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Abgstract: Homomorphisms of free metabelian AqA-groupsl

qz 0, and free metabelian Lie algebras over a commutative as-
sociative unital ground ring k are studied. It is proved that
the group of sutomorphisms of ,a free metabelian Lie algebra
L of renk 2, identical on L/L° is isomorphic to the additive
group of the polynomial group k (X,Y]l . Further; If f£: L;—>

— L2 is an epimorphism of free AqA-groups or'Fetabeliin

Lie algebras over a ring k = ko[ X),..0,Xy, Koy 4o, ¥g ],
where ky is 2 Dedekind ring, rkL; = n, rkL2 = d, then L; pos-
sesses a free generating set ZyseeeyZp such that f(zl),...
...,f(zd) is a free generating set for L2 and Zgeprece 92y g€~
nerate Ker £ as a normal subgroup or an ideal.

AMS: 17B30, 20El0 Ref. Z.: 2.723.533,2.722.32
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The present paper concerns homomorphisms of free metabe-
lian AqA-groups, q20, and free metabelian Lie algebras over
a commutative associative unital ground ring k. In § 2 we
show that the group of automorphisms of a free metabelian Lie
algebra L of rank 2, identical on /L’ (1A-automorphisms in
terms of (1] ) is isomorphic to the additive group of the po-
lynomial group k [X,Y] . For comparison the similar group for

a free metabelian Az-group consists o. inner a tomorphisms
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(see [11).

In § 3 and 4 we show that if f: L;— L, is an epimor-
phism of free AqA-groups or metabelian Lie algebras over a
xr+1
kind ring, rkLl = n, rkL2 = 4, then L, possesses a free gene-

ringk k Exl’cOO,x

o ,...,X ], where k, is a Dede-

rating set zj,...,z, such that f(zl),...,f(zd) is a free ge-
nerating set for L2 and Z3+11°°*12, generate Ker £ as a normal
subgroup or an ideal. In particular, let P be a retract of a
free metabelian AqA-group or Lie k-algebré L with a project-
ion £f: L—> P, k as above with k° a principal ideal ring. Then
by L2) P is free and L possesses a free generating set Zyseee
ceeyZp such that f(zi)s z4 mod Kerf in addition to the proper-
ties mentioned above.

A consideration of metabelian Lie algebras is motivated
by the following reason. If k is a field, chark = O, then any
proper subvariety of metabelian Lie algebras is nilpotent (see
[3)). Moreover, this variety is semisimple,[4]. By [5] if L
is a free nilpotent algebra over a rield with a retract P then
P 1s a free factor of L. A trivial example in § 3 shows that
this does not hold for metabelian Lie algebras.

It is worthy of mention that the similar results for ab-
solutely free linear algebras were exhibited in [6].

§ 1. Homomorohisms of free metabelian Lie algebras. First

we need a representation of free metabelian Lie algebras of
finite rank n. Let K = k [Xl,...,xnl be a polynomial ring
with the augmentation ideal M = (xl,...,xn) eand M a free
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K-module with the base €;,...,e,. Define an epimorphism of

K-modules

L:Mm—m , £ley) =X,.

Then M can be regarded as a k-algebra with the multiplicat-

ion
(1) ab = g(b)a - £(a)b, a, be M.

A direct calculation shows that M is a metabelian Lie algeb~

ra. Put

m
L=4acM|Lla) = -§4“1X1’ ek ?

Theorem l. L is a subalgebra in M and a free metabe-
lian Lie algebra with the base ej,...,ep.

The proof under assumption that k is a field was given
in [7). But this restriction on k was not used in the proof
and is not necessarye.

Corollary. L’ =Kerl.

Proof. If a, beL, then by (1) R(ab) = 0. Conversely,
if

n= 3 otyey mod L', g€k,

end £(a) = 0, then £(a) = & oc;X; implies o) = ... =
= &, =0 and aeL.,

Consider now_two free metabelian Lie algebras Ll' Ly
over k with the bases ej,s.«,€p, and Uy jye.s,lge. Let

Kl=ktx1""'xn] 9 K2=k[Y1,ooa,Yd]

and Mi,Ki,’mi, £, be associated with Ly, 1 = 1,2, by Theo=
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rem 1. Given any homomorphism [ K1—> K2 of k-algebras
such that

(2) 9(x3) = gy, Pijek,

consider a @ -semilinear homomorphism h: Ml——> M2 of modu-

les making commutative the following diagram
_—

(2% h l l ¥

_—
b Z, My

Pr s onl. h is a homomorphism of Lie algebras, de-

fined by (1), and h(L))es L,.

Proof. If a,beM; then by (1) and (2°)

h(ab) = h(£,(b)a - £,(alb) = ¢ (£,(b))n(a) - <_p(2l(a))h(b)=
= lz(h(b))h(a) = 4£5(h(a))n(b) = h(a)n(v).

Also by (2) and Theorem 1 we have h(L;)e L,.
Now we show that every homomorphism f£: Ll"" L2 can be
extended to a unique semilinear homomorphism (h,cy) with the
properties (2),(2°). In order to do this define 9 : K— K,
as  @(Xy) = £,(£(e;)). Note that by (2°) and Theorem 1 this
is the unique way of defining % . Define also h: Ml——ir M,

2
by hl(e;) = f(e,).
i i

Propogition 2.  If a€ Ly, then £(a) = h(a),

Proof. The case a = ey follows from definition. If
£(ay) = h(ay), then f(ZecJaJ) = (= o« j8y). Now let f£(a) =
= h(a), £(b) = h(b). In this case
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£(ab) = £la)r(p) = lz(f(b))f(a) - zz(f(a))f(b) =
= Iz(h(b))h(a) - Zz(h(a))h(b) = h(a)h(b) = h(ab)

by Proposition 1.
Thus we have proved

Theorem 2. Each semilinear map (h, @) with (2),(27
defines a homomorphism f: Ll—b L2 of free metabelian Lie
algebras and conversely every homomorphism f: Li— Ly of
Lie algebras has a unique representation by a semilinear
morphism of modules.

By uniqueness the correspondence between morphisms of
Lie algebras and semilinear morphisms is functorial. Start-
ing from now we identify homomorphism f: Ly— L2 with its

semilinear representation (h, ¢).

®
§ 2. Automorphisms of free metabelian Lie algebras. In
this part we consider the case Ly =L, =L and £ = (h,¢) €

€ Aut L. By the corollary from Theorer 1 an automorphism f
is identical on L/L” iff ¢ = 1. Let G be a group of all the-
se sutomorphisms (IA-automorphisms in terms of [11). It is
clear that G Aut L and by [ 5] Aut L is a semidirect pro-
duct of GL(n,k) and G. By (2°) £ = (h,1)e G iff h is an auto-
morphism of M as K-module, that is he GL(n,K), end £ (a) =

£(f(a)) for all ae M, If €1se+-sey 1s a base of M, £L(e;)=

"
X3, then h = (hi.j)’ where h(e,) =é§4 ejhji and

m
(3) Xy = l(el) = ,E(h‘(ei)) = 5_?.4 thji

m
This implies hyy = d'i,j *+ 844, Where ‘.‘?1 X38335 =0, § = 1,...

«.«,n. Hence,
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h=E+Te¢SL(n,K), T = (giJ)

In particular for n = 2 we have
Lty Xy
T = tyityek [X),X5]
=Xt =Xt
and
1 =det(E+T) = (1 + thl)(l - Xltz) + X0t =1+
+ Xyt; = X;t,, that is t; = Xt,t, = X, Hence,

2
X, Xt X5t

3
[

= T(t)
X3t -X; Xt
Note that T(t)T(t") = O and thus for E + T(t), E + T(t)e G
we have
(E+ T(t))(E + T(t")) =E + T(t% ¢°)
Thus, we have proved
Theorem J. If L is a free metabelian Lie algebra of
rank 2, then Aut L is a semidirect product of GL(2,k) and a
group G of IA-automorphisms isomorphic to the additive group
of k[X),X5] .

§ 3. Epimorphisms of free metabelian Lie glgebras. In
this part we assume that for all s, r the group GL(s,k [Xl,...
eee3X,1 ) acts transitively on unimodular rows (see [8]). This
is equivalent to the following fact: if R = k L¥X;,...,X;] and
M is R-module such that R°=¢ M @ RP then MxR®"P, The funda-
mental result of [ 8] shows that this condition is satisfied

t1 1
when k = k [ Yy,...,¥, Z,...,2, 1, where k, is a Dedekind
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ring.

Let Ly,Ky,My,My, £4, 1 = 1,2, be as in § 1 and f:
: Iy— L, an epimorphism, £ = (h,¢), rkl; = n, rkL, = d.
Since L2 is projective it can be regarded as a retract of
L;, that is L2 is a subalgebra in Ll and there is a project-
ion f: Ly—> L, identical on Ly, i.e. £ =z By (2), Theo-
rem 2 and the remark made after this theorem ¢ 1is an idem~
potent endomorphism of K; = k [Xl,...,an y where @ (X;) =
= = q”xd, ‘?13‘- ke Thus ¢ 1s an idempotent endomorph-
ism of a free k-module KXy + .0 + anﬂkn and Im @ = kd sin=-
ce Ly is free. By the remark made above Ker ¢ = "9 and thus

K=k [Xl,...,xnl =k [Yl.o-o,YnJ
for some Y;,...,Y,, where
Yy, 1 =1,...,4;

(4) @ (Y,) =
0,1

]

d+ 1l,e00,yn

Let « = (ecid)e. GL(n,k) & Aut K end ¥; = x (X,) = i.‘ % 4 X5,
i =1,...yn. Then the map g, gley) = f o4 4¢4 defines an
o¢ -semilinear map (g,ec) for

£, (gley)) = = gy =Yy = < (X)) = x(L,(e)).

Thus without loss of generality we can suppose from the very
beginning that in (4)

Xy, 1 = 1,...,4;
(4" @ (x) =

0, i=d"1’oo.,no
Let ’m2 be the augmentation ideal (Xj,...,X3) < k LX)yeee
oa-’Xd] ’ Imh = M2’ md J = (Xd"'l’...'xn)q k [xl’a.o,an ’
f = (h,¢), where ¢ from (4°). Then the diagram (2°) looks
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My m

1

K,

Note that by (47) JM; € Ker h and hence (5) induces a commu-

tative diagram

ll
1
My = My/IMy———> M, /IMy = M,
(59 W 1
£

W, m,

Now Mi is a free K2 =k [Xl,...,Xdl-module with the base e{ =
=eq +JM, l&ien, and by (5°) h* is an epimorphism of free
Kz-modules. As we have already noticed Ker h is a free K2-mo-
. @

dule of rank n - d. Now we can identify M; with %?‘4 Kye M.
Thus we choose in M; a new base wl,...,wnsi'g.4 K,ey such

that h(wy),...,h(w;) is a base for M, and Wy,1seee,Wy€ Ker h,
Moreover, Ker ¢ = J. Since X; + 'm.z, i=1,...,n, is a base

of a free k-module /m?2 by (4°) we can also assume that
1

H = : =X mod J, where X = :
(wy) Xy

for we can always suppose that £,(h(w;)) = Xy, 1 =1,...,4,
and wye Ker h implies 31“'3)6 J. Thus H is M ,-modular (see
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£23,L71).
Consider now a subgroup DsQL(n,Kl) generated by
GL(n,K;,J) (see [9]1) and all matrices

A U
( ) » A €GL(d,K;), BeGL(n - 4,K;).
0 B

Propogition 3. There exists Ce D such that CH = X,

The proof in a more general situation will be given in
Proposition 4.

Since wg,,,---,W,€ Kerh, JM,; € Kerh by Proposition 3 for

a new base uy = Cwy, 1 = 1,...,n in M, we have
2,(0y) =%, 1 =1,...,n; us€ Kerh, J = d + 1,...,n,
and h(u)),...,h(uy) 1is a base for M,. Thus we have proved

Theorem 4. Let k be a ring such that GL(s,k [X;,...
«eeyXp1) acts transitively on sets of unimodular columns for
all 8, r. If £f: Ly—>L, is an epimorphism of free metabeli-
an Lie algebras over k, rkly = n, rk].-2 = d, then L; possesses
a free base uj,...,u, such that £(u;),...,f(uy) is a base for
L, and Ug4y9°- Uy generate Kerf as an ideal. In particular,
the theorem holds for k = Kk, [!1,...,rc,z§",...,z§‘J, where
k, 18 a Dedekind ring (see [8]).

Corollary. Let k be as above with k, a principal ideal
ring, L a free metabelian Lie algebra over k, rkL = n, and P
a retract of L, rkP = d (see [21,[7]). If £: L—>P is a pro-
Jection, then L possesses a free base Uyjyeee,uy with the pro-
perties of Theorem 4 such that in addition f(ui)_=. uy mod Kerf,
i=1,...,d.

Proof. By [2]1 P is free and f(a) - ae Kerf for all ac L
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since f2 = £,

Now we need to prove Proposition 3. Following [2] consi-
der a more general situastion: let A,c Alc eseC Anc «ee be a
chain of commutative rings, le Ao and for all i
1) Ay is a retract of A4y with kernel (Xi_'_l);

2) each Xy is not a zero divizor;

3 4f My = (Xy,...,%;) < Ay, then M/ MZ 15 & free A -
module of rank i;

4) GL(t,A;) acts transitively on sets of unimodular columns
for all t21.

Proposition 4. Let H be a column of length t=n, that
is an element of a free A -module A;, J = (Xd_,l,...,Xn)<l Ay
and

%

H=X = modJ

n

Oe e O ¢ 3¢ o

If H 18 M p-modular then there exists Ce& D (definition D as
in Proposition 3) such that CH = X,

Proof. The case d = n is trivial. Suppose now that for
n = 1 the affirmation has been proved. By induction (see [2])
for n we can suppose that H=X mod Xn. Again by [2] there ex-
ists C; € D such that H; = C;H=X mod )931 and thus for some un-
imodular Qe A},
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0o
. n
1
(6) Q= (4] mod X,
0
the product
(6" Q*H =X,

By (6) and 4) as it is well known there exists C,¢ GL(t,Ay,
xn) with Q as the n-th row. Hence by (6”) the n-th element
in the column HZ = 02H1 is X, and still stx mod Xn. Even-
tually applying matrices
(U V) , UeGL(d,A;), WeGL(t - d,A)
o v

we obtain X. The proof is over.

In [5) it was shown that if L was a free algebra over a
field in a nilpotent variety and P retract of L, then P was
free and L = Px B, The following example shows that this con-
dition is not satisfied in metabelian Lie algebras, though
by [3] and (4] they are quite close to nilpotent algebras.
Let L be a free metabelian algebra over a ring k with the
base ej,e,. Define f: L—L, £ =(h,p) as in § 1 by

(7) h(el) = el + Xez - Yel’ h(ez) = 0, 9(x) = x’ q(Y) = 0.

Then f2 = f. Suppose that there exists a base uy = h(el), u,
in M such that £(y) =X, £(u,) = Y and h(u,) = 0. By

Theorem 3
u = (1+Xigle; + ¥ge, gekLX,Y]

Via (7) this is not possible. Hence Imf is not a free factor
of L.
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§ 4. Homomorphisms of free metabelian A Azgroups. Let

gz 0 and q#1. If Ch 13 a free abelian group with free ge-
nerators Xl,...,Xn consider a group ring K = Z/qZ C, =
Z/q2 [xf',...,x,f’] with the sugmentation ideal 7] =

(x; - 1004, = 1). Let M be a free K-module with the ba-

8€ €)see.ye,. Define £ : M~—>7 by l(ei) =X, - 1. Fol-
lowing [1],[2] a free AqA-group F of rank n is a group of all
matrices

0
(8) (: 1) 2eCy, beM, £(b) = a- 1.

The free generators of F are
(xi O) i=1,...,n
e3 1
Note that by (1] F” consists of all matrices (8) with a =1,
or equally £(b) = 0.

We are going to show that the results similar to those
of § 1, 3 hold for metabelian groups. Let C, be a free abe-
lian group with the base Xl,...,Xn; C, with the base Yl,...
eees¥po; Ky = 2/q2 Cy, My, My, £4, 1 =1,2, correspond to
free AqA—groups Fy and F2. Let £: Fj— F, be a group homo-
morphism. As in [1] define @ : K—> K2 and h: M, —> M, by

a © «(a),0
(9) r( . = (

b 1 h(v),1
Thus by (9) we define group homomorphism g : C— C, which
in its turn determines ring homomorphism @ : K1—> Kz. An

easy calculation based on matrix multiplication shows that h
is a ¢ -semilinear homomorphism h: M)—> M,. Note that by (9)
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(99 4£,(h(b)) = @(a) -1 = @(£,(p))

or equally, the following diagram is commutative
_
My y m,
1
(977 h l l 4

X, 2 m,

Conversely, if cp: C — Cz is a group homomorphism, h:

2 lﬁl—-*u2 is a ¢p -semilinear morphism and (9°°) is commu—
tative, then by (9) the pair (h,¢% ) determines group homomor-
phism £ = (h,q): F)— F,. It is clear that this correspon-
dence is one-to-one and is functorial.

Theorem 5. Let f: F)— F, be an epimorphism of free
Aqk-groups, qQZ 0, q#1, rkFy = n, rkF, = d. Then there exists
a base zj,...,Z; in F} such that f(zl),...,f(zd) is a base
for Fz and Z3+17°**12%, generate Kerf as a normal subgroup.

Corollary. Let P be a retract of a free AqA—group F
with @ projection f: F—»P. Then F possesses a base Zygees
+ses2Z, a8 in Theorem 5 and in addition £(z;)= 2z, mod Kerf,
i=1,...,d.

The proof follows immediately from freeness of P (see
[21).

Proof of Theorem 5. First we assume that q =0o0r q is

a prime. If f: Fp—> F, is onto as in § 3 we can assume that

X35 1 = 1,...,4,
(10) @ (%) =
l1,3i=4d+1,...,n.

+1
Put J = (Xg4) = Lyeee¥p = VDA K. If Ay =2 /q 2 | <O
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vee,XF'] ,then by [8) the conditions 1) - 4) in § 3, where
X4 stands for Xi - 1, are satisfied. Hence, as in the proof
of Theorem 4 we can choose in M; a new base Uj,...,u, such

that if £ = (h, ), then

£ () =% =1, 1 =1,..0,n;
thKerh, J=4+1,...4n,

and h(ul),...,h(ud) is the base for M,. By (9),(97,(9°") and

(10)
X, ©
zy =
1

o |

is the necessary base for F; (see [1, 2]). Thus in the case
q =0 or q prime the theorem 1is proved.

Suppose now that g = pt, where p is a prime, and f: F1->
—bI-‘z as in the theorem. Let N1< Fy be a verbal subgroup in
13 corresponding to the subvariety ApAc AqA. Then £ induces
£’: F/Ny—> F,/N,. By the preceding results there exists a
base zj,...,2, in F;/N, associated with £'. By [2] there is
a base Zjyjeee,2y in F; such that z4= z{ mod N;. By the same
argument f(zl),...,f(zd) is a base for F,. Thus,

f(zd) = 8J(f(zl)'oco’f(zd)), J =4 + 1"oc'n
and hence, '
Zl.u-o,zd, ZJ g;l(zl,...,zd), J =d + 1,..0,“

is the base we need.

Finally we have to consider the case of arbitrary g>2.
Let q have a prime-power factorization q = m qy with prime
powers qj. Note that q4 are coprime for distinct i. Let £,
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-1
Fi,ci,Ki,Mi, mi, li, i-= 1,2, be as above. Put 31 = qqi
and consider a Z /qJZ Cy-module s JM1 with epimorphism of
Z/qJZ C;-modules

SJ 'ei: sdlﬁi-—-# SJ mio
As in [21] the group Fid of all matrices

0
( : ) y a€Cyy beEM,, sd(e -1) = ajli(b)
st 1 N

forms a free AqJA—group with free generators

Xi (o]
’ i-= 1,...,1’1.
s 1

1°a
The epimorphism f: Fl—-b Fz induces epimorphism fJ’ F]_J——h an
for all j. From a prime power case for every J there is a ba-
se zld,...,sz in F]_J such that images of the first d of them
form a base in FZJ’ the others generate Ker f;j as a normal

subgroup. Moreover, as it follows from the preceding case
Zyy = sy 1 =1,.00,n,
sJuiJ 1l
By [2] there exist free generators Zyseeey2y in Fi such that
zi =
uy 1
and s,jui = eJuij for all i, Jj. The same argument shows that

images of Z1ye++y2q form a free generating set for F2. Thus

as in prime-power case we can construct the necessary base
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Z)reeesZy, 23831 y J =4+ 1,...,n, where gy = gd(zl,...

...,zd).
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