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Abstract: The aim of this paper is to find an upper
estimate for the minimal n (if it exists) with the property

that Kg is decomposable into factors with given diameters.
It will be shown that this property is hereditary.
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Introduction. The next considerations deal with k-uni-
form hypergraphs and give some generalizations of problems
solved in [2] for graphs.

The purpose of this paper is to prove:

1. If a complete k-uniform hypergraph K: with n verti-
ces can be decomposed into m factors with given diameters
(k,n,m are positive integers) then for any integer NZn the
hypergraph Kﬁ can be also decomposed in;t.o m factors with the
same diameters. This is a generalization of Theorem 1 of [2].

2. An upper estimate for the minimal n with the proper-
ty that ISI: is decomposatle into factors with given diameters.
This is an analogue of Theorem 4 of [2].

At first we give some definitions. A hypergraph is.an
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ordered pair of sets G = (V,H) where Hc P(V) (the potence
of V). Let k be a positive integer. The hypergraph G is
said to be a k-uniform hypergraph if for each he H we have
[hi = k., For k = 2 we obtain graphs. If the set H contains
all ‘the k-elcment subsets of V then G is said to be a comp-
lete k-uniform hypergraph and we denote G by Kg where n =
= [V] . The distance dg(x,y) °of two vertices x and y in G
is the length of the shortest path joining them. The diasme-
ter of the hypergraph G is defined by

d = sup (x,y) »
X,yev %etx

The factor of G is a subhypergraph of G which contains all

vertices of G. For unknown concepts see Berge [1].

The general case. Let F(d),dp,...,d ) =t be the
smallest integer (if it exists) such that the hypergraph
KJ: is decomposable into m factors with diasmeters dl’dZ""
ruorde .

Agreement: We shall say that § is of type Tk(dl,dz,
...,dm) if it is decomposable into m factors with diameters
d15855000,d .

The importance of the number Fk(dl,dz,...,dm) follows
from ‘

Iheorem 1: Let m, n and k>2 be positive integers and
let dl'dz""'dm be positive integers or symbols go . If

(dl_'dzv"' »dy) = n then for every integer N>n the comple-

te k-uniform hypergraph K% can be decomposed into m factors
with diameters dl’d2’ coe ’dm‘
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Remark: We denote the diameter of a disconnected hy-
pergraph by the symbol 00 .

First we prove the following

Temma 1: Let 24k<n be integers. Then the hypergraph

n=2

) factors with
k=2

K§ cannot be decomposed intovmore than (
diameter 4 = 1.

Proof of Lemma 1: Consider a factor of Kl; with diame- |
ter one. Then every pair of its vertices belongs to at least
one edge. There are (g\ pairs of vertices and every edge con-

tains (}2:) pairs of vertices. Consequently the number of ed-

ges of this factor is at least

(3) -3
® =2l .
2
Thus for the number mq of the factors of Kg with diemeter 4 =
= 1 we have
(!1:) o (n-Z) .

B a1 o \k-2
k(k-17

The proof is comple ted.

Proof of Theorem 1: The induction ;n N will be used.
Suppose 4;£ ht.. &4 .

1°, The first step of induction is evident: ¢ is of
type Tk(dl,dz,...,dm) by the assumption.

2°, Let Nzn and Ky be of type (8,000 )+ OUT
aim is to prove that K§+1 is also of type 'l.’k(dl,dz,...,dm).
Dénote its vertices by 1,2,...,N,v. The hypergraph K: with
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vertices 1,2,...,N is of type T(d),dy,...,d;) by the induc-
tiom hypothesis. Denote its factors with diamcters Qy5dp,.00
eeeydp by F Fpyeee,Fw

We shall construct the factars GI’GZ""’Gm of KE_._I as
follows:

(a) If he F; then lrusGi for every i = 1,2,,..,m.

(b) Let p be an arbitrary but fixed vertex of K§ and
let pPysPpyecesPy_y De vertices of K§ different from p. Then
the edge {v,pl,pz,...,pk_ll € Gi if and only if {p,pl,pz,...
...,pk_l} € F;, for every i =1,2,...,m.

(¢) If d1 = 1 then there are exactly (I;:%) edges of ty-
pe {Vv,0,07,9p)¢¢+50 5§ in the hypergraph Klli-l and by Lemma
1l we can give into every factor with diameter one at least
one edge of this type. The remaining edges can be given into
any factor with diameter one.

(d) Assume d,z 2, Let q be some fixed vertex of Kll: and
P#q. If {D,0,87,0p500459 >} & F; then {p,v,qy,¢..,q, 53¢
€6y, i=1,2,...,m

Now we prove that the factors G,,G,,... »Gp have diame-
ters dl,d2 seee,d , respectively.

I.l First we show that d{l.-di for every i = 1,2,,..,m
where d; is the diameter of Gye

The edges {v,pl,pz,...,pk_li € G; and §p,py,Ppjeee
...,pk_lle Fi will be called "mutually corresponding". Ana-
logously for the edges -{v,p,ql,qz,...,qk_a} and {p,q,q;,
q2,...,qk_2§ « Further we say that the vertex x is "joined
via p" with the vertex y if there exists an edge containing

x and p and an edge containing y and p.
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Let G; be an arbitrary factor and x, y be an arbitrary
pair of vertices of K§+1. If v#x,y then dG.(x,y)é d;. Let
i

now one of the vertices x, y be v. For example x = v, If 4;=
= 0 then evidently d{e d;. Thus it can be suppamsed d;< ®.
We shall distinguish two cases.

l. y#+p. Then there exists a chain connecting in Fi
the vertices y and p. Take a shortest one. Let {DyP1sPyyece
...,pk_l} be the last edge of this chain. Then from (b) it
follows that the edge {v,pl,pz.,...,pk_li- belongs to Gj.
Since dGi(pj,y)é 4; - 1 for some j = 1,2,...,k - 1, we have

dei(v,y)édi -1+1=4d;.
2, y=p.If 4 =1 then d; (v,y) = 1, because some
. i

edge of type £ v,p,ql,qz,...qk_z} belongs to G; (it follows
from (c)).

(If a3 >1 then dg_ (7,3)4 2. Thus 8{4¢; and we proved the
first part.

II. We shall show that 4;£d;. let d; = 00 and d; <
=< ¢ ., Then we can find two vertices x,y=#v such that the-
re exists a chain x'hl'xl’hzﬂ"’ht’xt =y in Gi but no chain
Joining x and y in F;. Every edge hrdi F; in this chain can
be replaced by the "mutually corresponding” edge in Fi ensur-
ing the joinin_g between x and y. This is a contradiction to
the assumption that there is no chain between x and y in Fi.

Let now 1< d;< 00 . Then there exist two vertices x
and y with the property dFi(x,y) = d;. Let x',y ‘be the ver-
t?'.ces from a shortest chain between x and y in Gi which are

"joined via v*" and either dy (x’,y’) = 2 or dg. (x",y7) = 1.
i i
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Then x° and y° are "joined via p" by the chain of length eit-
her 2, if dGi(x',y') =2, or 1if dy (x',y") = 1 with "mutu-
i
ally corresponding" edges in F;. Consequently, dG.(x,y) = a0~
, i

Let now d; = 1. From the case I we have d{< d; what imp-
: s
lies 4; = di =1,

Since 4;4 d{ and di'__é d; we have d; = d{ for every i =
= 1,2,...,m and this completes the proof.

Corollary 1: ILet Fl’FZ"“'Fm be factors of a decompo-
gition of Klé with diameters dl’dZ’ “"dm’ respectively. Then
there exists a decomposition of +1 into factors Gl’GZ"“
ceesCp with diameters dl,dz,...,clm such that F;< Gy, l4£i<m,

Proof: It is evident.

Decompositions with the diameter one. Theorem 1 does not

ensure the existence of the number Fk(dl,dz,...,dm). Our aim
in this section is to ensure it in the case that at least one
of the diameters is one.

Iemma 2: ILet Xz 3 be an integer. Then

F¥(1,1) =k + 1 if k>5 and

FX(1,1) =k + 2 if k = 3, 4.

Proof: If k = 3 then we consider Kg. Let Gy contain the
edges 41,2,3%, €1,2,4%, 41,3,5%, 42,4,5%, £3,4,57 and G, con-
tain all theé remaining edges. Then evidently toth of them ha-
ve diameters equal to one.

We show that F3(1,1)>4. Consider a decomposition of Ki
into two factors Gl and G, with diameters equal to one. Since

G1 has the diameter one it must contain at least three edges.
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Hence G2 contains only one edge. Thus dG2 =0 and F3(1,l)>
>4, ‘

If k = 4 then let G, =441,2,3,44, 11,2,5,6% ,{3,4,5,65%
and G, be its complement. E;idently dGl = dG2 = 1.

Now let F4(1,1)é 5. Then one of the factors G, and G,
contains two or less edges. Hence it cannot have the diame-
ter one,

If k25 then let Gy = £{1,2,...,k}, 41,2,.00,k = 1,k + 1§,
12,3,...,k + 13} and G, be its complement. The factors @,,6,
have the diameters eqpal to one and the proofiis finished.

- It will be said that a decomposition R of Klt: has the
proe rty (P) if each factor of R covers all vertices of Kk.

We shall prove some trivial but useful statements for
our further considerations. '

lemma 3: let nz1 be integer and t = 5.2, Ten there
exists a decomposition of Xé into 2" factors with property
(P). v

. Proof: If n=1thent =5 and Kg can be evidently de-
composed into two factors with the property (P). If n=2 then
t is even and there exists a decomposition of Kf into 5.211-1 -

2n-l

-1 1l-factors. Since Se - 1>2" the proof is finished.

Corollary 2: Let n>1, k=2 be integers and t =
(k + 2)2%"1, Then there exists a decomposition with property

(P) of Klf'l into 2™ factors.

_ The proof follows immediately.
Theorem 2: Let m and k= 3 be integers. Then F:(l) ex-
ists and ' '

FE(1) £ (k + 2)2

~N

{1og,mt-1
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Proof: We shall show that F:n(l) exists and F:n(l) P

£(k + 2)2%1 for every integers n21 and k23. The induction

on n will be used.

1°, Let n = 1. Then from Lemma 2

FS(ék + 2 = (k+ 2)20,

2°. Suppose F\(1) £ (k + 2)2"7%, Put ¢ = (k + 2)2°71

and consider K%t with the vertex set V.= VUV, = £1,,2),...
coosty TU €120, 000stal « Tot £ 2,00, ..., 02 7 sma f25.25,

...,T;n} be décomposition with property (P) of the hypergraph
Kf’l with the vertex set V, and V,, respectively. Such decom-

positions are warranted by Corollary 2.

Let ¢y = (13,20,0.5,(2%);) and ey = (15,25,000,(20),)
be permutations. By the induction assumption the hypergraph
Klé with the vertex set Vl and V2, respectively can be decom-
posed into 2% factors with diameters equal to one, Denote the-
se factors by F}' and Pg, J= 1,2,...,2n.

Now we shall construct the decomposition of K‘gt into 2n+1
factors with diameters equal to one. )

1
1) 14 (\rl)l,(vz)z,.n,(vk_l)li € T;j then

. .

) 4 (vp) seees (e y) («,g(z))zs € Gj..
2

If 4 (vl)z,(vz)z,...,(vk_l)a} € T{ then

2

1) 1 (%) yeeey 1)y (ecg(ml; € G5

for every 1£i%2", 1£j42",
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(@) I£4rp) ,(7p) peeenbuy) S 1] then

1
4 (vl)l,(vz)l,...,(vk_l)l, s,} € Gj.

2
Ir 4(v1)2, Cvz)z,...,(vk_l)zi e Tj then
2
".(71)2, (Vz)z,aoo, (vk_l)2,81} 3 Gi

for every 2P<cs<t, 1£1£27,

(3) 1t hel‘% then heG} and

if ner% then'heGg for every léjéZn.

(4) All the remaining edges can be added into an arbit-
rary factor. - )

Now it will be verified that the diameters of the fac-
tors Gg-‘ and Gg are equal to one. lLet G%’ be an arbitrary of
them.

(i) If a;,b; €V, then there exists i such that
‘i‘l,bl, (xl)l, (.X2)1,ooo,(xk-3)1}€ T% for some x_l,x2,ooo
seesXy_q+ Since (1) holds we have for 8 = g(i):

{‘l,bl,(xl)l’ (\12)1,.oo,(!k_3)1,' 52 } € G}.

Thus the distance between &, and by is equal to one.

(ii) If a,eV, and bye V, then two cases are possible.

1. 14 b#2", Then there exists i, ccg(i) = b, From the

property (P) it follows that there exists
{tl,(xl)l,(xz)l,...,(xk_a)l} € T% for S0mE Xp,Xpjece
eeesXy_pe Since (1) holds we have
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{ay, (xl)l, (xz.)l,... ,(xk_a)l,b2§ € G%.

Thus the distance between a; and b2~ is ‘equal to one.

2, 2"<b4t. From the property (P) we have that there
exists

{B‘I(xl)l' (22)1, ..-,(xk_z):L; € T} for some xl,x2,.oo,xk_2.
Since (2) is true we obtain

-iai,(.xl)l, (xz)l,...,(xk_z)l,bzi € G;."J:'
Thus the distance between a; and b, is equal to one,

(iii) I &,,b, €V, then there ensts in F2 some edge
which contains toth of these vertices. Since (3) holds this
edge is also in Gi'.l-'. Thus the distance between a, md b, is
equal to one.

The verification for the factors Gg can be made analo-
gously.

We showed that F;m_l(l)-‘- (k + 2)2" and the induction is
completed. Put q =-ilogz m3 . Since 1?:(1)5-.!‘:(1) the proof is
finished.

Lemma 4: Let m22, k>3 and lécll,dz,...,dm be integers.
Ir Fk(dl,dz,...,dn,l) exists then

g, + 185,05 0 00 58410k r"(al,dz,...,dm,l) +k -1,

Proof: Put t = Fk(dl,dz,...,dm,l) and consider a decom=-
position of Kltc with the vertex set 4 vl,vz,...,v § into fac-
tors Fl,Pz,..., o+l with diameters equal to dl,dz,...,dm, 'y
respectively, Add the vertices F19¥2r 0003y toO K=

tt
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Now we shall construct a decomposition of K]:.+k-l into

factors Gl,Gz.,...,G with diameters a, + l,dz,d3,...,dm,l,

m+l
respectively.

Since the diameter of Fy is d; there exist two verti-
ces s and Y4 with dFl(vp’vq) = d,. By Theorem 1 there ex-
ists a decomposition of kel into factors Hl’HZ""’Hm+l
with diameters dy5d3,000,4,,1, respectively. Consider accu-
rately this decomposition. Moreover, using Corollary 1 we
have F;c H; for every i = 1,2,...,m + 1.

Now put Gx = Hx for every 24 x<4m except such xo#r:l for
which 4 vp,y'l,yz, ceesF 1€ on.

Let G1 contain the factor Fl and the edge ivp,yl,yz,...
...,yk_l} « Let G, contain the factor Hp,, and the edges

from Hy - Fy. Let Gxo = on ik A ST ZPRRYS (SR I
The diameter of G, is equal to d; + 1, because dGl(yk_l,vq)=
= dl + 1.

It is easy to see that the factors Gl'GZ""’Gm+1 form
the required decomposition of K]:ﬂ:-l and this completes the
proof.

Theorem 3: Let m,k23, :lé-d_.'.,dz.,...,dm be integers and
at least one di = 1, Then -

m
k -
(N)  FE(a1,85,e00,8 )€ Fa(L) + (K - 1,3, (4 - D.

Proof: From Theorem 2 it follows that F:(l) exists.
Then by Lemma 4 Fk(dl,dz’,...,dm) exists, too. The inequ.ali-
ty (N) follows immediately from Lemma 4 and the proof is
comple ted.
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The upper estimate of the number Fk(dl,dz,...,dm) can

be improved for some values of parameters dl,dz,...,dm,m.

Theorem 4: Let k23, q=3, q<m, 2£d,£ ... £d_ be in-
] 1 q

tegers and d.,9 = dgyp = -es =4y = L. Then

FE(d),dp, +0 0,0 )£ max §F2(d),dp, 00 +,4.), Fp o (1),m - )3+

+ max £ (k - 2)dq, 3(m-q)% .

Proof: . Put mq

and . m,

max {FZ(QI’dZ""’dq)’ F:_q(l),m Lo q}
max £ (k - 2)dq, 3(m=-q)¥.

Iet M, and be sets of cardinality m, and m,, respec-
1 1 2
tively. Lemma 2 of [ 3] implies that there exists a decomposi-

3 2 d <
tion of K.l with the vertex set M; into factors Fl,Fz,...L,Fq
with diameters dl,dz,...,dq. Now we shall construct the fac-

tors Gp,6y5044,G, of the hypergraph Kﬁlmz with diameters
CTLRIPH.

Choose from M, any (k - 2)d,, vertices vg, l£j4k - 2,
l.éi.édr, l£r £q. Let x, and y,, be vertices of M, such that
dFr(xr’yr)_ =d,.

1. If the edge <{a,ble F, and if dFr(xr,n) = drr(xr,a)=

= d then -fa,b,vé!vg,...,vg'zi €G,.

2, If the edge {a,b}e€ F, and if dp (x,b) = dp (x,,8)=
r r

= 1.2 -2
+ 1 =4 then -ia,b,vd,vd,...,vg 3 €Gy.
3. If {x,,¥,} € F, is some fixed edge and if

My =M, - §v§|14jsx -2, 141%4q,3
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has cardinality lM3| > k - 2 then
{xo,yo,vl,vz,...,vk_zi € G, for every (k - 2)=-tuple
£ Vyseees Vs je My,

If lll3| = 8<k - 2 then

2 -2-

4xo,yo,vl,vz,...,vs,vi,vl,...,v"{ 8¢ G, where
£Vyseeesvgd = My

It is easy to see that the diameter of Gr is equal to

1.1

d_.. For example d, (vy,vs ) =d..
b o Gr 1 % r

Now we shall construct the fhctors GQ+1,GQ+2,...,Gm. Sin~
ce F¥ (1)« m, there exist the factors Fq+1’ Fq+2,...,Fm of

m=q
K: (on the vertex set Ml) with diameters equal to one. Let
1

{ Iq+1,Tq+2,...,Tm} be a decomposition with the property (P)
of the hypergraph K:?with the vertex set MZ. Such a decompo-
sition exists from Lemma 3.

Iet us have q + 1&ér<m.

l. If he Fr then heG,. )

2, Let o be a permutation on vertices pl""’pm-q‘ Ml
with oc(pl) - pz' “(pz) = p3’000, eo(Pm_q) = pl‘

Ir ‘(7193210")yk-1}¢ Ty then{y;,¥ps0ees¥k-19

r

o (pi) le G:I‘:"

3. It 4 yl,yz,...,yk_l}e TI‘ then -iyl,yz,.»--,yk_l,x}e
€ Gr. where xe€ nl -'ipl.pz,oco,pm-q} .

The remaining edges of 1(: +p 81 be inserted into an

172

arbitrary factor with diameter one.
The factors Gl,Gz,...,Gm evidently form the required
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decomposition of K:‘l"’mz and this completes the proaof.

The case m = 2 . In this section there is obtained a
complete solution of the problem of decomposing complete k-
uniform hypergraphs into two factors with given diameters.

“Lemma 5: Let G be a k-uniform hypergraph with diameter

d=z2,., Then its complement G has the diameter
az £2 if k=3 and
iz = 1ifkz4.

Proof: Let x o and ¥ 2 be vertices of G such that
dglx,s¥,)2 2. ALl the edges containing x, and y, belong to G.
Let x and y be arbitrary vertices of G. If k=4 then there ex-
ists an edge in G containing x,,7,,X,y. Thus dg(x,y) = 1. If
k=3 then ix,y,5,%¢ E.and ix ,x,y,%e G. Hence dg(x,y)<
<2 and the proof is finished.

Iemma 6: Iet G be a 3-uniform hypergraph with diameter
223. Then its complement G has diameter equal to one.

Procf : Let x,,7, be vertices of G such that dg(x,,¥,) =
>3, Then let x, y be any pair of vertices in G. There evi-
dently exists a vertex z such that 4§ x,y,z°} & G. Hence
ix,7,2, 1 € G and this completes the proof.

These lemmas imply the following results:

Theorem 5:

1. Ifa; =1lendd,=co , then F(a;,dy) = k.

2, If a, =1andd,=1, then F(d;,d,) = k + 1 if k5,
F(a,,d4,) = k+ 2 if k = 3,4,
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3. Ifa;=1enddy =2, then F(a,,d,) = k + 1 if
xz4,

F¥(a,,d,) = 5 if k = 3.

4. T£ 4, =2end d, =2, then F*(4,d,) does not exist
if k24,

FE(d,,d,) = 4 if k = 3.

5. If 4;Z2 and 4,z 3, then Fk(dl,dz) does not exist.

6. If 4, =1and 324, =00 , then
Fk = 2 s 5
(dl’d2) = + 1 if 4, is even,
k(d, + 1)
Fk 2 2
(dl,dz) = if d,-is odd.

2

Proof: We shall denote the vertices by naturals and the

factors of a decomposition by Gy and Gye

1. G, contairs {1,2,...,k% and G, is empty.

1
2., If follows from Lemma 2.

3, If kz4, then it follows from Lemma 5.
If k = 3, then Gl =‘££1,2,3}, {1,2'4?, {1,3’5}, {2’4)5}’
{3,4,5%, 41,2,5}% . Put G, = Gy.

4, If kz4, then it follows from Lemma 5e
If k = 3, then Gy ={1,2,43, $1,3,43% and G, = 6.

5. It follows from Lemmas 5 and 6.

6. It directly follows from the construction of a chain

of length equal to dz.
It remains to prove the existence of the number
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Fk(dl....,dm) for arbitrary dl""’dm and to give an upper

estimate for this.

This problem is partially solved in [4] for the case

m>k. In [5] it is proved that if m&k and 3 A15d5,000,dy

then such & number does not exist,

1]

[2]

[

(4]

[51
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