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Abstract: In particular, it is proved that Ulam
conjecture is true with probability 1.
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Introduction: It is proved that, given & > O,
asymptotically the most graphs with n vertices have all
its subgraphs with at least %L-(l + € ) vertices asym-
metric (see [1]) and mutually non-isomorphic. Particu-
larly, from this follows that the Ulam’s conjecture (4]
is true with probability 1. The line analog of this re-
sult was proved in [2], Moreover; the following stronger
result holds: For every <€ > Q there exists n, such that
for every n> n, the most graphs with n vertices can be
uniquely reconstructed from its -’i;- (1 +# & )=vertex sub-
graphs. On the other hand, V. Nydl (Prague, Charles Uni-
versity) exhibitéd in his thesis an example of two non-
isomorphic graphs G, H with 2n vertices with the same col-
lection of (n - 1)-vertex subgraphs.

We consider finite undirected graphs without loops
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and multiple edges. The set of vertices and the set of
edges of a graph G are denoted V(G) and E(G), respecti-
vely.

A bijection £: V(G)—> V(H) is called isomorphism
from graph G to graph H if 4 X,¥3 € E(G)<=> { £(x),f(y)ie
€ E(H).

An isomorphism £: G —> G is called automorphism of
G. In the usual sense, the term type of an automorphism
is used.

A graph with n vertices will be shortly denoted n-graph.
For natural numbers P,k,n, p22, kp<£n, we shall denote
S_k,p(n) the number of all n-graphs having some automorph-

ism of the type (p,p,.:.,p,l,l,...,l).
k-times

A graph having a non-trivial automorphism is called sym-

metric, a graph which is not symmetric is asymmetric.

Further denote S(n) the number of all symmetric n-graphs
m

and G(n) = 2’(2) the number of all n-graphs.

Two statements are obvious:
1) S(n)=« ﬂez;,fazz Sg,p(n)
et & m
2) 8y pm & (T)(P)... (PR e - 111,
) o 2 &

=R p(n) for every
b4

k21, p22, kp<n,
Let p22, (1 + 1)p<n. It is

R (m) m- &
R+l - id . -1, 2-A
R, ﬂ(m) iR (p 4 > where
)
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2
= ekl o
A=np-kp®” -n-F +kp. 24
lemma 1: Let peN, p>1. Then pt<2 .
Proof: Lemma 1 can be easily proved by induction on p.

lemma 2: ILet pz2, k21, n = (k + 1)-p. Then

Reetp (?) <
Rh (m) :
o
Rpn @) 4 (p-ml 4
Proof: Itism—m)—=m-—2_§?—;—kék+4é4.

Remark: It holds for p

R‘w‘m‘ (m) - 3 i

Ry, (@) 2 (R« 1)
lemma 3: Let either p23, n(k + 1l).p or p = 2,

nz2k + 3.

2, k=1, n=2(k + 1) +1

Then Rpsap (m+1) < Raetp (m)
B*;f* (m+1) Re,p (m)

R.'M'ﬂftnﬁﬂl) . ka(m') _m+4-kofz 1

Proof: It = .
T 1s R‘rf‘ (m+1) Rkﬂ,p(‘n) m-Rp -+l o1

m+l-p 1 o 1
m-Rpe-fivq 271" gn-1

If pZ3, n2(k + 1)*p then

In

m+l-pn 41 p+2 1
m-Rp-fel 281 T opg = 1.

If p=2, n22k + 3 then

Corollary: Let p22, k=1, n=(k + 1).p. Then
KAM, (m)

£ 1,

Proof: Follows immediately from the previous lemmas,

Proposition 1: ILet p,k,s,n be natural numbers, pz 2,
Zs8s2 Z kp. < .
kzZs 21, n2kp. Then Rk,p(n) Rs’p(n)
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Putting k = 1 in the definition of Rk (n), we get

sP
= (™ R (mz'ﬂ') . am %
By o= (g)e-1r.2 2™ 2% ama

1
Ripea () _ it p.2"ITI for n=p + 1,
Rﬂm (m) n+1
R (m)
Lemma 4: letp 2, n=p+ 1, Then —a*?1 "¢ 4,
N1 (m)
R (1) g 1
Proof: It is —nftt « 1,

Rap (e D ned vZ

lemma 5: Letp 2, n p + 1. Then

Bipes @40 Ry, ()

By (me 1) = R, . (m) - 4
177 R n m+l-f
Proof: It is Rtme @+ Rop ) w25 7.
E,,m (m+ 1) R,,,fu,,' m T

Proposition 2: Let pxqz2, nzp. Then Rl’p(n) <

£R) ,(n).
’q
Proof: Follows easily from the lemmas 4, 5.

Using the propositions 1, 2, we get the following

bound: S(n)e = S,pn) < =, Re,p®)£Ry ,(n) +
Rpstm Rpctm
v

+ ”§2 Rk’z(n) + 4»23 Rk’p(n)éﬂl,z(n) + n'Rz’z(n) +
7 m-1 m /m\(m-2
Te2" . 2 2 (2)( 2 )

m-Y 53 -
2(2) 22n~8.4.4+n2(f33b).2.2(""a_) pm3 2-} -

Remark: It is clear that the number of graphs with
an automorphism of the type (2,1,...,1) is bounded by the

first term, the second term bounds the number of all other
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symmetric graphs. Obviously the first term is greater than
the second one for n sufficiently large.

Lemma 6 IetneN,a<£—L « Then (1 - a)®21 - na.
Proof: This is a well-known inequality. (It is also
easy to prove by binomic development of (1 - a)%.)

Cos 1) (o )*

ik > 1.,

lemma 7: Iet keN, k=2, Then

Proof: It is %
=(4—:72YM' (4*2_40)4 2 (4-%)- (4+ %)2{4— 7:;)(+ ﬁ—zb) z1.

Lemma 8: Iet &> 0, réN. Then

7T e D uaildl (4_'_ i)‘“"(,,_ i)“"’ ~
o 2 ) & =

K m™( ™
myco ([%m-e)]

Proof: It is enough to take €=

)-2""= 0.

and to prove

&~

n" (2hm’+z) _
o 2w \ig 2]/ = 0
eee 2k = 1, n = 2kn" + z, It is

[% . %‘—1] = (R-1+ [%ﬂ] =m (-1Nsz’ .

for every z = 0,1,...

R 2bkm’s % -(2m+2)
DenoteAn,=(2kn +z)r.( o~ )'2 ~r

m (R-1)+x
. . 1
let us count the limit Lim —22L - fim TE
m’~y a0 AM' m'—» 0 2

. (2m'be+2%+2)... 2R +z2+1)
(n (=14 ). (' (=14 24 =1 ot Dt =24 Ve (M (et Dbz 2% R4 1)

. ™
T 2% (G )R (g 4 )R

7
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by the lemma 7 and by the 4 °‘Alambert’s convergence crite-
rion there iaﬂ;l_.,i: &, =0
This proves the lemms 8.

Notation: Let G = <V(G),E(G) ) be a graph. Denote
8(G) = min {1M| ,McV(G) and GIV(G)-M is symmetric §.
(I.e. 8(G) is the minimal number of vertices of G, the de-
letimg of which makes the graph symmetric,)
For r<n denote further S¥(n) the number of all n-graphs
G satisfying s(G) =

Theorem 1: Let e > O, Then

. y [Zu-o]) N
I n.?'o STmY= 0.

(i.e. the most of graphs have all its subgraphs with at

least %(1 + €& ) vertices asymmetric).

Proof: Denote S’T(n) the number of all n-graphs
= { V(G),E(G)> which satisfies s(G) = r and there ex-
ists a set Mc V(G), | M| = r such that the graph G'w(G)-u
has an automorphism of the type (2,1,...,1). Denote
s (n) = S¥(n) - sT(n). It holds

m-k) 3(m-n -
S"*(m) e (,b)ﬂ (m-~)2 0 £~'L——)Q("l‘) g (=)

The first two terms bound the number of (n - r)-graphs
having an automorphism of the type (2,1,...,1) and the
last two terms bound the number of all possible comple-
tions to an n-graph. In the last exponent we use the fact
that 8(G) is exactly equal to r and not 8(G)< r,

Further it holds

ns)i 5 (m-n)  (n
S (m) < (’}:) 12 (m_m)SZLﬁ(———z(z)zu(n-m)
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4 [%u-o] 1 [% @] 1 [20-0]

(23 wre
G(m) 7'-2=‘0 §%(m) = G(n) 'uZD ST m)+ G(m) n.z-o S ).
1 [?‘C’f—i)} [%(1-&)_]2%*‘2» L 1 mG 2-“5 )

We have G Eo S“(m) £ 12 o’ x.‘?"o

The last formula is o(1l). At the same time we have

4 1Fae] 2?5“"’] Y =9 3 0w \ gm
o = Stm)s 2m = (w)'z ‘2”"([-’;—"(4-5)3) 2 0

for n—» 0 (see the previous lemma 8),
This proves the theorem 1.

Theorem 1 cannot be improved as follows by the follo-
wing proposition.

Proposition 3: ILet G = < V(G),E(G)) be a graph,
IV(@)| =n =2k + 1 (keN), Then there exists a symmetric
subgraph of G with at least k + 1 vertices.

If n = 2k then there exists a symmetric subgraph of G with
at least k + 1 vertices.

Proof: Let G = < V(G),E(@)> be a graph, |V(G)] =
=n =2k + 1, For x,yeV(G) let us denote d5(x) =
[12eV(G), 1x,23 € E(G)3| the degree of x in G,
dg(x,y) = |12eV(@), ix,23 € E(G) and {y,z3 e E(G)3],
d,(x) = dln-G(X)’ dg(x,y) = dKn_G(x,y). It holds

o) dg(x) _
2 )+xe$ir‘ce)( 2 )-x,%evts) df(""y’)*x,%d\fs) dg (x,9) .
Xhy x

As there is dg(x) + §3(x) = n - 1 for every x & V(G), it must

% cV(G)(

g, () T () (’%4) ,
bex‘%@( Y )+x§v(6)( 2 )?.2,,; 2 / and there exist two

points x,ij(G), x+y such that dg(x,y) + H"G(x,y) 2
me-
2'"-( 2 m-3

@z
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It means that graph G has the symmetric subgraph with

m';4 vertices induced by the set {x,y3u{ zeV(G),

iz,x} € E(G) and {2z,y3}e E(G)}u{zeV(G), f2,x 3 € E(G)

and 12,y € E(G)% .

This subgraph has the non-trivial automorphism exchanging
the points x and y.

Analogously, for n even there can be proved the existence
of a symmetric subgraph with -%-" + 1 vertices.

let ©>0, 7, neN, k=[Z (Q+e)], 2c-nérs

£k - 1. Denote by K,(n) the number of n-graphs G satisfy-
ing

1) there exist two different iscmorphic k-subgraphs of G
having precisely r common vertices

2) all subgraphs of G with at least "7"' (1 + € ) vertices
are asymmetric,

b X, m)
Theorem 2:  Rim 2328R-m =0 .
m—»co G(m)
Se-1
Proof: Put K(n) = M am
nz=2%.m G(m)
= [% (’1 + %)} (we write shortly k° instead of

k’(n) as well as k instead of k(n)). Obviously it is
K(n) = K'(n) + X"(n) + K _1(n), where K"(n) =

h’
_ X, (m) . _ %-2 X, (m)
T nathem G(m) angd E5{n) ~‘l-:ﬂ§+1 G(m) °

We divide the proof into three cases:
I. Iet 2k - n£r<k’. It holds (even for every r)

& ~2R = =
X (m)e (,; ) (9: ) (,;L__ gz) . 2(,). ot 2(“ X *"')Quw)on 28+x) (@) ”)
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K, () (B) ) (%) (=

——.&-_._._ "
TN @,) ® .K (m) . Further it holds
X -2)2 - -
K, oq (@) (fe-n x, i .223-» ,;!! ™" 2 ’

X, (m) T e N m-2krn+1) m?2
hence K (n) £ ik,(n) for every sufficiently large n and for

every r satisfying the cenditions of the case I. Hence for

%) (®) (R %)

K'(M«)I-m.K Am)=m . —('q_m— <
2
- mem! S! . 1
1 (- ) (m-25+J) g (B+3)- m 0+ FER

sufficiently large n there is

Obviously for sufficiently large n it is
m.m'!.R!
m
)

II. Let kX’ + 14r<k - 2. We suppose that cll sub-

K'(m) <

— 0 forn— o .

graphs with at least 12"— (1 + %) vertices are asymmetric.

Hence

X 14 (B) () (2) o cacnrt (2)
z(m-zgw») 2(..-23.,..,..)(1.u-n,)2 (-2 —x)

A e - w

Analogously as in case I we can derive

n 4 9 i—(‘l-u‘)

Kppa(m _ (S - %) e

i”(n) R+ N(m-2% +x+1)

The last number is greater than 1 for every sufficiently
large n and for every r satisfying the conditions of the

N
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case II. Thus for sufficiently large n it is K,(n) <
4K _,(n) and

2(m.
K"(m)ém.f&_z (m)a m.(—%ﬁ) 2 < ’::_m = “/:-j; :
2 2 2

The last term tends to O for n —» co .

ITI. Let us notice that the number of all k-graphs G
satisfying

(i) all subgraphs of G with at least k - 2 points
are asymmetric,

(ii) there exist two different isomorphic (k - 1)=-sub-
graphs of G
w2 L iy o1y 20203287
Further let us notice that there is no asymmetrie (k + 1)-
graph G which satisfies:

(i) there exist two different copies of some k-graph
Gl as subgraphs of G,

(ii) all (x - 1)-subgraphs cf G, are asymmetric and
non-isomorphic to one another.
From these ficts it follows
@2 (F)x m-1.2.83 ), 5, 08

m
(0 -Feed) (e s A) ang Baa (m)  (R)-mf

« 2 < s
G (m) 9 2%

However, the last term tends to 0 for n —> o0 (see Lemma 8).
This proves the theorem 2.

From Theorems 1, 2 it follows easily:

Corollary 1: Let € > O, Then the most of n-graphs
(in the sense of limit) have all its subgraphs with at least

% (1 + € ) vertices asymmetric and non-isomorphic to one
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another.
Corollary 2: Let € > 0O, Then the most of n-graphs
(in the sense of limit n —> co ) are uniquely determined

(up to isomorphism) by the family of its subgraphs with

[-’;_5 1+ e )] vertices.

Proof: Every graph which has all its subgraphs on

[%”— (1+¢)] vertices asymmetric and non-isomorphic to
one another, has the described property.

From Corollary 2 it easily follows that the Ulam’s
hypothesis is true with probability 1.
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