#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1977
PURL: https://resolver.sub.uni-goettingen.de/purl?316342866_0018|l0og36

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

18,2 (1977)

ON EXTENSIONS OF FUNCTORS TO THE KLEISLI CATEGORY
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&hgtrggt: Sums of Hom(n,-) with n bounded cannot be ex-
tended on a eisli category of the monad Mon corresponding
to the variety of monoids. On the other hand, the countable
sum ny1 Hom(n,-) can be extended on this Kleisli category.
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In [1], M.A. Arbib and E.G. Manes gtudied a problem when
@ functor F: & —»> £ could be extended to the Kleisli cate-
gory of a monad. They proved that a sufficient and necessary
condition for existence of such an extension is commuting of
diagrams analogous to the Beck distributive laws between mo-
nads (see [21). Therefore, the term "distributive laws" is us-
ed for these diagrams, too.

M.A. Arbib and E.G. Manes proved in [1] that set func-
tors - x Z satisfy these distributive laws with respect to
any monad over the category Set of sets and mappings and the-
refore they can be extended on a Kleisli category of any mo=-

nad. In the present note, there is shown that a similar ass-
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ertion is not true already for some homfunctors and for ve-
ry natural monads. Such a very naturally defined monad is
a monad corresponding to the variety of monoids (i.e. semi-
groups with units) which does not satisfy distributive laws
with respect to Hom(2,-) (more generally, with respect to
sums of Hom(n,-) with n bounded - see Proposition 1.1). On
the other hand, this monad satisfies distributive laws with
respect to the countable sum n;{z Hom(n,-) (see Proposition
1.3).

I am indebted to V. Trnkové for an impulse to consider

roblems mentioned and for valuable advice.

0. At first, we recall some definitions and establish
notastions.

0.1. Let # be a category, T: ® —* & a functor,
I: & —>& en identity functor, 7 : I—>T, «: T—s T
natural transformations. We recall that (T,oz,(a) is called
a monad iff the following diagrams commute:

T T n
P "¢ 2 P — > Pt 7
w
—_— T 7
0.2, Notations, a) Denote Mon = (M,e,m) a monad which

assigns to each se¢t A a free monoid over A. (I.e. MA =

= {agecsay; N € 11,0003, ag€ A for 1 =1,...,n30 {A} ,
where A 4is the empty word, e‘(a) = g, mk((el'l""lki) a0
soe (am...ankn)) = a‘l‘l’”enkn)' The corresponding category

of monadic algebras is a variety of all the monoids, the
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corresponding Kleisli category is its subcategory of free mo-
noids.

b) Qn denotes a functor which assigns to each set A a
set An of n-tuples of jts elements and which is obviously de-
fined on mappings.

¢) exp A denotes the set of all the subsets of A.

0.3. We recall the following definition (Arbib-Manes):
Let & be a category, F: % — & a functor, (T,7,4) 8
monad. F is said to satisfy distributive laws over (T, 7 )
if there exists an assignment to each object A of & a mor-
phism .ﬂ,n: FTA —> TFA such that the following two diagrams

commute for each A and o« : A—>TB.

(1) FTA ————> TFA
\ / (the first distributive

F("lA) TFA law)
(2) 2

FTA A TFA

*
Flac¥) (AgeF ()
G..B (the second distributive
FIB TFB law)

where ¥ = wgoT(ax).

O.4. Remark. A functor F can be extended on a Kleisli
category over (T,m,w) iff it satisfies the distributive
laws over (T, ,w).
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l.1. Proposition. Let I*@ be a set, N be a set of all
the natural numbers, ¢ : I —> N be a bounded mapping, n =
=Lm2qu(1)_>_ 2, Then F =;\éIQ (1) does not satisfy distribu-
tive laws over Mon.

Proof. Suppose existence of a collection 4 .}\.As FMA —
—> MFA; A eobj Set 3 such that the distributive laws hold.

I. Choose sets Ao"""‘n’ & such that Aos ...Ql(nsA,
card Ay =1,

. - (1) =
eard AJ>n. &%I(card Ajqg * 1 J+3) for § =1,...

ceeyn = 2,
card Ay ,>n . i.:::‘l (card A _, + ¥ +1,
card Ay >n . %Z;.I (card A + 191 1,
and if for an i€ I there is Ap(Ayeea, N) = (byyeeeybpde
% (1)
€ QASMFA, then {by,...,by3e ANA,

For any 1 €I define £3: (A u { A} 94 _, exp & by
fi(al,...,aq(i)) = { byyeee,bpd, 1f }pm(ai,...,ag,(i)) =
= (byyeee,by)€ QAS MFA, fi(al,...,a?(i)) =2 @ otherwise.

Choos?:)xo,yoe A, \a.L'é'I Ui(a); ae (An_,l ")

v LAY, Xo# Vi

avge Apg N Y, UL 2(a); ae (hyp 0 A,y 92,
".L* ¥q3

X€ Ao \ L\eJIU{ £,(a); ae (An-J uiA X9 ¥ 9% 9 3n3 )9(1)};
xy€ An_ 5\ N\ U{fi(a); ae (An_J_,lu{A 1Xo1¥ 01X 2T 1 X9
x3,...,xd_,l§ y9(1) for § = 3,.0.,n =1,

II. Now, we prove the following assertion:

(1) Each of the elements a = (xo,xl,xz,...,xn_l), b=
= (xo,yl,xz,...,xn_l), c= (yo”‘i’xZ"“’xn-f.l)' d = (yo,y,l,
X55e+e3Xp ) occurs exactly once in the word
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.ﬂ.‘_(xoyo,mly,l,xz., sieie ’xn-/l) € MFA.

(11) Each of the elements a,b (a,c resp.) occurs ex-

actly once in the word
AA(xo,xﬂ_yl,na,...,xn_i)
( ﬁk(xoyo,xl,xz,...,xn_ll resp.).
M- (i) Let z = (zo,zl,---,zn_,l)é 'ixo.yol x
K{xl,yii » {xz,}x eee X -ixn_,li .
Define o<,: A —>MA by
“z(’j) = 24 for J =0,.e0,n =1
cr.z(x) = A for x#zd.
Then according to the first distributive law,
AFCoc¥ ) (XY o1 Xq Ty sXpse e sXp ) = 2 EMFA,
and aceording to the second distributive law,
z = (.’A.AE(«,Z))* Z,A(xoyo,x,lyl,xz,...,xn_,l).
Let A‘Cxoyo,xlyi,xz,...,xn_a) = uy..ou € MFA. From
(AFCoc,)® (uyeeowy) = z € FASMPA
follows that there is exactly one Jj € £1,...,k § such that
&AF(ccz)(uJ) * A, .A,AF(ocz)(uJ) =z,
Let \IJ = (v:l,...,vs)e stirAc
There are two possibilities:
() {9V4e0eyvg8c i ZoreessZngd
(vl {v.l,...,vai N Lzgyeeeszpgd * g.
In the case (a) there is
ApFloc Ilug) = A (ug) = (Vg yeeerVg) € QA S MFA

and necessarily s = n, (Vyyeec,Vg) = (zo,...,zn_,l).
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In the case (b) there is
F(ocz)(ud) = (tgyeeeyty )€ Qe(a U £A3 ) PR and Aeity,...
S

It is evident that
J=4J€40,...,n =1%; xj4t, for p =1,...,8, and if j<1
also yj*t, for p = Lyeeey8% e d,
Suppose jeJ, 8 = @ (1i); A‘(ti,...,t‘) =z is g word of
length 1 and therefore A, (tj,...,ty) =z = (zo,...,zn_,l),
120000y2 0 8= £(8g,000,tg) €1 L £5(0); ae (An-d-f.l. v
VLA 1207 1%q 179 0 %p00 009Xy § )9’(1)} which contradiets
the assumption z € 4 x,,¥, Ixd xl,y,l} 4 Xy} aes
.

eoe x{xn_.l

(i1) The proof is analogous.
III. Now, we can finish the proof of Propoal tion. We

can assume without loss of generality that (xo’;‘l""'xn-’.l.)
is the first element of the set
{xo'yo
which occurs in the word
Q,A(xoyo'xlyll,!z,o-a ,xn_,‘l).

(I.e. I:\,A(xoyo,xiy.l,xz,...,xn_a) 2= e (xo,x.l,...,xn_q) -

Px {xqp 3% X 8x e0ux {xn-’l}

00 (xo,y,l,xz,...,xn_l) coe = aee (XgyXgyeeeyXpq) ooe
- (yo,xl,...,xn_,l) see
Define « : & —> HMA by
< (x) = x V4,
< (y,) = A,
« (x) = x otherwise.
From the second distributive law and from II (ii) it follows
that the element (yo,xi,...,xn_q) ocecurs in the word
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.’A.A(xoyo,x,lyi,xz,...,xn_ll
pefore the element (xo,y,l,xz,...,xn_,l).
(I.e. AA(xoyo,xlyl,xz,...,xn_q) 2 See (xo,xl,...,xn_,l) sraie
AT (yo'x'l""’xn—'l) SO (xo,yﬂ_,xz,...,xn_,l) i )
Define o : A —>MA by
o« (xy) = XV
AW

o’ (x) = x otherwise.

o’ (3q)

By a similar reason, the element (xo’y'l""'xn-i) ocecurs
in the word &A(xoyo,xiyl,xz,...,xn_i) before the element
(yo”"l""'xn-'l)°

This contradiction finishes the proof of Proposition.

1.2. Corollary. QW cannot be extended to the Kleisli

category of Mon.

1.3. Proposition. F = /5204 Qq satisfies distributive
Iaws over Mon.

Proof. Let A be a set. Define A,: FMA —> MFA by
m.&(xu...x,lkl,...,xm...xnkn) = (x’.l.l’x’LZ""’xnkn)‘ le -
4 veo *ky ASFRSNFA for kg + cee ¥ k,> 0,

7\1(/\,...,/\) = A .

A
(1) FMA ——— = MFA
Fe e
A
- FA

commutes because

A .F(e )( 0o X ) = .ﬂ,.( eeeyX ) = ( eeeyX ) =
A’ x ’ ) A ? 9 ’ ’
o Wt T Siewk

= CFA(xll,c oo 'xn)a
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(11) FMA £ > MFA
Floch) (Ag.Flec)*
2
FMB L —= MFB

commutes for any o : A—> MB because
+ =
(&BF‘“I)) A,A(xiln..xlkl,...,xni-..xnkn) =
= (AgF(ec))¥* (ygseeesxye ) = (AgFCe0)) gy yxy, ) =

( ) ( )
(1) ™1 (1) rk
‘AB(yii ...y,ll (’noo ,{nkn-coynkn Mr) =
(1) (2) nk @ myy)

= (yil ,yii,... 'ynkn B ) where “(xid) = yi} ...yid J ’
and -&BF(ec"’)(xii...x,Lki,...,xm...xnkn) =

( ) ( )
mlk'.l. (1) tlhkl‘l. ) =

A (yu)...y cooyTon eeed
B'Y11 ‘lk1 ’ "Wnl n.kn

(mnk )
(yﬂ(.;l.)’y'i'i)""’ynkn n )

obviously (ApFlec))® A, (A, .0 A) = A = Agrtac®)(A,...
...,A).
This finishes the proof.

2.1. Remark. The propositions presented show that it
is not so easy to decide whether a functor satisfies distri-
butive laws, or not. The question is open even for sums of
Qn'a and the monad Mon. ,

Define, for a moment, a "suitable" subset of N by the
following equivalence: S is "suitable" iff n¥ s &, satis~
fies distributive laws over Mon. It follows from [1] and from
Propositions 1.1 and 1.3 that {1} and N are "suitable", but
every bounded subset of N whigh is not equal to 1% is not

"suitable",
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2.2. Problem. Characterize all the "guitable" subsets
of N.
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