in E4.

The assertion follows from the theorem by putting
F(Hl,Kl)EHI - const., G(Kz,Kz)z H? - const..

Corollary 2, let M be a surface in E4 possessing the
properties (ii),(iv) of the theorem. Let

(i) xi> o, K> 0 on M;
(iii) HL = const, 5 K% = const. (or H® = const, , k! =
= const,) on M,

Then M is a part of a 2-dimensional sphere in E‘.

To prove this, it is sufficient to put F(Hl,xl)z ml -
- const., G(HZ,Kz)s k% - const. (or F(HI,K]'). Kkt
<}(1'12,1(2)=H2 - const.) in the theorem.

Corollary 3. ILet M be a surface in E* satisfying (ii),

(iv) of the theorem. Let

(1) k' = const,> o, K? = const,> 0 on M,

- const,,

Then M is a part of a 2-dimensional sphere in .
Let F(HI,K]‘)- k¥ - const,, G(HZ,K2)¢K2 - const,; then

the assertion follows immediately from the theorem,
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