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ITERATED ULTRAPOWER AND PRIKRY ‘S FORCING

Lev BUKOVSKY, KoZice X

Abstract: It is shown that the factorization of the

Boolean ultrapower By by,a suitable ultrafilter U is
isomorphic to the Gaifman’s direct limit of the iterated
ultrapowers J(‘n,n € W, where B is the Boolean algebra of

the(gl)'ikry ‘s forcing. Moreover, the corresponding extension
= . o N . f .
V "'/U is isomorphic to the 1ntersecuon“6f 30 n
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In the note [1) I have shown that the intersection X' =

= [\ N, of n-th ultrapowers N of the universe V is
m & Wy n

a generic extension of the Gaifman’s direct limit J/‘wo of
.N'n,n € @, (with corresponding elementary embeddings). Mo-
reover, this generic extension possesses properties similar
to those of the extension constructed by K. Prikry [4], P,
Dehornoy [2] has proved that actually N is the generic ex-
tension of J(’wo by Prikry’s forcing (constructed inside

the model ‘N‘“’o‘)‘ In this note I will prove the same result

x) The result of this note has been presented on the Logic
Golloquium, Clermont-Ferrand 1975.
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by a method different from that of P, Dehornoy and obtain
sore additiomal information. Namely, I will prove the follo-
wing theorem:

Let Kk be a measurable cardinal, 9 being a normal
measure on K . Let B denote the complete Boolean algebra
constructed from the Prikry‘s forcing., Let 4L be the ultra-
filter on B constructed from U by (3). Then

i) the ultrapower BV /U is isomorphic to the mo-
del class 'N‘“’o y

ii) the factorization V(B)/'ZT of the Boole an-valued
model VY (B) is isomorphic to the intersection ma,a .A"n
and

iii) mQ°”n= )Q.,o[a], where the set a is a

generic subset of the Prikry’s forcing.

Terminology and notations are those of [1] and [3]. How-
wever we remind some of them here.

If C is a comple te Boolean algebra, cv will denote
the class of all functions f such that the domaim & (£f) of
f is a partitionm of C (i.e. elements of D (f) are pairwise
disjoint and the union of D(f) is 1). For any formula ¢
of the language of the set theory, one can define the Boole-

an value

lg(fl""'fn) l cec
Fryeeeyfpe Sy » in the obvious way, e.g.

|f1€ £, 'C =V {xeC; (3u)(3 v)(xsu&xsv&fl(u)e £,(v))3.

If 7 1is an ultrafilter on C, we obtain the Boolean ultra-
pover cV /Y defining the membershiprelation €y as
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follows:

£ evgal feglge v.
The famous LoS-theorem says that
W) CV/p = e t) =g (£, g) | ge Tl

V(C)

The Boolean-valued model and the Boolean value
W (f19000, )0 c€C are defined e.g. in [3]. If the ul-
trafilter ¥ is & -additive, then one can define the in-

terpretation i, of V() as in [3]), p. 58, by induction

iy (£) =41, (g); Ilgef||ce rs.

let xeV . We set

DER) = £13, 1) = x

Then 'J\:ecv . The function X € V(C) is defined in (3], p.
53.

If ¥ is 6-additive, then C\/ /¥ is well-founded
and there exists an isomorphism Yy of cV /% onto a
transitive c].éss. One can easily define an embedding X of

cV into /V(C) such that
X (%) = X

for any x € V . It is easy to see that for ary fe CV 5
the following holds true:

(2) iy (X () = gy ().

Ilet K be a measurable cardinal, Y being a normal me-
asure on ¥ . U, denotes the ultrafilter Ux...x U on

k . The set P of Prikry’s conditiors is defined as follows
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(n = 0 is allowed!):
peP= p = (Kot e, e, 2 X ); < < p<infX,Xe Ul ,

’ ‘n ] ’ 4 ’ ” ’ " / ”
P€ p =m' > m’, x4=xq,...,ccm‘=ncm”,x EX,OC eX

for n"< ién’.
Let B denote the complete Boolean algebra containing P, <

as & demse subset. We define 7% < B by the conditiom

) Aecl= AXsk)XeUk <F ,xp4h).

K. Prikry (5] has proved that ﬂ is & it -comple te ultra-
filter on B,
Let & ™) genote the set {<fyyeey §m 25 §y<ec<fnerci.

Evidently k™e¢ Up «For £ §4,0ee,§nde ™ s We set

va“':fm. = <<?"""’ ?”" ?; K - (Ern. +1)> .

The set {wa fn b Careees §m 2 € ™ 3 is a parti-
)
tion of the Boolean algebra B, By a simple computation one

can prove for each X g K.(n) that

(4) v<;1’"'/ ?@)‘ X sqy-u,g,“‘ U =Xe ’IL”" .
The set
B! = 4 <§}'/--v§q.>‘ X qu,,_,'gw s X € K_’”‘J}

is a complete subalgebra of the Boolean algebra B, Evident-
1y an Bn+1‘ Moreover, B, is atomic with the set
(m)
4 Phpnfm 3 < Eqreeey §m > € 3 of atoms,
B
Since (M) ¢ U,, the mapping @y defined for £ ¢ ™~ V

9’,,_(1‘)((?17"') fm2) = f(P Fareny Fm.)
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induces an isomorphism - denoted by the same letter ®n -
B - n
of ™W/U onto ¥ v/u, .
The inclusion BnE B;n, n<m induces the natural embed-
dai
ng B, _ B, _
Vi e "V/u .
mn
K
Let j, _ denote the natural embedding of V/d,  into
’

Km-
V/%Upm . The trensitive class N, is equal to

L d
Yu,, 74 Uy ) and vn’m is the corresponding embedd-
ing of ', into KNye
Since an B, we can write

B B _
"V/U e V/E .

We show that in fact
B, ,— Bu, .=
(5) V/u = U vV/U .

me w,

Let £€BV . We can assume that D (£)eP, i.e. that £ is
defined on the elements of P. Let

Fo= 1<<8 0, §u 2 X> eP;m=m i .
Then D(f) = J ($(f)nPn) and also
1=V2(E#) = VV(D (£)NP,).
mw

Since U is € -additive, there exists a natural number n
such that
V(D(f)nP,) u .

If p,qe Py n D (£), pekq then pAaq = O, Thus, if
P=LEs §m2, X2, qQ=<Lniy Mp >, YY), then
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C€arever §m > + Y g ynnns N ? (since otherwise
K§ppeer§m 2 XA YD € AQ ). We define T e B v/ as
follows:

1’(ps1’”_’§"L ) = £(KK Eiveonn B 25X 2> ) dr

Lo §n 2, X > 8 D(£) A P, for some X,
= 0 otherwise,
B
Evidently F ¢ "V and

l£=FlgzVE, nDE) e Z .

From the definition of the direct limit of the system

K”
V/iu,, m,m_@and from (5) we obtain a natural isomorphism

- "~
Puw, from PV onto m ““vru

e
KW
Ir Yw, is the isomorphism of lim V/u,,b onto the tran-

sitive class N, then ° is an isomorphism
W, Puw, '

(]
B -
from \ 743 onto .Afwo ‘

B
Since the interpretation i"M.' of the model Vv /7% maps
the submodel B\/ /U (more precisely, the submodel

B o~
X( V)/ U onto a transitive class, one can easily see that
(6) X""."E = Pw, ° Yo, »
1e0s, Lor T8 BV we have
ig (X(£)) = Ve, (e, (£) € Hoo, -
let h € VB be such that

| h(l) = vu = \%
I nd) E I Y- ‘f“s-‘.,,..., fm-12 §
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By an easy computation we obtain

(7 Li(h)={<m,nm>;me e, §

where , = Y (<) is the measurable cardinal inm J/’n.
m
By K. Prikry [4], the generic extension V‘Bl/7 of
By /% (more precisely, of X (BV )/Z ) is such that

V% =BV /T [hl. tus, by (6) and (7) we obtain

(8) i, (V) = Ny, H<m, >y mo€ @, 31 .

In [11, we have proved, denoting {<m, Km?3m €, by

a, that

XN, 2 wao [a]
for every n ¢ Dy s Now, we shall show that also
(9) Q .)Cn_ = wo [ QIJ .

Using the theorem of R. Balcar and P. Vop&nka, 131, p.
38, it suffices to show that each x € ) Np, XSOnis an

element of the class X, (al,
o
We set
x, = -{g;ﬁm’wo(g) e X3 .
Then

Pn,w, (¥n) € x.

B"L
Let fn € \V4 be such that ‘%"m (@m (fm)) = Xp o
One can easily construct functions 8y € B"‘V, n e, in

such a way that fl = g, and

- 83 -



lg‘ ?ﬁ*" IBM'! = 'E‘ 9’0&'?‘“ v |§€ fm*dibmq-d .

By simple computation we have
Vo (Pnlgn)) = x, -

Now, we define fe V(B) as follows:

t@® = Y §cqnly ¢ B .
Then

iz (f) = x,

%
thus, by (8),
X € '”;)0 [Q;] .

Let us remark that the model V(B)/ A is well-foun-
ded, but % is not generic ultrafilter. In fact, the exis-
tence of such a non-trivial well-founded (Boolean) model

implies the existence of a measurable cardinal,
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