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RANK TESTS OF INDEPENDENCE WHEN SAMPIES ARE DRAWN FROM
NONCONTINUOUS DISTRIBUTIONS OR CENSORED
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Abstract: In this paper there are considered rank
tests of Independence when underlying distributions may
be noncontinuous or observations are not exactly measur-
able in some intervals. The asymptotic normality of the
test statistics obtained by the method of averaged scores
is derived under the hypothesis.
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1. Introduction. Iet (Xl,!l),...,(lgl,ln) be a random

sample from a two-dimensional distribution which is arbit-
rary. Then, ties of equal X- and Y- observations msy occur.,
Let us denote by T = (Tl,...,l‘g) resp. V = (vl,...,vh) the
vectors of lengths of ties X- resp. Y- observations, Obvi-
ously Tl Fooot !l'8 =n-= Vl +eoot Vh. Let Il:l stand for the
rank of X, in the sequence xl,...,xh, let Q; stand for the
rank of Y; in the sequence !’l,...,!n. Let us denote (Rl,...
...,Bh) by R and (°1""'°n) by Q.

A similar situation occurs when observations may have
& continuous distribution but we cannot distinguish exact

L o . s

values of X; s lying in the same interval (x,j-l’xj)’
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1l j4k or of Yi'g from the interval (yj_l,yj), l&j4m.
Such a sort of a sample we shall call a censored sample.
Without loss of generality we can suppose k =m = l. For
the construction of vectors of ramks observations from
the same interval may be treated as if all of them take on
the same value from the interval and form a tie. Then, we
may consider the censored two-dimensional sample as a sam-
ple from a distribution with marginal distributions func-
tions given by 1.2 from [7] adding the index 1 or 2.

It is obvious now, ht;w censored samples correspond to
semples from noncontinuous distributions (ef. [7] for a
sample from a one-dimensional distribution) so we may res-

trict ourselves fto the latter ones in the sequel.

2. Rank statistic and its distribution under hypothe—

sis, We say that the two-dimensional observations
(X3,T3) 5000y (X,T) satisfy the hypothesis of independence
when samples (X,,...,X)) and (Il,...,In) are independent,
the observations from the same sample being independent and
identically distributed.
Expressed by the common distribution function of two-

dimensional observations (X;,¥;), 1£ién:
H(x,y) = Hy(x) B5(y), -~ @ < x,5 < @0, ‘
where H,, H, are arbitrary distribution functions.
The linear rank statistic for testing hypothesis of
. mn
independence has a form S = i.%»! a(R;) b(Q;), where aj,b;,

l£icn, are arbitrary constants, in the case of continuity.
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Because the distributiom of R and Q in the noncontinuity
case depends on the vector T resp. V even under the hypo-
thesis we cannot use the statistic S. Then, analogically
to the case of the hypothesis of randomness, we can use
the method of randomization for both vectors of ranks or
the method of averaged scores for both sequences of scores.

Applying the method of randomization we get the sta-
tistie

S*= L%'t a(R¥) b)),

which behaves quite analogically as the statistic S under
continuous distributions,
We shall consider the statistic S obtained by the met-

hod of averaged scores:

[l
(1) §= ‘.g_‘.,, a(R;,T) b (Q,V),

where Tiret Ty

; _1 e
ali,P) = T 3= TqteetTgg+1 7 5

A}

Ty +eoat Ty g<ieT) +..0+ Ty, l2k4g,

and scores b(j,V), 1£ j<n, are defined analogically.

The distribution of S can be considered only conditio-
nally given T, V so that its evaluation is difficult. Then,
an investigation of asymptotic normality of S is very im-
portant,

Let us consider scores generated by one of the follo-

wing ways:

) @) = ¢ (=), 1416n,
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3) ay(i) = Egil)), 12i&n,

where «(t), O<t<1l, is a nonconstant function expressib-
le as a finite sum of monotone square-integrable functions.
Ur(xi) denotes the i-~th order statistic in a sample of a size
n from the uniform distribution on (0,1).

Héjek [3] published the following assertion about the
special statistic § as Theorem 6.3: _

Theorem 1. Let the hypothesis of independence hold and
let a, (i), 1£i<n, satisfy (2) or (3). Put

m
(4) S, = =, 8,(R,T) &y Q4,M.

Then, for every &> 0, 7. > 0 such n( € ,7 ) exists, that
n>n( €, ) together with

mn {2 @a,n-5%, F (a,6,m -5~
(5) N |
> g =, (ay@) - 52

implies

(6) suwp |P(5,2%5, + x Vvar (5 /(z,M)/(T,N)) -

~W<x<q
~dx)|<e .

Iet G, be the common distribution of Fi(X;), 1£i4n,
G, be the commion distribution function of F,(Y;), 1<i&n,
under the hypothesis of independence, where F, resp. F, de-
notes the common distribution function of X; ‘s resp. Y; ‘s,

Pat aG;(iy%) = P(Pj(- ) =y), j =1,2, in the points of
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discontinuity of Gj, and equal zero elsewhere. For j = 1,2

let us define:

¢ (u), when d6;({ 63 ()3 ) =) 0,
1 b}'(w
b’t () - d/d_ (w) fa’-_(a) ‘9(*')51",

(7)
ue (aj(u), bj(u)), where
as(w) = 67lw) - 46,0467 ) 3), b.(u) = 6=l(w).
J J Jd Jd 2 =3 J
Now, when we consider another form of <‘he asymptotic
normality, we can prove the following assertion. .

Theorem 2. Let the hypothesis of independence hold and
let the scores a (i), 1€ién, satisfy (2) or (3) with @
such §hat 0 < f: (@;(u) - §j)dn<co, Tjj = f; g j(u)du,
J = 1,2, where <5 is defined by (7). Then, for every e >
>0 there exists such n(e) that (6) holds for every n >
>n(€) with probability greater than 1 - €0,

Proof. There exists a permutation R’ resp. Q° for eve-
Ty vector of ranks R resp. Q such that R(R’) and Q(Q°) have
components ordered acc;arding to their magnitude. Putting
9, = Q(R’) or R, = R(Q") it follows from the definition of
averaged scores for S given by (4) that
m

- m,

Sp =3, (1,1 &y (Q4,V) =5§.1 8, (3,V) & (R ;,1).
We choose the first form. The vector Q) has under the hypo-
thesis the same distribution as the vector Q. The sequence
{an(i,'T)} will play the role of regression constants. We
prove at first that
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(9) (2L g O -7
9 s

it . - 12
%g‘, (a,m(-v,T)— d«m)

O in probability.

Now,
m 1 —
1a 3, (ay(i,D) - sn)zL_[o (@y() - F2a>0

as n—> o (cf.[6], the proof of Theorem 3.4). Obviously,
max (a,(i,T) -'a'n)zémax (a,(i) - "a'n)2 hold s. Then, if sco-
res satisfy (2) we can prove that 1/n max (an(i) - En)z->
—> 0 «following the pattern of the procf of Theorem 23.b
of [9].

Denoting the scores defined by .(3) as an3(i) we have:

1/n max (a3(i) - By3)%£4/n max (a5(1) - 8 (1))
+ 4/ mex (a (i) - B )%+ 2/n (A - )%,
where a (i) satisfy (2).
i max (agy(3) - 8, (124 Un = (a3(1) - ay(i)? =
1 2
= fo [an3 (1+[unl) - a, (1 +[w])] “—0
according to the proof of Theorem V.1.6 a and Lemma V.1l.6 a
of [4] . Sinilarly, 1/n (&3 - &,)°—>0as n—> @ .

It follows from [4], Theorem V.1l.4 b and Lemm V.1l.6 a
that scores defined by (2) or (3) satisfy the condition

4 '
[ +iml) - g)m—so.

Then, applying Theorem 4.2 from [2] we may conclude the
p‘l‘oof. Q.E.D.

Remark, Theorems 1 and 2 obviously hold for statis-
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tie (1) when both sequences of scores ‘ian(l)} iv (1) %
satisfy their assumptions., )

The assertions of Theorems 1 and 2 give us the asymp-
totic normality o:’f the conditional distribution with natu-
ral parameters so that the corresponding test procedure is

nonparametric. The other authors obtained results in which

the statistic n-IS is asymptotically normal with the va-
riance depending on a distribution of observations.

We can find such a result in Ruymgaart [5], under the
hypothesis and under the fixed alternative for distribut-
iore with a finite number of points of discontinuity, or in

Behnen [1]. Behnen considered the more general statistic

4
2 Z.' b(R;,Q;).

n

Shirehata [8] derived the locally most powerful rank
test of the hypothesis of independence for the case of cen-
sored samples from continuous distributions when the first

n, X~ and n, Y- order statistics were observed (nl, n, are
fixed nonrandom numbers), He obtained again - as a test sta-
tistic -~ the statistic of a type (1) and the assertion about
the asymptotic normallty analogical to Ruymgaart ‘s Theorem
2.1,

3. Distribution of rank statistics under alternatives,

1
Conditioms of the asymptotic normality of statistics n 2 S
under alternatives are derived for continuous observations
in Ruymgaart [5]. Samples from general distributions are con-

sidered only by Behnen [1] who investigated the statistics
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with rendom ranks and statistics with averaged scores under

contiguous alternatives. The alternatives, however, are ra-

ther artificial and the author does not introduce an examp-

le of their use. It follows from Behnen’s investigations of

the

ter

[1}

[2]

31

f4]

(5]

[6]

[7

[8]}

asymptotic power that the S-test is asymptotically bet-

than S*-test.
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