#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1977
PURL: https://resolver.sub.uni-goettingen.de/purl?316342866_0018|10g39

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

18,2 (1977

OOMPLETION OF SEQUENTIAL CAUCHY SPACES

R, FRIE, %ilina and D.C. KENT, Pullman

Abstract: We atudy two types of sequential Cauchy spa-
ces projectively generated b clagses of functions, their
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1. Igsrgdugtigg, For the reeder's convenience we recall

in this section some basics about (sequential) Cauchy spacese.

Notation 1.1. If {xp? (yp) are two sequences, then
(xn7/\<yn> denotes a sequence < Zpn? defined as follows:
zy = X1y Zp =¥y z3 = X5 z4 = Ygseees i.e. x5 = Zon-1? ¥p =
= Zyne

Definition 1.2. A Cauchy gpace is a pair (X,L), where
X is a set and L a collection of sequences ranging in X such
that

(1) {xYeL for each xeL;

(2) < xprel implies < x!;) e L for each subsequence
(xé) of {xp7;

(3) £ <{xu? y{yp? €L and there are subsequences
(x> of < x,? and (y;) of { y,> such that X = Yo» DEN,
then {xp YA yy? € L; and
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(4} 1f <x;>A<{x>el and {x,>A{y)€eL, then
x=y.

If (X,L) is a Cauchy space, then L is called a Cauchy siruc-
ture for X. If L satisfies the additional conditiom

(5) < x,? € L whenever

(a) each subsequence <x;1) of {x,? contains a sub-
sequence < x;l') of (x;) suc.h that <x;l‘> € L; and

(v) 1if (x;l) and (xﬁ') are subsequences of  xp?
such that {x >, <{x "> ¢ L-, then <{x, DAL x&') € L;
then (X,L) is said to be a * Cauchy space.

The effect of condition (5) can be brought out by con—
gidering the real line with its usual metric. Every bounded
sequencé of real numbers has a Cauchy subsequence. Hence,
every bounded sequence of real numbers satisfies condition
(a). Yet every bounded sequence of real numbers is not Cau—
chy in the usual sense because (b) is lacking; e.g. consider
the sequence 0, 1, 0, 1, O, 1, «cc &

A Cauchy space (X,L) induces a convergence space
(X,&2,A) in the following natural way: x = £~lim x, iff
{x;> A< x) € L. Moreover, if (X,L) is a x Cauchy space,
then o£ = L£* , The topological modification ﬂ,‘% of A
will be called a topological closure for X. A subspace Y of
X 1s topologically -dense in X if .%.04 ¥ = X. A Cauchy space
is said to be complete if each Cauchy sequence converges
in the induced convergence space. A mapping f: (Xl,Ll) —>
—> (X,,L,) 1s said to be Cauchy-continuous if {x;>e€ Iy
implies < £(x,) > € Ly. The set of all Cauchy-continuous func-
tions on (X,L) is denoted by 8(X,L). The set
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M=4{£E, V€ (e(X,L))N; EL S fm(xn) exists for each
{xpY 6 L% is a Cuuchy structure for 8(x,L) and is said to
be the continuous Cauchy structure. The space (8c8x,L) M ,M)
48 denoted by (ﬁz(X,L),Mz). The evaluation mapping

evyg? (x,L) — (¥x,1) ,uz) 48 defined by evg(x) = ® ., where
for £ e 8(X,L) we define P (£) = £(x); 1t s alwaye Cauchy-
contimuous. If it 1s a Cauchy-embedding (i.e. a Cauchy-ho—
meomorphism into), then (X,L) is said to be G-embedded.

2. Pro 1 t C u .

gi d i . Let (X,L) be a Cauchy
space and D¢ é(X,L), D separates points of X. Let
LD={( X, € & 1im £(x,) existe whenever feD} and
Ly =4£{ x;) € t'; Uny ns e fm(xn) oxists whenever {f£.)y £y €
€ D is = Cauchy sequence in (8(x,L),M)}? . Then Ly and Ly are
x Cauchy structures for X end L& LgC Ly If L = Ly, then L,
resp. (X,L), is said to be t iv en ed D. If
L = Ly, then L, resp. (X,L), is said to be c=projectively
generated by D.

It follows {mmediately that if a space 1is projectively
generated by D, then it 1is also c-projectively generated by
D. The converse statement is not true in general as it will
be shown by a counterexample (see Proposition 4.7)» In
[I - K] it was proved that for D = C(X,L) the following are
equivalent:

(a) (X,1) is G-embedded; (b) L =1Ip; () L=1q (the ori-
ginal notation is Lp = Lp Ly = I'I)'

- 353 =



3. d=completion.

Definition 3.1. Let (X,L) be a Cauchy space c-projecti-
vely generated by Dc 6(X,L). A complete Cauchy space (X,,L,;)

is said to be a d-completion of (X,L) if

(a) (X,L) is a topologically dense subspace of (Xy,L;);

(b) for each fe D there is fTe écxl,Ll) such that
£=7|x, 1.e. Dcd(X),L)) | x;

(e) (X;,I;) 1s c-projectively generated by
D =4Ffe 6(x1,11); P|XeD}; and

(@) D and D endowed with the corresponding continuous
Cauchy structures are Cauchy-homeomorphic under the
natural correspondence, i.e. the correspondence
f—>F| X =2 1s one-to-one and (£ >, £,€D, 15 a
Cauchy sequence in (&(X),L,),M) 1£f <£,>, £, =
= Fn' X, is a Cauchy sequence in (G(X,L),M).

Lemmg 3.2. Let (X,L) be a Cauchy space c-projectively
generated by Dc 6(X,L), (D,M| D) the subspace of (G(X,L),M),
and e a mapping of (X,L) into (G(D,M | D),M) defined as fol-
lows: e(x) = @ , where for fe D we define & (f£) = £(x).
Then e is a Cauchy embedding.

Lemma 3.2 was proved in [I - K1 in the special case of
D= G(X,L). The proof of the general case is similar.

Theorem 3.3. Let (X,L) be a Cauchy space c-projective-
ly generated by Dca(X,L). Then there exists a d-completiom
of (X,L).

Proof. It follows from Lemma 3.2 that identifying x with
e(x) we can consider (X,L) as a subspace of (e(D,M | D) ,M). We
shall prove that the subspace (Xl,Ll) of (&(D,MI D),M), where

- 354 -



¥, s the topological closure of X in (¢(o,M | D),M) end L, =
= M| X;, 1s a d-completion of (X,L). It was proved in LI - K]
that (G(D,M | D),M) is a complete space. Thus the closed sub-
space (¥;,1;) of (8(p,M| D),M) is complete. We are to prove
that (Xy,L)) satisfies conditions (a) = (d) of Definition 3.1.
Condition (a) follows from the construction of (Xl,Ll). It
was proved in [F] that the space (&(x,1),M) is C-embedded.
Thus the subspace (D,MI D) is also O-embedded, and hence the
evaluation mapping evp: (D,M | D) — (Z(o,u| D),lz) is & Cau-
chy embedding. Consequently, for each f& D the image evD(f) =
= $ 18 a Cauchy-continuous function on (&(p,M | D),M). Since
23) = § () for each § e &(D,M|D), we have #(x) = £(x) for
each  , = xeX. Hence =72 X; is a Cauchy-continuous ex-
tension of £ onto (Xl,Ll) and condition (b) is satisfied. The
construction of f is shown on the following diagram:

{ i
e(X) b4 .x > G(D,M | D)
d=e £leX ?=§'x4 .
£
x —
£

Now, we shall prove condition (d). It follows by a standard
topological argument that the extension ? of £ is uniquely
determined. Hence the natural correspondence T—F I X=£f

is one-to-one. Clearly, if (?n) - ?n\ XeD, is a Cauchy se=
quence in (a(tl,Ll),ll), then (£,? , £y = T,l X, 1s a Cauchy
sequence in (8¢x,L),M). Conversely, let {£,? be a Cauchy se-
quence in (D,ll| D). Since evp is a Cauchy embedding, the se-
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quence <f£,>, £, = evp(£,), is a Cauchy sequence in
(&2 (,u | D),M). Hence (E,>, E,| X = £, 1s & Cauchy se-
quence in (a(xl,Ll),M).

It remains to prove condition (c). Let <P, 7 be a se-
quence in X;c G(D,M | D) such that

(1) IET SN To( ) exists whenever < T2 s e D,is
a Cauchy sequence in (6<x1,1.1),u).
Since £,(®,) = $(£), £, = Fy | X, 1t follows from (d) that
(1) 4is equivalent to

(2) Umy nw ® n(£,) exists whenever { £, is a Cau-
chy sequence in (D,M| D).
Thus <@ ,” € L; and the proof is complete.

Theorem 3.4. Let (X,L) be a Cauchy space c-projectively
generated by Dc 6(‘X,L). If (xl,Ll) and (XZ’L'Z) are two d-com-
pletions of (X,L), then there is a Cauchy homeomorphism
h: (X),L,)—> (X5,L,) such that h(x) = x for each xe X,

Proof. For i1 = 1,2, denote by D; ={fe 3(x1,L1);
£|XeD}, by (D,M| D) the subspace of (8cxy,L,),M), and
by (D,M| D) the subspace of (&(X,L),M). It follows from (d)
in Definition 3.2 that (Dy,M|D;) end (D,M| D) are Cauchy-
homeomorphic under the natural correspondence. Consequently,
@ : (Dy,M| Dy)—> (D,,M | D;), where for £&D, its image
cy(f) is determined by cp(f)l X = £| X, and hence also its
firet conjugate @* : (8(Dy,M|D)),m)—> (&(D,,M | Dy),m),
@* () = g o § , are Cauchy homeomorphisms. It follows
from Lemma 3.2 that idenmtifying x with ey(x), where for
fe Dy we define (eg(x))(£) = £(x), we can consider the comp~
lete space (X;,Iy) as a closed subspace of (’é(Di,M | Dy) M.
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Now, an easy computation shows that for each xe& X we have

g¥(x) = x.
id
— —
X b 4 x,
'(./dr- e 421;: 02
c(Dl,ulnl): = c(Dz,ll[Dz)

?I‘
Since X is topologically dense in (xi'l‘i)' it follows by @

standard topological argument that h = g“\ll 48 the desi-
red Cauchy homeomorphism.

4. D=goppletion.

Definition 4.1. Let (X,L) be a Cauchy space projective~-
1y generated by Dc e(X,L). A complete Cauchy space (Xl,Ll)is
said to be a D-completion of (X,L) if

(a) (X,L) is a topologically dense subspace of (Xl,Ll);

(b) for each f& D there is fe G(xl,L1> such that £ =
= F| X, t.e. De8Xy,Iy) | X5 and

(e) (11-1*1) js projectively generated by
D =4Fe 8(x;,Ly); 2| XeDY .

Propogition 4.2 Let (X,L) be a Cauchy space projecti-
A
vely generated by D< c(x,L) and (X, £¥,A) the associated
convergence space. Then:
(a) Dc c{X) and (X, L*,A) is D-sequentially regular.
(b) L is the set of all D-fundamental sequences in
(x,L*, ).

(¢) (X,&8%,Q) is D-sequentially complete i (X,L)
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is complete.

The straightforward proof is omitted.

Bpoposition 4.3. Let (X,£*,A) be a D-sequentially
regular convergence space and L the set of all D~fundamental
sequences. Then:

(a) L is & * Cauchy structure for X.

(v) Dca'(x,L) and (X,L) is projectively generated hy D

(e) (X,£*,A) 1s associated with (X,L).

(d) (X,L) i1s complete iff (X,£%,A) is D-sequentially
complete.

The straightforward mroof is omitted.

Zheorep 4.4. Let (X,L) be a Cauchy space projectively
generated by Dc G(X,L). Then there exists a D-completion of
(x,L).

Eroof. Let (X,4£,A) be the econvergence space associa-
ted with (X,L). It follows from (a) in Proposition 4.2 that
(X,&£,A) is D-sequentially regular. Let (xl,.,el. Ay) be a
B-sequential envelope of (X,£,A), D=4 fe c(x)); | xens,
and L, the set of all D-fundamental sequences in X;. It fol=
lows from Proposition 4.2 and Proposition 4.3 that (x,l,Ll)
is a D-completion of (X,L),

Notg 4.5. Let (X,&£*,2) be a D-sequentially regular
convergence space. Let L be the set of all D-fundamental se—
quences in X. It follows from Proposition 4.3 that (X,L) is
a X Cauchy space projectively generated by Dc a(x,L). Let
(X;,Ly) be a D-completion of (X,L). Using Proposition 4.2 and
Proposition 4.3 it is easy to see that the convergenee space
(Xl,eel,-?\.l) associated with (X;,L;) is a D-sequential enve-
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lope of (X,-8*,2).

Theorem 4.6. Let (X,L) be a Cauchy space projectively
generated by Dc G(X,L). If (Xl,Ll) and (XZ,LZI are two D-com—
pletions of (x,L), then there is a Cauchy homeomorphism
ht (xl,x.l) — (xz,La) such that for each xe X we have nix) =
= x.

Proof. Let (X,&84A) be the convergence space associ=
ated with (X,L) and (xi,aei-, 91.1) the convergence space asso—
ciated with (xi’Li)' 4 =1,2. It follews from Note 4.5 that
(Xg,oC4) 2Ay) 18 a D-sequential envelope of (X,o£ 4N )« Hence
there 1s a homeomorphism h: (Xy,L39 .‘hl)——> (X, Loy .7\-2) such
that for each x&X we have h(x) = x (cf. Theorem 5 in[K1).
Since (¥y,Iy) are complete space, h: (Xy,Ly)—> (!2,12) is a
Cauchy homeomorphism.

5. Example.
Deginition S.l. lLet X+ @ end ETRIXE AT . we say
that < y,*> 48 derived frop <x,?, in symbols <3p? 3 <=

1z (<32 )o>F(<x,>), where F(< 2,7 ) denotes the filter

generated by sections of a sequence < zn) .

Example 5.2. Let X = Y Hﬂ(xm))u(mgn (x)) v
vix,)e Leyz; < e NN, m,e N, Ac( \Jy (x,“(m))), and
£ ei0,13 2 g function on X, defined as follows:

£(x) = 1 for xe(nu(ﬂk‘)u (xnon))U (xmo)),

£(x) = 0 otherwise.
Let D be the set of all such functions and (X,,L,) the Cauchy
space projectively generated by D. Let X swliﬁ xu(xmn),
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Y = XU\ (), =L, | X, L =4z e X <20 3< xY,

x€Xy, or <z >3 (<x YA x;>), meN§, and D = Dl x.
Since (X,L) is clearly projectively generated by D it is

also c-projectively generated by D and hence (X,L) possesses

both a D-completion and a d-completion.

Proposition 5.3. For D=7 | X) the space (X,,I;) is c-
projectively generated by 3, but not projectively generated
by D.

Hint. L, =4<z Ye !g; (zp?3< x>, xeX,, or
Czp ¥R (2 YA 2 %), or (2> 3 (Kx DAL %72 ) % and
(xpdell,| X - 1),

Proposition 5.4. (X,,L;) is a d-completion of (X,L).

Hint. L =4z 2e x¥; {2,23<{x>, xeX, or
{zp>3<xp 7, meNZ,

Proposition 5.5. (X;,L,) is a D-completion of (X,L).

Proposition 5.6. D and D endowed with the corresponding
continuous Cauchy structures are not Cauchy-homeomorphic un=-
der the natural correspondencesd

Proof. For otherwise (X,,L,) would be also a d-comple-
tion of (X,L), which would imply the existence of a Cauchy .

homeomorphism h: (X;,I,) —> (X,,L,) such that for each xeX
we have h(x) = x.

Note 5,7. This shows that the condition (d) in Defini-
tion 3.1 is necessary and sufficient for the uniqueness of

the d-completiom up to a commuting Cauchy homeomorphism (et.
Theorem 3.4).
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Note 5.8. Let (X,L) be a C-embedded Cauchy spacee Since
for D = &(X,L) we have L = Ly = Ip, 1t follows immediately
that a d-completion of (X,L) is also a D-completion of (x,L)e
Consequently, the two completions are equivalent. It might be
of some interest to characterize classes Dc € for which the

two completions are equivalent.
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