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A NOTE ON A DUAL FINITE ELEMENT METHOD
J. HASLINGER, Praha

Abstract: In [9],[10] the construction of suitable
subspaces of linear trial vector-functions, admissible for
the dual variational formulation was given 'as well as the
proof of the rate of approximation in C-norm. In the pre-
sent paper we prove the rate of approximation in

Lz-nom. This fact permits us to obtain the same results
as in [9),[10] under the weaker assumptions on the regula-
rity of the solution.
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A number of articles has been written on the dual fi-
nite element method (see [11 - [101 etc.). In [9],[10]1 the
authors presented some results, using the simpliest finite
element "equilibrium model”, applying the piecewise linear
polynomials to the solution of a mixed boundary value pro-
blem for one second order elliptic equation without the ab-
solute term. The rate of convergence O(hz)'na proved, pro-
vided the exact solution is sufficiently smooth. Let us in-
troduce some notations. Let £ be a bounded domain in R,.
By EX(Q ) (k20 integer) we denote the set of real func-
tions, which are square-integrable in £l together with
their generalized derivatives up to the order k.

We write EO(Q) = 12(0 ) ¥ 5(0) = F(Q)x E(R)
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with the norm

)1/2

= 2 2
Il g= Clvy 15 5 + vyl 2 )12,
('.V.’= (71,72)),
where

%y, |2 ax)l/2
||'i“k,n=(£(wf?‘uln v 1% an)t/?,

»

[vij0=C[
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we denote the j-th seminorm in H‘i(.ﬂ.).

Ck(ﬁ.) denote the space of econtinuous functions, the deri~
vatives of which up to the order k are continuous and con-
tinuously extensible onto 0 (C%°(ZL) = C(f1)). We write

tn) = cX(f )x (T ) with the nornm

120 gy =.mex | 1wl kg, ena

= D> |
llvi I ey I:Ia‘xb (D% (x)
X edd

At first, we recall main results from [9]. Let K be a
nom-degenerate triangle with vertices al,a2,33 and set a, =
= &y, Far Ve BL(K) we define the outward flux

T~7=-". .z(i) =¥ n(i) + 75 (i)

i |alui+l 1™1 22
where _n’(i) = (ng_i),néi))e B, is the outward unit normal to
9K on aja;,,, ¥; are the traces of vy on aja; ... By
P (M) (k>0 integer) we denote the set of all polynomials
of the order at most k, defined on the set M<R,. Let

- 666 =



2 {i), 3_§i) be the basic linear functions of the side
aiai+1’ i.'c

- 2Vep (aza,1), k = 1,2

- AM @) =1, a{P(ay,,) =0

and let us denote f uv d8 = [u,vl, , u,veLz(aiai+l).
%%

In [9] we proved

Theorem 1. ILet e H L(K). Then the equations
() (2@ 2N = oy £a 2l .
g L2V, a0 x=2,2)
o = = (1) = (i)
(33) N u(ay) W = ooy, M Way,,).n = f3
define an operator M e &£ (@ 1K), (®, (K% LE (D),
2, 1)
(P4 (K))°).
In [9] properties of [1 were studied. Let us denote
M) = £V = (V1s¥2),v5€ Py (K), § = 1,25 divv =02

UK) = { Ve 1K), aiv¥ =03

We proved:
(1) Ne @K, FLEK)

2) N¥=7 V¥Pe@ x)?

1) & (X,Y) denotes the space of linear bounded mappings
of X into Y.
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: - o 6V2 24 =>
() I¥- N¥)ggpc4+ = W ﬂv“_&z(x)

V¥,
where h = diam K and oc is the minimal interior angle of K
(enalogously in R, for n>2, see [10]).
Our aim is to prove the following
Theorem 2. Let Ve@ 9(K), j = 1,2. Then

191;9" -
wina ¥ G,k

4) 1¥-nN _‘?lo,K e

where h = diam K, o« is the minimal interior angle of K
and ¢ is an absolute constant.

Before the proof we introduce some notations and we
recall the well-known facts. Let 4 be the triangle with
the folloring vertices: Q, = (0,0), Q, = (1,0), Q= (0,1).
One can easily show that there exist the unique affine map-
ping F: R,— R,, F(X) =BX + b, Be & (RyyRy) regular,
b€ R, such that P(R) = K. Let h be the diameter of K and @
the diameter of a circle inscribed in K (ﬁ,@ have the

same meaning for ). m £11] was proved that

(5 nnns{_\i , llB‘lllé—:;‘—
and
(5% 1°‘ < k.2 £ — (oc is the same as in

Lemma 1, Let [1 be defined through (j),(jj). Then

? ~
©  INPY ¢ ——laet M2 )P) o VPR @,
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where F=7eF = (vqe Fyv, o F), ¢ is an absolute constant.

Proof: using Fubini’s theorem:
= - 172 3 {4 , 1/2
(Xl v|°’x- | det B| llﬂ'v’no’ﬁéz det|Bl

(mes D2 ATV |3cgy = VZldet BIV2 11 [

Let a;a;,, = F(I), where I is a side of K, which is determi-
ned by (0,0),(1,0) and let F|p be the restriction of Fon I.
Then it holds:

~ 5
Ti_v’ = %lni ) + %znéi) (%i = ;1" F | I)o
Hence

A . I~ 4 A
l[ri?, 'a'l(:l)]ﬂ = la.‘.fa,. T,V .’4\41) de\ = qi‘ fo Vv J\l‘ci)dalé
1+

-

1
1 A~ - A
cag [ ITPPY2 < Boy 1V 20

vhere q; is the length of aa,,,, ﬁ,éi) = J\.’(:i)a PII and {3

is the norm of the mapping o : T1(x)— T 2(2K) such that
V= (¥1,¥,) (¥; are the traces of v; on 8 K). A direet

calculation yields that
(i) . 4 2
det A = 12 qi,

where A(3) is the matrix of the system (j). Using Cramer’s

rule we obtain
A A,
lag| = @ Il'v“"l’ﬁ, Ips| « @ ll?ll’g.

From (jj) and Cramer’s rule it follows e.g. for ﬂ?(lz) =
= (wy (ay),wy(a5)):
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Bys ngt)

Ivytag)] = |at . aet @@ <

G 55

28 1 "Q"hﬁ
?

pln o
because the det (a*(1) 7 (2)) j4 equal to the sinus of the
angle between i (1) 7 (2) sinitam estimates hold for the
remaining values of W at the vertices. The assertion of our
lemma now follows from the fact that [] Ve (Pl(K))z.

Proof of Theorem 2: for j = 2 (analogously for j = 1),
It holds:

_n-—b—b)
71 1= n?uoK= sup —(L—z’—%— .
? ;,*0

let us denote

- - FaN =N
8) £(¥) = (¥- ﬂ'v’,g)o’K =laet Bl (- N7,8)

AA

= |det B[£(¥),

A=
0,k

4 A A A o .
where v = (¥1,¥5), ¥; =Vv32F. Let ud examine tre functio-
nal £. Fron (2) ana (8):

© 2@ =a V Pe (P, (K))2
Now
o A N\ A A
Qo) 2@ £ 1@, 219~ f Vo ¢ 180,217 12 +
N\
s AP, .
N\
Using (6) we estimate [ [ Tr’“o A

sK*
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N A
- A —1/2 —_ c 2‘)
“ﬂv“o’x= {@et BI I\ﬂvlo’x‘—’-—.—zﬂvll’ﬁ.

From this and (10):

A

an 1E®L 1B 3 A+ 2 IT R 4
’
2laet BI"1/2) i'][o,g a+ ,,a:,ec )"e’lz,ﬁ'

Using (11) and Bramble-Hilbert lemma (see [111,[12]) we

obtain:

(12) I?(e’)l £ cldet B["1/2 “?“o,x (1 +.—8-)l%|2’ﬁ

»ron X

where ¢ is an absolute constant. Using the well-known fact

that (see [11])
S P 2 =1/2 | o
\V\Z’K- 1Bl |aet BI \"IZ,K

and (8),(12):

= Y KBEZ NE o,k | o ke

From this, (5),(5°) and (7) we obtain the assertion of our

|2 « e(1 +

theorem.

For details how to use Theorem 2, see [9],[10],
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