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ON A CLASS OF TANGENTIAL CAUCHY-RIEMARN MAPS

Alois SVEC, Olomouc

s We p;;esent conditions {or a tangential Cau-
chy-Riemann map £: S2— HT ,S?c H a unit hyper-
sphere and H a Hermitian space, to be constantes
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Be given a Hermitian plane H 2, i.e., the Euclidean
space B together with en endomorphism J: v(zhH — v(:‘),
7 = -id., v(E4) being the vector space of g}, such that
¢ Ju,dv> =<{u,v> for each u,vev(l‘). By a frame of HZ we
mean each frame @ = {m; vl,vz,v:,.v‘e of 54 such that vy =
= Juy, vy = Jvy. let @ be a field of frames of HZ; then

1 2 3 4
(1) dm= @ V) ¥ W+ @ vy * @ Vg
avy = ao%'vzow%v:‘ +w§v‘,
2 3 4
avy =-wiY +wyvy* @oVar
cwdy w3 4
d'3& =2-W 3y "’2'2 + wav‘,
ey — w4
v, =-@jvm¥3%2 7 9 373
together with the integrability conditions (1,3,k = 1,0004s4)
(2) a0l = wdn wg, dwgawf/\w-’.
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From dv, = Jdv,, dv4 = Jdvj, we get

I -4 3 = 4
(3) wl_wz, a)z'_-wl.

Let §° ¢ M2 be a unit hypersphere. Let us associate to each
of its points m a frame @ in such a way that m + V4 is its
center; evidently, we get

’eo3=(0.

(4) wt=0,0f=0!, wi.o02
Further, let H! be a Hermitian straight line, i.e.,
the Euclidean plane B2 endowed by an endomorphism 7} : V(E) -

—V(E%), 3= -1d., <Jx, Jy > =<x,3) for x,yeV(Ed).

For its frames € ={n;w), v, }, W, = W%, we may write

(5) an = glw, 9?w,, aw = giw,, aw, =
= -9% 10'1;
(6) dgla-quqf, dq2=qlA?f, dq§=0.

Be given a mapping f: s3 — I-|'1 o Let us write

Q_-l:= £* ?1, ‘82:3 £* ?2, 't’f:= £X* 95. Then

(n vl =alol s slw? v aled, 22 =alol + a3aw? +
+ a§03

end the differential £, : T;($3)— T, (H"), nes3, 1o gi-

ven by
. 1 2
(8) f* Vi = aiarl - Biwzn
Let ¢ ‘l'm(s3) be the plane given by Je, = Tp Tgis

spanned by v, and Vye The mapping £ is said to satisfy the

Langential Cauchv-Riemann condition, see [21, if Fo £, =
= f' e J; let us call it TCR. It is easy to see that f is TCR
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if and only if

(9) ol - a5 =0, o2 + a3 =0,
j.e., (7) are of the form
o) el = aw! - ba? + e, 2= bl + aw? + e,

By the exterior differentiation,

(11) 4da + b@? -2Hiaawl —fdb - a2 -T2} Aw? 4
1 1 1 1

*(dc-ef%)/\w3=-2¢&)1Aa)2-bwlA w3 -

awl A @3,

£ db - a(wf-'r:"l’)},\wl +4{da + b(w;{ - 'c‘f)i Al »

+ (de *+ ct’i) Aw3= -29w1A w?

- ba? A @3,

+ aa)lA 0)3'-

and we get the existence of functions Ayeoe, I s$S— R such
that

(12) da + b(w% -‘t’i) = (A -l *(B+ dw? + Cw3,
db - a(wi -fr:f_) =(c -Blawl + (& + edw? + D3,
de-evl=(C-bawl-(D* w2 + Bo?,
de + cci - (D+ adwl+ (€-Dw?+Fad
Further,
(13) fan » Ble? - 203) Pt 4408 - A¥] - 202 3a
AwZ +4ac + D(wi -z’i); Awd =

= - 40wlAw2f (B-F + c)wlAw3 + (E-A + 0)w?A

Aw3,

-£4aB - A('r.'i - 2wi)i/\al + {da *B('r:"l’ - zwi)il\
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aw? +4ap - ctw? - D3I A w3 =
= 4Dt awZ s (A + K+ wlawd+ Brr-cdo
ABY;
{dc +D(w§ - 1-;{)?/\01 -{dD - c(ai -'ei taw? s
+ (dE - F{f)Aa}sa
= -2(B + e)wl/\wz - (2D + a)()lA 03 - (2¢ - b)a)z/\

3
AW

{aDb - C(wf - ei)?/\wl +4{ac + D(wi - zf)}sz -
+ (dF + lff)Acﬂ =

= = 2(F - e)wlawz + (2¢ - b)colAa)3 - (2D + a)anA

Aw31

this implying the existence of functions K,...,S: s$— R
satisfying

(16) ak + Bz 2 - 202) = (L - 2D}w? - (K - 20w ? + Maw3,

-(K + 2c)al - (L+2Dw? + N3

2 2
aB - a{zr] - 2w])
ac» Dw? -¥3) = (M+B-F+ cJw' + (N-A+E+

2 3

*+eJw® + Pw”,

ap - cwl - ¥d) = -(N-Kk-BE-ewl+ M+B+F-

-dwl+ QG3,

dx-ref=(p-2n-a)w1-(Q+2c-b)w2+

+ Rco3,

aF + Ev3 = (@ 2¢ - Mwl + (P-2D-aw? e+

+ 803',
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Let g; ='(m; gl’gé’GS’q4 ;, :g = {Tu 2;1,4223 be anot-
her fields of frames, let

(15) Vl

cos V] = sina.¥,, v, = sine« N+ cos .Yy,

~

_7 = .
vy = V3 Vg T

wy

cos (3.'17)’1 - ainp.a’rz, w, = sinﬁ.?fl +
+ coap.a'rz.

Then the direct calculation ylelds

(16) ot = cosec.wl + einar_.a)z, 52 = —s‘inoc.a)l +
+cosec.a>2, 63=w3, 5%: G’i*do‘ 3
L= cosp.wl*sinfs.wz, '@'za-sinﬂ.(pl +

+ cosﬁ.cyz ;
(17) & = cosla-).a - gin(e-3).b, T = sin(ec=(3).a +
+ coslec =[3) .,
¥ = cos p.c + sinf.e, @ = -sinf3.c + cos f3.¢;
(18) X = cos(2c=3).A + sin(2a-f3).B, B = -sin(2x-(3).
& + cos(2a = 3).B,

% = coslex-3).C - sin(ar =)D, D = sin(a-f3).C+
+ cosbax - (3).D,
% = cos 3.E + sinf3.F, F = -sinf.E * cos3.F.
Lempa. The 2=-form
(19) Q = 2(ac + D@ Aw? ~4a(2B - F) * b(2a - E) + eC =
- cD - ac - be 301A03 +
+§a(2A - E) - b(2B + F) #cC + eD + ae - be }sz w3

on 83 is invariant and we have
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200 42 =4(a® + ¥ + 2 + BB »  + 17 + & - oF) dv,

dv = wlszAw:’

being the volume element of‘Sv3. The func-
tion

(21) T = eE - cF

is invariant as well.

Iheorem 1. Be given a TCR mapping f: s — lH‘ sa-
tisfying TZ0. Then £ is a constant mapping.

Proof. From the integral formula f;, dQ =0, we get
8=b=A=B=C=D=0. from (12)), 0 = e’ + cw?, 1.e.,
c=e=0and wls= #? =0, QED,

The harmonicity of a TCR mapping f: 83-—-> H4 should
imply its constancy. Let us now prove a-generalization of
this assertion. Be given an arbitrary mapping f: 53—-> H" ’

< oc i

(22) T =AW (ec =1,2),
From this,
(23) (asy - a'j w'}_ + affe‘{g) Afdi,

and we get the existence of functions a':J = a:;i: 63—> R
such that

I J

(24} da‘i‘-a;wg-ba’i"v;; =a‘i‘dw .
To each point me 33, let us associate the vector

ij« 1y,

(25) t=d JaiJw“ € Ty (H);

the mapping t is called the temsion field, see [11 or [31
Tesp. The mapping f is called harmonic if t = O on S3. Now,
let £ be our TCR map. From (24) and (12), it is easy to see
that

1 1 1 1 1
(26) 81) *A~e, ay =-A-cg, a33 = E, aj, = B, a3 =0

- 406 -



1 =
a3 D,

ail ==-B + ¢, agzﬂBd' cy a§3=F, B§2=A, a€3=D,
ag3 = C,
i.e.,
@7) t = (E=-2elwm + (F+ 2c)wye
For each me SJ, consider the vectors
(28) t) = £, v3 T om *ew;, by = F £y v3) = —ewy + cwy,

ty = 3£, v3) = Bwy + Fwy

Then

(29) t =ty 2,
and

(3o} <t2,t3) = =T,

this presenting the geometrical description of T.

Theorem 2. Let £: §° —> H? be a TCR map and let
there exist functions p,q: 33—4 R , g0 on 53, such
that

Then £ is a constant mapping.
Proof. All we have to do is to prove TZO0. From (31),
E#pc—qt=F+pe#qc=0,'1‘=q(cz+e2), and we are

done.
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