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ON THE SPACE AND DUAL SPACE OF FUNCTIONS REPRESEBTABIE BY
DIFFERENCES OF SUBHARMONIC FUNCTIONS

Urban CEGRELLX,Uppsala

Abstract: The linear space of differences of subhar-
monic functions is given a Fréchet space topology. This
space together with its dual space is studied. A decomposi-
tion theorem for functionals vanishing on the harmonic func-
tions is given and the functionals which are carried by one
point is determined. It follows that, in the subharmonic ca-
se, the stable polar set always is countable.
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1. Introduction. Let U be an open subset of R, n22,
and denote by SH(U) the subharmonic functions on U. In this
paper we study the linear space o°SH(U), of functions which
can be written as a difference of subharmonic functions. This
subject has been treated by Arsove [1] and Kiselman [ 3]. We
shall also study its dual space J'SH’(U) here.

The corresponding function spaces made up by differences
of convex or plurisubharmonic functions have been studied by

Kiselman [3) and Cegrell [21.
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2. oSH(U) and JSH'(U). JSH(U) is a Fréchet space
with topology given by the seminorms | ol g = inf (J;( (| 1+
+ lS"z Y9 =91 =% 9, P,eSH(U)), Kcc U, For a proof
of this, see Scheefer [4], p. 221,

An equivalent topology on O"SH(U) is given by the semi-
norms

g llly = ine (J;I’I 91l +1gli9=9; -9,, ¢,9,¢

€ SH(U’))
where U’ is open and relatively compact in U.

That J"SH(U) is complete under this topology is a conse-
quence of Theorem 2.1, Moreover, |+ HIU, gives a weaker to-
pology than I+ )l and since both turn o"SH(U) into a Fré-

chet space, they are equivalent.

Theorem 2,1. If ge I%oc(U) and if ?,U € 0"SH(U’) for

every U’ open and relatively compact in U then @ e d'SH(U).

Proof. Arsove [ 1] Theorem 10.

Definition. A compact subset K of U is said to be a
carrier for w € ¢"SH’(U) if to every open U’ containing K
there is a constant ¢ such that

lalp)laccle by, Vgeosaw).
Definition. A subset K of U is said to be a support for

@e d"SH'(U) if, for any open O withKc c O »y (& vanis-
hes on those functions in J"SH(U) which vanish on UN O .

Definition., E is a notation for the fundamental solu-

tion to the equation Af = Y, in R?® when &, is the Di-

reC measure at gero
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lﬁloglz\, n=2
E(z) =

=1
cn-‘—z-l—n-z n>2.

Corollary 2.2. Every e Jd'SH(U) has a compact support.
Proof. Let B be a carrier for w and choose U’ open
with Bec U’c c U, Then there is a constant ¢ >0 so that
ol ()1 & e hglly, Vge IsH(U). Since an equivalent topo-
logy on JSH(U) is defined by the seminorms Il )l there is
a constant 4 and an open U’’ relatively compact in U so that
lglyca Wollyu Y ¢ ¢ ISH(U), Henee |ul(@)| £
¢c.a llglly, Vo e ISH(U) so if ¢ € Jd"SH(U) with
@ |y~ = O then @(g) =0, which means that U’’ is a support
for « .
Corollary 2.3. J'SH(R™)|y is demse in &"SH(U).

Proof. By the Hahn-Banach theorem it is enough to prove
that if @ 6 O"SH’(U) vanishes on d'SH(Rn)lU then @ = 0.

So let @ € I'SH(U) and @ « J'SH’(U) vanishing on JSH(R™)|y

be given. Choose @ ¢ D(U), 0 & @ &1 with 6 = 1 near a com-
pact support A, for w . Then ¢ - E* 6A @ is subharmonic
on U and harmonic near A, So there is a ¥ ¢ & CVX(R") with
¥ =¢-E «0A@ near A, (See Kiselman [31.) Hence

0= awiy) = wlg-Ex0A8¢ ) = wl(g)
since E # 8A @ € SH(R™),

Theorem 2.4. Assume that « € O'SH'(U) and that A and B
are compact supports for @« . Then ANB is a support.
Proof. Given Uy open and q ¢ o’ SH(U) vanishing near 7.73
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where AN BccU3CCU. We have to prove that wle) = 0,
Choose U, open so that Bcc Upy; Unan €U3 = @. Choose Uy
open 8o that BeecUjce U, end 6,¢ @(UZ) with 6, =1
near '171. Then ¢ = E % 6,49 + h near U, where h is harmo-
nic near U and where E x 8,49 is harmonic on an open set
Uy such that AccU,ccuy; UyNT, N €Uy = g,

Choose now 0, ¢ D(U,); €, = 1 near U, so that
®,:h € 'CVX(R™) ana ®3€ (), 85 =1 near A, Then
93- Ex@ A9e JCVEK(R®) ang we define f,ge J"CVX(R D)
by

f= 82-93-}); g= 93-E*81A9 .

On UjN U3 we have g + £ = O3Ex 0,0 ¢ + 83.h = 839 =0
since ¢ vanishes on U3 and since 63 =0 on U, 0‘6U3, g +
+f =0on Ul which contains B, Hence

0= w(f+g)= (u(E*OIA? + 62-}1) = w(o)

since 92 = 1 near 1 @nd the proof is comple te,

Remark. Theorem 2.4 and Corollary 2,2 prove that every

(“ € I'SH'(U) has a smallest compact support.

Definition. Let K be a compact subset of U, Then ﬁ is
defined by

K=fzeuy; FIequp o(f) Voe sum;

lemma 2.5, Iet K be compact_in U, Then K is compact in
U. Given ¢ > 0, and U; an open neighbourhood of ﬁ. Then the-
re is a continuous and subharmonic function % on U such that

9 =0OonkKam $2e on <y,

. A
Proof. Consider K, =4zeU; 9(z)eeap 9 VYge SH(U)N
NC(U)}. It is clear that Kc ke ﬁﬂ and if z e 3 U
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- E(z - z°)>g1:pK E-B(g- zo)] for |z - z°\< a(x,cu)

80 it follows that ﬁc is compact in U,

We claim that K = ﬁc' If z1¢ﬁ then there is a ¢ €
€ SH(U) with @ (z,)> sup @ . Choose ¢ ,€ SH(U)NC(U) so
that ¢, N %, € N 0 on a compact set containing z, and K

in its interior. Then there is an €o

so that syp <
e %,
4% (¢(z,) + sup @ ). But (z) 2 @ (2,) 80 2,6 K
7 {9z K @ I 950 1 G Az, - Y17 Yoo
To a given open set U; with R ccU;ccU it is easy to
see that there are finitely many functions ;€ SH(U)N Cc(U),

l14£i€mwith su . =0on R and su =1lon €U,.
165%m P11 Aadem Fi 1

Proposition 2.6. Let K be a carrier for “wse d"sH’(U).
Then ﬁ is a support for w .

Proof. Let K be a carrier for we d"SH’(U) with K = R,
Choose an open set U; so that ﬁcculcc Ueand let ¢ ¢ d SH(U)
with cy’U1 = 0 be given., We have to prove that «(®) = 0.

Since

‘?=‘?1'9’2=‘?1‘E“’Cu4“?1'

- (g, -E & ’('U1A %)
we have a representation 1wy, and ¥, of 9 where 1, and
¥ o are continuous near K. Using lemm 2.5 we can find an
open set U,, Kcc Upcc U; and a continuous subharmonic func-

tion ¢ 8o that
infy > sup - ¥,
4

au,
su & inf -
U: L4 i Ve

where Kcc U3 cc U2 8o it follows that
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y(z), Z#UZ
glz) = { is continuous on U and

sup (v') - ¥,), ze U,
subharmonic near ‘CUz.

Now 61 =¥, + g, 92 = ¥, + g are subharmonic on U

and 91 - 62 = @ 8o since K is a carrier for (& we have
lale) | £ 6,1 +16,] =0
“lgdlecy [ 1811418,

and the proof is complete.

Corollary 2,7. Let @ be a non-vanishing element in
d"SH(U). If A and B are carriers for @ then An g#ﬂ.

3. Positive functionals on dJ"SH(U)

Definition. Denote by J'SH/(U) the set of elements in
J"SH’(U) which only takes non-negative values on SH(U).

Remark. Any real-valued linear map which is defined on
J"SH(U) and which is non-negative on SH(U) is continuous (see
Proposition 1.1 in Cegrell [2]). In particular, we have the
following

Lemma 3.8, Let K be a compact subset of U. Then

I SH(U) » @ —> 4 ¢ {K} (=fKAqa )

is an element in d"SH’(U).

Iheorem 3.9. (€ ¢ SH'(U). Then the following condi-
tions are equivalent.
1) = @; - @, where @y, @,€ JSH,(U);
2) there is a compact subset, K, of U such that (g ) va-

nishes for all @ e JSH(U) which are harmonic near K;
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3) “ vanishes on the harmonic functions;

4) there is a compact subset, K, of U and a constant ¢ so
that |wu(g)l < cj"(A? Vg & SH(U).

Proof. 1) =52). If we J SH (U), let K be a carrier
for @ . Then R is a support for &« by Proposition 2.6, Gi-
ven @ € J"SH(U) which is harmonic near X we can construct
@1» ¥,€ SH(U) so that @, = -@, = ¢ near K. Hence
0& w(q@,) = w(g) = @w(-9,)£0 80 wlig) = 0.

2) =»3) is trivial.

3)==>4). Denote with M(U) the Fréchet space of measu-
res on U with topology defined by seminorms Mt . = total
mass of £ on K, Kcc U,

Iet J€ a(U) be a notation for the harmonic functions on
U, which form a closed subspace of ¢"SH(U). Let now j be a
notation for the mapping

J'SH(U)/#a(U) 3 @ v—é—, A @ ¢ M(U).

That j is continuous follows from Lemma 3.8. Furthermore, Jj

is a bijection so j"l

is continuous since both dJ SH(U)/#a(U)
and M(U) are Fréchet spaces.

Now since @ = 0 on ¥ a(U) we have
llg)l e ch‘%mnq+hl\x Vo e dSH()

for a fixed constant ¢ and compact set K. But j'l is continu-
ous so there is another constent d and another compact set L

in U so that

n P .
welBan 19 lxed Jpr, [ b9y vhg, Veedmw
91926 SH(L)

In particular, (w(q)lic-deAq Y ¢ ¢ sH(U).
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4)=>1). wle) = c_f"(Agp + wlg) - cj;(Acf is the

desired representation.

4. Functionals on SH(U) carried by one point. We shall

now determine all functionals € ISH'(U) which are carried
by one point z,€ U. We can of course restrict ourselves to
the case zZ, = 0. Then, if @ 1is carried by the origin, « is

also supported by the origin. Let B denote {z;lzl<13.

Lemma 4.,10. lLet % € SH(B) and assume that % is bounded

below in & neighbourhood of zero. Then «lg) =0 Yu €

€ d'SH"(B) which are carried v zero.

Proaf. Given ¥ € SH(B) bounded below near zero. Assu-
me first that @ < O on {z; 2] & r} where O<r<l., If we
put

sup (:'—12- log l%',?), lzlsr

¥n =

-ll:zlogll%,, lz|> 0

it follows that V'€ SH(B) and ¥n =% near zero.

N
Put B, = ?4% « Then (M>N)

»
M
18 - 8yl g = 1, IN‘E Vh,“

M
‘(}; llog Ié“ zu"z

1 .
5 —>»0, min (M,N)— + o
+4 n ' !

for every B’ relatively compact in B,
So it follows that 8y converges to a limit @ ¢ J sH(U),
N = i
ow w(8) N-lviql-noo ©(8y) =“1_a~ N w(®) which gives
@(@) = 0. If we apply this to 9 -I Isup4 @ the lemma fol-
. xl< 3

lows.
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Definition. lLet sz(U) be the functions in J'SH(U) which
have a representation 9= 9 - 9, where o, + g:a(z)> - 00
and let I, (U) denote the closure of s,(U) in O"SH(U).

Lemma 4.11. Let we J'SH'(B) be carried by zero. Then
“(g)=0 Vege .

Proof. It is enough to prove that if ® & SH(B) with
9(0)> - 0 then (@) = 0. Choose 8,ed(B), 04 & ¢
€1, Gn 2 9n+1, Gn = 1 near zero, m'];i,n:” 8, = 0 outside ze-
ro. By Theorem 3.9 and Lemma 4.10 there is a constant ¢ so
that

lelg)l = |(Ex8 Ag)]| ¢ ch 8,09—* 0, n>

since @ (0)> -0 .

Definition. Denote by Tz((f ) the functional

JSH(B) » @ > A {2z} (=[La9 ).
123
Lemma 4.12, To(?) = 0= e Efo.

Proof. &= ) Clear by Lemma 4.11.
==») Choose Qn @s in the proof of Lemma 4.11 and as-

sume that ¢ = ¢, - g e d'SH(B) with T, ( ) = T,(9,). Then
Ex OnAqlﬁEoTo(cyl), n— + o

Ex8, A9, "E-T (¢,), n—> + 00 .

¥, =%, -E: To(ql), then ¥, ¥, € SH(B),
VY2 = 92 - E*T(g,)

9= ¥1-¥,end

4.-;‘ =¥, -E*8 Ayies,, neN
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¥5=%,-Ex8 Ay,es, neN .

For every compact subset K of U we have
Wy - v, - (rf -yl clEx 0 Ay N+
+ ﬂE*enszﬂxé_fK(EoT(crl) -Ex 8,4 ¢)az +
+ J((B-1(g)) -Ex 6, 89,)d2—0 n—>+o , which
means that ¢ € J .

Theorem 4.13. let we J"SH’(B) be carried by zero.
Then

@(@) = wE):1(g) VYoge dSHB).

Proof. If T (@) =0 then ¢ ¢ ¥ by Lemma 4.12 and
we have (9 ) = O by Lemma 4.11. Thus @ = o « T, for some

constant o and since TO(E) = 1 the theorem follows.

Remark. The notation of polar and stahle polar set for
plurisubharmonic functions were introduced in Kiselman [3].

The polar set of a function £ e J'SH(U) is

P(f) =’_r\ (d26U; (£) + £,)(z) = ~w}; £ =¢, - £,,
" £1,£,€ SH(V))

and the stable polar set of f is

= U i e
P, (£) e QQ” P(g) (w varies over the neighbourhood of f)
Now, Py (f) =4{zeZ; l?z(f)'llO}_t‘mt {zeU; T ,(£)%0} is a

countable set so it follows that the stable polar set of any
function fe d SH(U) is countable.
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