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Abstract: We prove the existence of weak solutions
for boundary value problems for ordinary differential
equations of second order. This improves the earlier re-
sults since there are supposed no restrictions on the null-
space of the linear part of the differential operator and
some new types of nonlinearities are considered.
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1. Introduction. Let n be a positive integer. We com-

sider the existence of a solution of nonlinear two point
boundary value problem

-u"(x) - nu(x) + g(u(x)) = £(x), x€.(0,ar)
(1) {

u(0) =u(sr) =0,

where g( £ ) is a bounded continuous real valued functiom
defined on the real line R. The typical examples of the con-
sidered nonlinearities g(§ ) are the following functions:

(2) g(§) =g+ g™,

sin (log § )1/2, f§21
(3) s(gjg 0 , 06 f<1
-g(-§) » f<oO.
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For the functions of the type (2) it is known that the
problem (1) has at least one weak solution ue'%’z(o,dr) pro-

vided
(4) n=1
and
x °
feL(0,7), j; £(x) 8in nx dx = 0

(see [3]; for partial differential analogue see [11,051).

In the previously mentioned papers the assumption (4) is es-
sential; here we prove the same result (see Theorem 2) also
for n = 2,3,... &

For the function g(§ ) given by (3) we shall prove that
the necessary and sufficient condition for the weak solvabi-
lity of the problem (1) is

feL(0,7), lf:rf(x) sinnx dx | < 2
(see Theorem 3).

Note that both previous examples are not included in the
abstract results of the Landesman-Iazer type (see the follow-
ing proposition the proof of which follows from [71; see al-
so [21,[4],[61).

Proposition. ILet g(§ ) be a continuous function on R
with finite limit g(+ o ) = g}’i;nm &(§ ). Suppose that there
exists §,¢ B such that g(g ) = -g(- €)for |flz £ o
Let fe L (0,ar).

Then the boundary value problem (1) has at least onme
weak solution u s"l”z(o,ar) provided

Ij:‘rf(x) 8in nx dx |< 2 g(+ ).
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2. Notation, terminology. In the sequel, oY will de-

note the space of all measurable real-valued functions u
such that |ul| is integrable over (0,a), with the usual
norm -

lully = f;lu(r)ldfc c

The symbol C denotes the space of all continuous functions

uon (0,71 with the norm

la l\c = ze’t%?:r]lu(t)\ .

Denote by '1"2 = %,2 (0,9r) the Sobolev space of all real-
valued absolutely continuous functions u on the interval
[O,sr1 , u(0) = u(ar) = 0, whose derivatives u’ (which
exists almost everywhere) are square-integrable. It is ea-
sy to see that wﬁ'z is a Hilbert space with the inner pro-
duect

W 4 L4
{u,v> = j; u(zl)vi(wlaze

and with the norm

lully , = <u,uyl/?

Moreover, for arbitrary ue w%vz it is
1/2
(5) Nulgea?® al, ..

Definitiom. Let g(§ ) be continuous on R and let

feLl. The function uewi’2 is said to be a weak solution
of the boundary value problem (1) if every ve Wg"a the in-
tegral identity
T, . 2 T x
[y @vimax - 2® [Tavioax + [ gu))vixax =
0 a 0
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¥
= f f(x)v(x)dx holds.
0

3. A priori estimates. The following lemmas contaiming
the a priori estimates, will be basic for the existence

theorems.

Lemma 1. Let wy (§ ) be a bounded continuous functiom
on R and fe L. Then for arbitrary weak solution ue 'z’z of
the problem

-u"(x) - nu(x) + ¥ (a(x)) = £(x), xe€(0, )
© { u(0) =u(ar) =0
and for each x e [0,or] itis

Ju(x) - Zﬂ"(f:rn(y) sin ny dy) sin nx | £

£ @+ 1%+ 1)t (oup Ly (€)1 + Nely) =
= ¢ (y,fyn) = UG

Proof. Define the operators <{ and S on the space

'1.,2 with the values in It’z by the integral identities

> ¥
(Lu,vd = J; u’(x)v’(x)ax - n° j; u(x)v(x)ax,

{Su,v> = j;:grr(u(x))v(x)dx
(u.ve'%'a ). Denote
X, = ‘.ve'l%'z; J;#v'(x) cosnx dx = 0%,
Y, ={x sin nx; x € R?,

(i) The equation
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(7) znn =g

is solvable for ze I%’z iff zeX . If :exn then there ex-
ists uniquely determined ue XK which is a solution of the
equatiom (7). Denote by K, the mapping from X, into X, such
that

Kz=nuiff L u=32

(the so-called right inverse of the operator :Cn). The
mapping K, is bounded linear operator which norm IK Il
satisfies the inequality:

® Kl & (a+ D%2n+ 7L

(ii) It is easy to see that

1

/2
(9) «ri“\‘a’/gﬂ lIsv Ill.z & sa‘u% Ly (g)le.

(iii) Denote by P, the orthogonal projection of Wi"z onto
T,, iee B @ =2 T [Tu(y) sinny dy) sin nx,

and Qn the orthogonal projection of '1"2 onto &, i.e.

Qnu =u=- Pnu.

Obviously
(10) e, =1.
5 '1 2 s >
(iv) If ue o’ is a solution of the equatiom
&pu + Su =z, ze‘%'z y
then Qu = -KnQn(Su - z) and thus
2 -1, _,1/2
Q1) lqu ) , &+ 1)%(2n +1)7 (o

£ Ly (g1 +
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+ Isl\l’z) (see (8),(9),(10)).
(v) For fe I, define ze’lg"z by
ar
{z,v) = j; £(x)v(x)ax, ve '3)"2.
Then
Isly , 222,

Substituting the last inequality into (11) and using the im-
bedding inequality (5) we obtain the assertion,

Lemma 2, ILet y ( § ) be & bounded continuous function
on R, a > €020, f€eL,. Suppose

Eiznfwv( §)>o0,

¥E) =-yi-€) Isiz ¢, ,
and denote

T=T(a,y) = 2$i§r¢qr(§ ).

>
Ij;f(x)ainudxl<f' -

Then arbitrary weak 8olution ue w%-z of the problem
(6) satisfies

1 x
|20~ ‘f; u(x) sinnx ax | g c,(a,y,f,n) = e,
where
Cy = (a + cl) 63,
°3 = M+ o supe by (INV2(p [T2(0)ein nx ax )12,

Proof. Suppose that there exiats a weak solution ue Wi"z
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of (6) such that
1 T si )
t=2or fo u(x) sin nx dx >(a + ¢y) ey,

Note that 033 1. Ghoose oc > 0 sufficiently small and
such that
t>(a + ¢y)(c3t - o)1
173 ¢

¢ =n"! aresin (csl - ),

Then
| ["2(0) sin nx ax | < T cos? [y (g )l sin’nez
'[a. x) 8sin nx < cos ne -m’%lépk ¥ (gl sin"nez

£ cos ne - 2ne is:;a“l'zy-(g)Ia:’.nne, =

m-4 f%(h-lﬂ-e
= inf (E) 8i | -
fza ¥ §7 2o T re S Al

- sr s
- 2neg gung I-qr(g)lsmneé j; ¥ (u(x)) sin nx dx =

7
= fo £(x) sin nx dx,

which is a contradiction. Analogously it is possible to pro-
ve that
tz- (a+¢) 3.

4. Existence results

Theorem 1. Let g(§ ) be a continuous bounded and odd
function on R, O<a<b, b - a>2cl, fe 11. Then the boun-
dary value problem (1) has at least one weak solution pro-

vided
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sein 01 5(8) >

- r
271 Coreup 16CE)1+ - e)%(a + &1 [ 2(0001n ux ax)].
<L - cl)z'(a. + clfz -117%,

Proof. Choose &<b;<b such that the function
&(g§), 1§1£8,
'lr(g) = g(»,), £ >0
-g(by), - € < =by

satisfies the following conditions:
x
(a2) | f £(z) sin nx ax l<2inr y(g)a2e0ry),
by>¢ (¥ ,f,n) + ¢, @,y ,2,n).

Since y (+ @) = g(b;) md % (§) is odd, then accord-
ing to the inequality (12) and with respect to Proposi-
tiom (see Section 1) there exists at least ome weak solu-
tion ue':"z of the problem (6). From Section 3 it fol-
lows that

lux)I & by, x e[0,r] .

Thus the function u is also & weak solution of the prob-
lem (1).

The assertions of the following two theorems we ob-
tain immediately by verifying the assumptions  Theorem 1.

Theorem 2. Let &8(§ ) be a continuous bounded and
0dd function omn R, a>0. Suppose

lim %iﬂ 5(1:) =+ 00 .
§2>+00 3 tela,§2
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Then the boundary value problem (1) has at least one
weak solution for arbitrary fel, with

x
J;f(x) sin nx dx = 0.

Definitiom. The bounded continuous and odd function
3(§) is said to be expansive if for each p,

Oép<iagpa &(g§),

there exist sequences O<a,<b,,
lim bka;l =+ ,
R 00

such that

h]-'yi:oo g-}ntnt.%l S(E )=

Theorem 3. Iet g(§ ) be an expensive function. Then

>
te Ly, Ij; £(x) sin nx ax |< 2 sup, g(g)

§
is a mecessary and sufficient condition for the boundary
value problem (1) to te weakly solvable. _

Remarks. Our- investigation was restricted to the odd
functions 5(§ ). By the same method (only the form of the
constant ¢, is more complicated) it is possible to prove
essentially the same assertioms without this additional
assumption. The method of present paper can be extended
also for periodic problems as well as for boundary value
problems for partial differential equatioms.
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